THEORY  OF 

COMBUSTION  INSTABILITY 
IN  LIQUID  PROPELLANT 
ROCKET  MOTORS 


LUIGI  CROCCO  AND  SIN-I  CHENG 


Best 

Available 

Copy 


AGARDOGRAPH  No.  8 


THEORY  OF  COMBUSTION  INSTABILITY  IN 
LIQUID  PROPELLANT  ROCKET  MOTORS 


BUTTERVVORTHS  PUBLICATIONS  LTD. 

88  KINCSWAY,  LONDON,  W.C.2 
AFRICA:  BUTTERWORTH  &  CO.  (AFRICA)  LTD. 

DURBAN:  33/35  Beach  Grove 

AUSTRALIA:  BUTTERWORTH  &  CO.  (AUSTRALIA)  LTD. 

SYDNEY:  8  O’Connell  Street 
MELBOURNE:  430  Bourke  Street 
BRISBANE:  240  Queen  Street 

CANADA:  BUTTERWORTH  &  CO.  (CANADA)  LTD. 

TORONTO:  1367  Danforth  Avenue 

NEW  ZEALAND:  BUTTERWORTH  &  CO.  (AUSTRALIA)  LTD. 
WELLINGTON:  49/51  Ballance  Street 
AUCKLAND:  35  High  Street 


Sri  in  ,\  tvxchpr  Itnikrn-HU  lyf* 
hinttil  in  Snilhnn  hilnnil  nl  7 hi  l  'niivmiiiu  htlh*l 


FOREWORD 


The  authors  would  like  to  express  their  appreciation  for  the  encouragement, 
support  and  interest  of  the  United  States  Air  Force  in  making  possible  the 
preparation  of  this  monograph  as  a  national  contribution  to  N.A.T.O. 

The  theoretical  work  mentioned  here  stems  from  a  broader  interest 
in  the  phenomena  associated  with  '-ombustion  instability  in  liquid  pro¬ 
pellant  rocket  motors,  which  forms  the  basis  for  a  research  programme 
presently  being  carried  out  at  Princeton  University  under  the  sponsorship 
of  the  Bureau  of  Aeronautics,  United  States  Navy. 

Luigi  Crocco 
Sin-I  Cheng 


CONTENTS 


PAGE 


Foreword . .  .  .  v 

1.  General  Considerations . 1 

1.01.  Statement  of  the  Problem  ...  .1 

1.02.  The  Combustion  Process . 2 

1.03.  Time  Lag  and  Space  Lag . 3 

1.04.  Rough  Combustion  and  Unstable  Combustion  .  5 

1.05.  Non-linear  Effects . 7 

1.06.  Mechanisms  of  Unstable  Combustion:  Chugging  .  8 

1.07.  Another  Mechanism  for  Chugging  .  .  .11 

1.08.  Mechanisms  of  Unstable  Combustion:  Screaming  .  13 

1.09.  Effect  on  Stability  of  Spreading  the  Combustion  .  17 

1.10.  Other  Mechanisms  for  Unstable  Combustion  .  .  17 

1.1 1.  Equations  for  the  Time  Lag  and  the  Space  Lag  .  19 

2.  Chugging  Analysis  (Low  Frequency  Instability)  .  .  25 

List  of  Symbols . 25 

2.01.  Equation  of  the  Combustion  Chamber  .  .  .  27 

2.02.  Equation  of  the  Feeding  System..  Monopropcllant 

Case  . . .31 

2.03.  General  Considerations  on  the  System  of  Equations. 

Intrinsic  Instability . 35 

2.04.  Systems  with  Constant  Rate  Feed  ....  40 

2.05.  Systems  with  Constant  Pressure  Feed  ...  47 

2.06.  Servo  Stabilization . 49 

2.07.  Bipropcllant  Rockets . 58 

2.08.  Effects  of  the  Non-uniformity  of  the  Time  Lag  .  68 

2.09.  Effect  of  Temperature  Variation  due  to  Pressure 

Oscillations . 72 

3.  Analysis  of  Screaming  (Longitudinal  High  Frequency 

Instability) . 76 

List  of  Symbols . 76 

_  3.01.  Systems  with  Concentrated  Combustion  .  .  79 


3.02.  High  Frequency  Instability  in  Systems  with  Com¬ 
bustion  Concentrated  at  the  Injector  End  and 
Short  Nozzle . 84 


vii 


CONTENTS 


PAGE 


3.03.  Systems  with  Combustion  Concentrated  at  an 

Arbitrary  Axial  Location  and  Short  Nozzle.  .  87 

3.04.  Systems  with  Concentrated  Combustion  and  Long 

Nozzle  ........  91 

3.05.  Effect  of  Time  Lag  Spread  on  Systems  with  Con¬ 
centrated  Combustion  .....  97 

3.06.  Formulation  for  Systems  with  Distributed  Combus¬ 
tion  . 103 

3.07.  Perturbation  Equations  with  Arbitrarily  Distributed 

Combustion  .  .  .  .  .  .  .107 

3.08.  The  Burning  Rate  . . Ill 

3.09.  Solution  by  Iteration  for  Moderate  to  .  .115 

3.10.  Solution  by  Iteration  for  Large  to  ...  121 

3.11.  Solution  of  the  Eigenvalue  Problem  for  f  =  constant  1 23 

3.12.  Discussion  of  the  Results  .....  131 

3.13.  Non-uniformity  off . 143 

4.  Discussion  and  Comparison  with  Experiment  .  .148 

4.01.  General  Notions  .  148 


4.02.  Comparison  between  Experiments  and  Theory — 

Chugging . 151 

4.03.  Comparison  between  Experiments  and  Theory — 

Screaming . 154 

4.04.  Intermediate  Frequencies . 156 

4.05.  Measurements  of  the  Time  Lag  ....  160 

Appendices 

A.  Analytical  Nature  and  Methods  of  Solutions  of 

Equation  (2.03.02) .  163 

B.  Supercritical  Gaseous  Discharge  with  High  Frequency 

Oscillations . 168 

C.  Discussion  of  Equation  (2.04.09) .  188 

D.  Discussion  of  Equation  (2.05.07) .  195 

References . 199 


1 

GENERAL  CONSIDERATIONS 


1.01.  Statement  of  thf.  Problem 

Experimental  observations  show  thac  the  combustion  in  a  rocket 
combustion  chamber  operating  with  liquid  propellants  is  never  perfectly 
smooth.  Even  when  the  introduction  of  the  propellants  through  the  injectors 
and  the  exhaust  of  the  burnt  gases  through  the  nozzle  are  carefully  designed, 
in  order  to  obtain  steady  conditions,  a  certain  amount  of  non-steadiness  is 
always  present,  as  is  deduced  from  observation  of  the  pressure  recorded  at  any 
location  in  the  chamber.  Similar  fluctuations  of  temperature,  velocity, 
composition,  etc.,  can  also  be  assumed,  even  in  the  absence  of  direct  indica¬ 
tions.  It  is  impossible  to  decide  at  present  how  much  of  this  non-steadiness  is 
due  to  pure  fluid  dynamic  causes  generating  turbulence,  and  how  much  to 
the  combustion  processes  themselves.  What  is  certain  is  that  an  extremely 
turbulent  condition  is  always  present  in  the  chamber,  and  is  probably  the 
cause  for  the  intensity  of  the  noise  produced  by  the  rocket  operation,  in 
accordance  with  theory1.  The  amplitude  of  the  fluctuations  is  different  for 
different  motors  and,  in  the  same  motor,  for  different  operating  conditions. 
When  the  fluctuations  are  small,  the  combustion  is  said  to  be  smooth,  and 
when  they  are  large  it  is  said  to  be  rough;  but  these  terms  have  no  precise 
definition. 

The  results  of  combustion  roughness  on  the  operation  of  the  rocket  can  be 
very  different.  In  certain  cases  a  considerable  amount  of  roughness  does.not 
prevent  successful  operation  and  practical  use  of  the  rocket.  In  others  very 
detrimental  effects  are  produced,  such  as  severe  vibrations  or  interference 
with  the  controls  and  safety  devices,  mechanical  failure  of  parts  of  the  rocket 
or  of  the  accessory  systems,  and  finally,  thermal  failure  (burn  out)  of  some 
part  of  the  internal  rocket  walls.  It  is  the  occurrence  of  these  detrimental 
effects,  and  their  importance  in  determining  the  life  and  the  operating 
characteristics  of  a  rocket  system,  that  makes  it  necessary  to  gain  some  under¬ 
standing  of  the  underlying  processes.  A  possible  line  of  attack  would  be  to 
describe  in  detail  the  phenomenological  aspects  of  the  question,  trying  to 
systematize  the  experimental  information  in  order  to  derive  general  results. 
Leaving  the  detailed  description  following  this  inductive  approach  to 
another  monograph  of  this  series*,  we  shall  use  a  more  deductive  one.  In 
other  words,  we  shall  make  use  of  our  present  knowledge  of  the  combustion 
process,  even  if  only  qualitative,  with  the  following  objectives: 

(a)  to  establish  a  rational  explanation  for  the  existence  of  a  detrimental  and 
of  a  non-detrimental  type  of  rough  combustion 

(b)  to  distinguish  a  number  of  mechanisms  which  may  be  responsible  for 
the  appearance  of  the  detrimental  type 

(c)  to  give  for  some  of  these  mechanisms  plausible  quantitative  formulations 

(d)  to  analyse  in  detail  the  results  of  the  theoretical  developments. 

Item  a  of  our  programme  is  discussed  briefly  on  a  purely  qualitative  basis  in 
Sections  1.02  to  1.05.  Sections  1.06  to  1.10  deal  with  item  b  suggesting  and 
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discussing  qualitatively  a  few  basic  mechanisms  without  entering  into  any 
analytical  development.  In  Section  1.11  a  quantitative  relationship  is 
established  as  a  working  tool  for  the  theoretical  treatment  of  the  different 
mechanisms  (item  c).  The  rest  of  the  monograph  is  entirely  devoted  to  the 
development  of  the  theory  and  discussion  of  results  (item  d). 

1.02.  The  Combustion  Process 

In  order  to  be  able  to  understand  the  reasons  for  the  different  behaviour  of 
the  combustion  process  in  different  cases  it  is  necessary  to  discuss  briefly  how, 
in  fact,  combustion  of  one  or  two  liquid  propellants  takes  place.  The 
process  starts  with  the  injection  of  the  propel' ants,  brought  through  an  appro¬ 
priate  feeding  system  from  the  tanks  to  the  injector,  where  a  pressure  excess 
exists  with  respect  to  the  chamber  pressure.  The  purpose  of  the  injector  is  to 
make  use  of  the  pressure  drop  through  the  injection  ports  for  the  conditioning 
of  the  propellants  for  combustion.  The  requirements  are  different  for 
different  categories  of  propellants.  In  monopropellant  systems  the  decompo¬ 
sition  of  the  propellant  is  produced  only  by  the  contact  with  high  temperature 
gases  produced  previously.  It  is  therefore  necessary  to  obtain: 

(2)  a  large  surface  of  contact  between  the  liquid  and  the  gases 

(2)  a  convenient  proportion  between  the  mass  of  the  propellant  and  the 
mass  of  the  hot  gases  surrounding  it 

(3)  a  good  renewal  of  the  hot  gases  to  activate  surface  exchanges. 
Requirement  2  is  satisfied  through  good  atomization  of  the  liquid, 

requirement  2.  through  proper  dispersion  of  the  droplets  in  the  gaseous  mass, 
and  requirement  3  through  positive  recirculation  of  the  hot  gases  in  the 
atomization  region. 

In  biprcpellant  systems  a  necessary  prerequisite  for  any  chemical  reaction 
to  take  place  is  the  mixing  of  the  two  propellants.  Therefore  one  must 
obtain  from  the  injection  system: 

(4)  a  fast,  as  uniform  as  possible,  mixing  between  the  two  propellants. 

The  fulfilment  of  this  requirement  would  be  virtually  sufficient  for 

self-reacting  propellants  (hypergolic  propellants  or  monopropellant  and 
liquid  catalyser).  For  non-hypetgolic  propellants,  however,  mixing  is  not  a 
sufficient  condition  and  combustion  must  again,  as  for  the  monopropellant. 
case,  be  activated  by  exchanges  with  the  hot  gases;  thus  the  iujector  has 
still  to  fulfil  the  requirements  from  2  to  3  in  addition  to  requirement  4.  The 
same  is  likely  to  be  true  for  most  of  the  systems  using  hypergolic  propellants. 
Only  during  ignition  do  such  systems  generally  rely  on  the  reactivity  of  the 
propellants  alone,  and  once  ignition  is  obtained  such  systems  operate 
substantially  as  other  bipropellant  systems,  though  in  improved  conditions. 
There  are  of  course  other  important  requirements  of  the  injection  system, 
but  they  have  no  direct  connection  with  the  combustion  process. 

If  we  follow  an  element  of  propellant  (monopropellant  case),  or  two  ele¬ 
ments  of  propellants  destined  to  react  together  later  (bipropellant  case),  from 
the  moment  of  injection  into  the  combustion  chamber  to  the  total  conversion 
into  the  final  products  of  combustion,  the  element  will  describe  a  more  or 
less  complicated  path  during  which  processes  such  as  atomization,  heating, 
vaporization,  diffusion  and  turbulent  mixing,  and  chemical  reactions  take 
place  in  an  intricate  way.  The  chemical  reactions  arc  generally  important 
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only  in  the  last  stages,  after  the  propellants  have  been  properly  conditioned. 
The  evolution  of  the  substance  from  the  initial  conditions  of  the  propellants 
to  the  final  conditions  of  the  burnt  gases  is  gradual.  A  quantitative  descrip¬ 
tion  of  the  evolution  would  require  a  detailed  knowledge  of  all  the  inter¬ 
mediate  processes.  This  is  impossible  at  present.  However,  an  approximate 
description  can  be  obtained,  based  on  the  consideration  that  the  most 
important  changes  are  produced  by  the  chemical  reactions  and  therefore 
only  toward  the  end  of  the  evolution.  The  well  known  exponential  effect  of 
temperature  on  the  rates  of  reaction  will  tend  to  accentuate  this  effect  in  the 


Figure  1.  Schematic  Jiagri 
of  energy  release  or  volume 
an  element  versus  time 


monopropellant  or  in  the  well  mixed  bipYopellant  system,  while  the  effect 
will  be  less  sharp  if  mixing  is  still  incomplete  in  the  last  stages  of  the  evolu¬ 
tion.  Therefore  if  we  were  able  to  plot  a  certain  representative  quantity  like 
energy  release,  or  volume  of  the  element,  versus  the  time  elapsed  from  the 
injection  instant,  the  result  would  appear  as  shown  by  Figure  J. 

1.03.  Time  Lag  and  Space  Lag 

The  approximation  to  be  taken  is  now  evident.  It  consists  of  replacing  the 
gradual  evolution  by  a  discontinuous  process,  in  which  the  element  does  not 
produce  any  appreciable  energy  release  or  volume  increase  up  to  a  certain 
time,  whereupon  it  is  suddenly  transformed  into  the  final  products  of  reaction. 
In  this  way  the  impossible  task  of  describing  the  combustion  process  through 
the  quantitative  knowledge  of  its  intermediate  history  made  much  simpler 
because  the  only  quantity  one  needs  to  know  for  the  timewise  description  of 
the  combustion  is  the  time  elapsed  between  the  injection  and  the  suddei\ 
conversion  into  hot  gases,  that  is  the  time  lag. 

If  one  is  interested  in  the  spacewise  description  of  the  combustion  the  time 
lag  must  be  replaced  by  a  space  lag,  a  vectorial  quantity  indicating  the 
location  of  the  chamber  where  the  sudden  transformation  of  the  element  con¬ 
sidered  into  hot  gases  takes  place.  Of  course  the  space  lag  can  be  related  to 
the  time  lag  if  the  vectorial  velocities  of  the  elements  are  known  during  the 
time  lag  itself.  It  is  clear,  however,  that  the  lack  of  indication  about  these 
velocities  can  be  completely  replaced  by  the  independent  knowledge  of  both 
time  lag  and  space  lag,  the  two  quantities  being,  in  principle,  susceptible  of 
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separate  experimental  determination.  A  very  convenient  consequence  of  the 
approximation  introduced  is  that  the  propellant  elements  are  present  in  the 
chamber  either  in  the  liquid  form,  with  negligible  volume  and  negligible 
contribution  to  die  properties  of  the  gases  filling  the  chamber,  or  in  the  form 
of  final  products  of  complete  combustion.  It  follows  that  the  chamber  can  be 
considered  to  be  filled  only  with  burnt  gases,  through  which  liquid  droplets 
are  travelling  without  affecting  the  properties  of  the  gases  to  any  appreciable 
extert. 

How  closely  this  approximation  represents  the  actual  situation  depends 
probably  on  the  particular  case  under  consideration.  If  in  the  case  con¬ 
sidered  the  propellants  stay  mainly  in  liquid  farm  during  most  of  the  time  lag, 
and  vapours  or  other  intermediate  gaseous  products  have  a  very  short  lifetime 
and  give  place  nearly  immediately  to  the  combustion  products,  then  the 
approximation  can  be  quite  good.  In  the  opposite  case,  when  the  propellants 
are  vaporized  early  and  remain  in  gaseous  form  during  most  of  the  time  lag, 
the  assumption  that  the  gases  present  in  the  chamber  are  only  the  final 
product  of  combustion  may  introduce  noticeable  errors  in  the  evaluation  of 
the  mean  properties  of  the  gases  filling  the  chamber.  Nevertheless,  the  fact 
that  at  present  there  is  no  way  of  predicting  quantitatively  the  real  process  of 
evolution,  makes  it  necessary’  to  accept  also  in  this  case  the  approximate 
description  of  the  process.  Generally,  the  frequencies  of  longitudinal  oscilla¬ 
tions  measured  in  efficiently  operating  rockets  are  below  the  so-called 
organ-pipe  frequencies  computed  from  the  sound  velocity  in  the  burnt  gases. 
This  fact  has  been  interpreted  as  a  proof  that  the  temperature  of  the  gases 
decreases  considerably,  when  going  from  the  nozzle  to  the  injector  end. 
However,  it  will  be  shown  in  Chapter  3  that  considerable  departures  from 
the  organ-pipe  frequencies  toward  lower  values  are  produced  by  the  simple 
presence  of  a  de  Laval  nozzle.  These  departures  may  justify  the  observed 
decrease  in  frequency  without  having  to  accept  a  decrease  in  mean  tempera¬ 
ture  of  the  gases  in  efficient  rockets. 

We  are  now  able  to  describe  a  uantitatively  the  whole  process  of  combustion 
in  a  combustion  chamber  by  specifying  the  proper  time  lag  and  the  space  lag 
of  every  element  of  propellant  injected  at  any  location  of  the  injector. 
Generally  tn  .se  two  quantities  are  different  for  different  elements  and  they 
can  be  spread  in  a  smaller  or  larger  range ;  the  case  in  which  one  or  the  other 
quantity  has  the  same  value  for  all  elements  must  be  considered  only  as  an 
ideal  limiting  case.  In  agreement  with  the  approximation  we  have  just 
discussed,  the  combustion  chamber  is  filled  only  with  the  final  product  of 
combustion  and  the  presence  of  liquid  propellants  on  their  way  from  the 
injection  point  to  the  location  corresponding  to  the  space  lag  can  be  ignored 
except  for  the  small  correction  of  momentum  exchanges  as  will  be  clear  later. 
If  we  neglect  this  momentum  exchange,  the  points  where  *he  sudden  con¬ 
version  of  the  propellants  into  combustion  gases  is  effected,  can  be  con¬ 
sidered  (in  the  aerodynamic  sense)  as  sources  of  hot  gases.  It  is  clear  that 
the  flow  properties  in  the  combustion  chamber  are  determined  by  the  distri¬ 
bution  and  intensity  of  these  sources.  If  we  assumed,  for  instance,  that  the 
injection  rates  were  independent  of  time,  and  that  time  and  space  lags  were 
constant  too,  the  resulting  intensity  of  the  sources  would  also  be  independent 
of  time.  This  would  result  in  a  steady  flow  in  the  combustion  chamber  and 

4 


ROUGH  COMBUSTION  AND  UNSTABLE  COMBUSTION  ».W* 

among  other  quantities,  the  local  pressure  would  be  perfectly  constant.  But 
we  have  already  mentioned  the  fact  that  such  a  perfeedy  smooth  combustion 
docs  not  exist  in  practice.  Therefore  one  of  the  aforesaid  assumptions  must 
be  wrong.  That  is,  the  injection  rate  or  the  time  lag  or  the  space  lag  (or  more 
than  one  quantity  at  one  time)  must  be  non-steady. 

1.04.  Rough  Combustion  and  Unstable  Combustion 
In-fact,  the  above  conclusion  is  not  too  surprising.  Suppose  for  a  moment 
the  injection  rates  are  constant,  a  condition  which  can  ideally  be  obtained 
by  appropriate  design  of  the  feeding  and  injection  systems.  The  physico¬ 
chemical  processes  taking  place  during  the  time  lag  proceed  ai  rates  which 
are  more  or  less  affected  by  such  factors  as  pressure,  temperature  of  the 
gases  and  of  the  liquids,  relative  velocities  and  so  on.  If  these  factors  are 
changed,  the  rates  change  too  and  the  time  lag  with  them,  faster  rate-, 
resulting  in  shorter  time  lags.  If  the  factors  undergo  fluctuations  around 
a  mean  value,  the  time  lag  for  each  propellant  element  is  also  a  fluctuating 
quantity.  When,  ai  a  certain  location,  the  time  lag  is,  for  instance,  increasing, 
the  result  is  a  dilution  in  time  of  the  combustion  process  and  hence  a 
decreased  burning  rate.  On  the  contrary  the  burning  rate  is  increased 
when  the  time  lag  is  decreasing.  Therefore  fluctuations  of  the  rate-affecting 
factors  result  in  fluctuations  of  the  burning  rates,  or  in  our  simplified  com¬ 
bustion  model,  in  fluctuations  of  the  strength  of  the  sources  of  hot  gases, 
even  with  constant  injection  rates.  It  is  evident  now  that  if  we  relieve  this 
last  restriction,  the  variations  of  the  injection  rate  will  introduce  additional 
fluctuations  in  the  burning  rates  or  the  strength  of  the  sources. 

On  the  other  hand,  the  system  consisting  of  the  gases  in  the  chamber,  the 
propellant  in  the  feeding  system,  and  the  mechanical  parts  of  the  chamber 
and  of  the  feeding  system,  is  capable  of  non-steady  effects  even  in  the  absence 
of  non-steady  effects  in  the  process  of  combustion.  Processes  such  as  the 
oscillations  of  the  gases  in  the  chamber,  the  liquids  in  the  feeding  system,  or 
the  mechanical  parts,  can  always  be  produced  if  properly  excited.  These 
processes  are  generally  distinguished  by  a  characteristic  time  which  cor¬ 
responds  to  the  period,  if  the  process  is  periodic,  and  to  some  kind  of 
relaxation  time  if  the  process  is  aperiodic. 

Now  two  conditions  are  possible; 

(/)  None  of  these  processes  is  excited;  the  fluctuations  in  the  chamber 
are  maintained  by  some  internal  effect  related  to  the  fluid  dynamics  of  the 
system,  such  ss,  for  instance,  some  kind  of  flow  instability  ofboundary  layers 
or  shear  flows,  producing  fluctuations  of  the  same  general  character  as  in 
ordinary  turbulent  flows.  In  this  eventuality,  the  correlation  between 
fluctuations  at  two  different  locations  or  instants  vanishes  as  soon  as  the 
space  or  time  interval  is  not  too  small.  Practically,  the  fluctuations  at 
one  point  or  instant  are  independent  of  those  at  different  points  or  instants 
and  therefore  have  a  random  character.  As  a  result  the  integrated  effect 
of  the  fluctuations  on  a  finite  extension  of  surface  or  time  has  a  tendency  to 
vanish  and  therefore  no  additional  mechanical  or  thermal  load  is  to  be ; 
expected  on  the  rocket  and  on  the  accessory  systems,  even  when  the  fluctua¬ 
tions  haw  considerable  amplitudes.  This  case  corresponds  therefore  to 
the  non-detrimental  type  of  rough  combustion. 
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1.04  GENERAL  CONSIDERATIONS 

(2)  One  of  the  non-steady  processes  of  the  system  is  excited.  As  a  result 
of  the  excitation  of  this  process,  that  can  be  called  the  coordinating  process, 
organized  oscillations  of  some  of  the  rate-affecting  factors  or  of  the  injection 
rates  are  present,  which  in  turn  result  in  organized  oscillations  of  the  burning 
rates  (or  the  source  strengths).  These  provide  the  necessary  exciting  force 
for  the  maintenance  of  the  coordinating  process  itself.  It  is  to  be  observed 
that  the  effect  produced  on  the  burning  rate  by  the  instantaneous  departure 
of  one  of  the  physical  factors  from  its  mean  value  is  not  felt  immediately, 
but  is  displaced  in  time  and  space  due  to  the  existence  of  the  time  and 
the  space  lags.  ‘The  behaviour  of  such  a  system  must  present  analogies 
to  the  behaviour,  of  the  dosed  loop  systems  with  time  delay  considered  in 
servo  control  treatment.  We  know  that  these  systems  can  be  stable  or 
unstable  depending  on  the  spedfic  conditions  of  the  case  under  considera¬ 
tion.  The  fundamental  character  of  an  unstable  system  is  such  that  supposing 
initially  the  system  is  running  smoothly  (which  is  ideally  possible  from  a 
static  point  of  view),  any  small  disturbance  applied,  say,  to  the  pressure 
distribution  in  the  chamber,  has  a  tendency  to  amplify.  Actually,  its 
amplitude  would  grow  without  limits  if  non-linear  effects  were  not  present 
to  limit  the  amplitude  to  a  finite  value.  Therefore  a  necessary  condition 
for  the  excitement  and  maintenance  of  the  coordinating  process  is  the 
instability  of  the  system  and  it  is  proper  to  attribute  to  case  2  the  name  of 
unstable  combustion.  On  the  other  hand,  the  condition  of  case  1  can  be  called 
stable  no  matter  how  large  the  random  fluctuations  of  the  physical  factors 
are,  because  applied  disturbances  have  a  tendency  to  die  without  being 
able  to  excite  any  coordinating  process.  It  must  be  observed  that  the  causes 
that  produce  the  random  fluctuations  are.  present  also  in  unstable  con¬ 
ditions.  Therefore  in  unstable  combustion  random  fluctuations  are  super¬ 
posed  on  the  oscillations  corresponding  to  the  coordinating  process.  Thus 
the  fundamental  difference  between  unstable  and  rough  (but  stable)  com¬ 
bustion  resides  in  the  presence  of  these  organized  oscillations,  and  in  the 
fact  that,  because  of  the  organizing  effect  of  the  coordinating  process,  a 
well  defined  correlation  is  established. between  the  fluctuations  at  two 
different  points  or  instants,-  no  matter  how  large  the  space  or  time  interval  is. 
When  these  organized  oscillations  are  present  the  integrated  effect  on  a 
finite  surface  or  period  can  be  different  from  zero  with  the  result1  that 
increases  in  pressure  forces,  mechanical  vibration  levels,  and  thermal  loads  are 
to  be  expected.  Thus  we  reach  the  important  conclusion  that  the  detrimental 
type  of  rough  combustion  can  be  identified  with  unstable  combustion. 

In  general,  because  of  the  self-amplifying  character  of  small  oscillations 
in  unstable  combustion,  the  amplitude  of  the  pressure  fluctuations  is 
expected  to  be  larger  than  those  in  cases  of  stable  rough  combustion.  How¬ 
ever,  this  is  not  necessarily  true,  and  one  can  very  well  conceive  an  unstable 
condition  where  strong  non-linear  effects  limit  the  amplitude  at  a  lower 
level  than  that  of  other  cases  with  stable  but  very  rough  combustion.  It  is 
therefore  clear  that  the  level  of  pressure  fluctuations  is  not  an  objective 
index  for  the  discrimination  between  stable  and  unstable  combustion,  and 
therefore  between  safe  and  dangerous  conditions.  A  more  objective  basis 
is  found  in  the  presence  of  periodic  oscillations  with  well  defined  frequencies, 
or,  in  the  case  when  the  roughness  of  combustion  makes  it  difficult  to 
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detect  such  periodic  oscillations  if  their  amplitude  is  not  very  large,  in  the 
determination  of  the  correlation  between  pressures  measured  at  different 
points. 

1.05.  Non-linear  Effects 

In  the  preceding  discussion  we  have  characterized  the  unstable  combustion 
by  the  property  that  small  disturbances  are  self-amplifying.  This  is  what, 
in  analogy  to  other  unstable  systems,  can  be  called  linear  instability,  because 
for  very  small  disturbances  all  the  effects  are  proportional  to  their  causes 
and  the  equations  describing  the  system  are  of  a,  linear  type.  However,  one 
must  observe  that  if  combustion  is  linearly  unstable,  small  initial  disturbances 
are  soon  amplified  to  such  an  extent  that  important  non-linear  effects  may 
appear.  Among  such  effects  we  mention  for  example  the  fact  that  certain, 
rates  depend  exponentially  on  temperature  with  the  consequence  that  the 
mean  rate  is  larger  than  the  rate  corresponding  to  the  mean  temperature. 
Another  important  non-linear  effect  is  the  generation  of  shock  waves  from 
the  coalescence  of  compression  waves  in  the  combustion  chamber.  An 
important  result  of  the  presence  of  non-linear  effects  is  that  a  system, 
stable  against  small  disturbances,  may  become  mutable  when  the  amplitude 
of  the  disturbance  is  increased  above  a  certain  limit.  Below  this  limit  any 
disturbance  would  die  out  with  time;  but  above  this  limit  self-maintained 
oscillations  are  produced.  This  is  what,  in  analogy  to  other  systems,  is 
called  non-linear  instability.  Its  possibility  is  interesting  for  rocket  operation 
because  if  the  non-linear  limit  is  not  too  low  it  is  possible  to  avoid  this  kind 
of  combustion  instability  just  through  careful  protection  against  functional 
or  accidental  disturbances. 

One  possible  mechanism  for  non-linear  instability  can  be  conceived  to 
consist  of  a  direct  action  of  shock  waves  on  the  rates  of  chemical  reactions. 
If  it  is  assumed,  in  accordance  with  some  experimental  indications5*4,  that 
a  shock  wave  produces  an  effect,  on  chemical'  processes,  larger  than  the 
combined  effects  of  the  pressure  and  temperature  increases  through  the 
shock  wave  itself,  then  the  interaction.betwecn  fluctuations  in  the  chamber 
and  burning  rates  is  emphasized  when  shock  waves  appear.  The  result  of 
this  assumption  is  that  a  system  presenting  stable  combustion  for  small 
disturbances  may  become  unstable  when  the  disturbance  is  large  enough 
to  generate  shock  waves. 

Though  it  is  recognized  that  non-linear  effects  can  be  important,  the 
fact  that  their  physical  essence  is  still  obscure  and  that  their  analytical 
treatment  involves  great  difficulties  makes  it  necessary  for  the  moment  to 
discount  non-linearities  in  developing  a  theory.  Therefore  in  the  following 
we  shall  consider  only  linear  effects,  which  can  be  treated  through  the 
method  of  small  perturbations.  This  means  that  the  treatment  will  be 
strictly  applicable  only  to  cases  where  the  effects  of  instability  arc  not  so 
strong  as  to  produce  large  amplitude  oscillations.  In  other  words,  the 
theory  can  be  applied  mainly  to  conditions  of  incipient  instability  and 
therefore  to  the  determination  of  stability  limits.  As  an  a  posteriori  justifica¬ 
tion  we  observe  that  linear  treatment  actually  predicts  the  possibility  of 
unstable  combustion  in  the  observed  ranges  of  frequency  and  that  there 
seems  to  be  a  general  qualitative  agreement  between  the  theoretical  pre¬ 
dictions  on  stability  limits  and  many  experimental  observations. 
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1.06.  Mechanisms  of  Unstable  Combustion:  Chugging 
In  order  to  illustrate  the  considerations  of  Section  1.05  and  to  formulate  a 
quantitative  treatment  in  a  few  representative  cases,  it  is  necessary  to  specify 
closer  plausible  mechanisms  for  the  production  of  seif-maintained  oscillations 
in  a  rocket.  Let  us  consider  a  rocket  in  steady  state  operation.  By  steady 
state  we  do  not  indicate  here  the  absence  of  any  fluctuations  in  the  physical 
quantities,  but  merely  the  steadiness  of  the  average  quantities;  and  in 
effect  we  know'  from  the  discussion  of  the  last  sections  that  stable  operation 
with  steady  values  of  the  average  quantities  is  possible  even  with  rough 
combustion  because  the  integrated  effect  of  the  random  fluctuations  on 
large  areas  or  volumes  is  zero.  Suppose  now  that  we  produce  artificially  a 
sudden  increase  of  pressure  in  the  combustion  chamber,  corresponding  to 
an  excess  of  gas  content  of  the  chamber  with  respect  to  the  steady  state 
content.  Suppose  also  that  the  feeding  system  is  designed  in  such  a  way 
as  to  be  insensitive  to  chamber  pressure  variations  and  that  the  time  lag 
is  unaffected  by  pressure.  As  a  particular  case,  the  time  lag  could  be 
negligibly  small.  This  means  that  both  the  injection  rate  and  the  burning 
rate  will  keep  the  same  value  they  had  before  the  application  of  the  dis¬ 
turbance.  It  is  clear  that  the  balance  between  burning  rate  and  exhaust 
rate  is  disturbed,  the  latter  now  being  too  large.  The  excess  of  gas  content 
must  therefore  decrease  with  time  and  the  pressure  excess  with  it,  until 
eventually  they  both  vanish  and  the  steady  state  condition  is  re-established. 
The  actual  process  of  adjustment  is  complicated  by  the  presence  of  waves 
travelling  back  and  forth  in  the  combustion  chamber,  which  introduce 
non-uniformities  in  pressure  and  other  physical  quantities.  However,  for 
ordinary  rockets,  with  the  exception  of  the  extreme  case  of  a  throatless 
motor,  the  change  in  chamber  pressure  during  the  total  time  of  propagation 
back  and  forth  of  a  wave  is  contained  in  narrow  limits.  As  a  consequence, 
the  amount  of  non-uniformity  of  the  physical  quantities  at  any  given 
instant  is  small,  and  one  obtains  a  sufficiently  accurate  description  of  the 
process  by  neglecting  the  propagation  time  of  the  waves  and  assuming 
uniform  conditions  in  the  chamber.  The  problem  can  be  solved  simply, 
and  results  in  an  exponential  decay  of  the  disturbance  with  time,  dis¬ 
tinguished  by  a  characteristic  time  constant  or  chamber  relaxation  time. 
Tor  conventional  systems  the  chamber  relaxation  time  is  generally  between 
one  thousandth  and  one  hundredth  of  a  second,  the  wave  propagation 
time  being  generally  several  times  smaller. 

Let  us  next  consider,  as  a  second  example,  a  simple  monopropellant 
rocket  with  feeding  system  consisting  of  a  constant  pressure  tank,  an  injector, 
and  a  connecting  pipe.  Suppose,  for  the  sake  of  simplicity,  that  at  every 
instant  the  exhaust  rate  is  exactly  equal  to  the  burning  rate  and  to  the 
injection  rate  (these  assumptions  being  correct  only  for  zero  time  lag  and 
zero  chamber  relaxation  time).  In  steady  state  the  pressure  drop  from  the 
tank  to  the  chamber  must  be  sufficient  to  provide  the  propter  injection  rate. 
Suppose  now  a  sudden  increase  of  the  flow  in  the  feeding  system  is  produced 
artificially  and  the  rates  of  injection,  burning  and  exhaust  also  increase 
instantaneously  as  postulated.  The  chamber  pressure  therefore  also  under¬ 
goes  an  instantaneous  increase  and  the  pressure  drop  a  decrease,  which  is 
not  compatible  with  the  increased  injection  rate.  Thus  when  the  system  is 
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left  to  itself,  the  flow  rate  and  the  chamber  pressure  must  gradually  decrease 
until  eventually  the  steady  state  conditions  are  restored.  Again  the  process 
is  complicated  by  the  presence  of  wav*  moving  back  and  forth  in  the 
propellant  lines,  which  results  in  nc~  uniform  flow  rates  along  the  lines. 
However,  if  the  variation  of  the  flow  rate  during  . the  total  time  for  propa¬ 
gation  of  a  wave  back  arid  forth  in  the  line  is  relatively  small,  the  mean 
process  of  adjustment  is  described  with  sufficient  accuracy  by  neglecting  the 
wave  motion  arid  assuming  that  the  flow  rate  at  every  instant  is  uniform  at 
all  sections,  so  that  the  propdlant  moves  as  a  single  incompressible  slug. 
With  this  approximation,  sufficiently  correct  in  many  cases,  the  mean 
process  is  again  found  to  be  an  exponential  decay  of  the  flow  rate  excess 
(at  least  for  perturbations  small  enough  to  preserve  the  linearity),  dis¬ 
tinguished  by  a  characteristic  time  constant,  or  line  relaxation  time. 

For  conventional  feeding  systems  the  fine  relaxation  time  is  generally 
of  the  same  order  as  the  chamber  relaxation  time.  However,  it  can  vary 
independently  of  the  latter  and  its  magnitude  can  lie  in  a  wider  range. 
Of  course  the  assumptions  of  these  two  examples  are  not  very  realistic. 
However,  the  results  give  an  idea  of  the  behaviour  of  more  complicated 
systems  in  the  ideal  case  of  vanishing  time  lag. 

*n  all  cases  an  artificially  applied  disturbance  must  decay  with  time, 
aperiodically  or  periodically.  An  exception  may  be  provided  by  servo- 
controlled  feeding  systems;  in  this  case  the  flow  system  may  be  destabilized 
by  the  presence  of  the  servo  control,  and  the  amplification  of  small  dis¬ 
turbances  may  be  the  result.  With  the  exclusion  of  this  case,  all  rocket 
systems  would  be  stable  if  the  time  lags  were  zero.  Despite  the  fact  that 
the  decay  of  disturbance  is  not  in  general  given  by  a  simple  exponential 
factor,  it  is  possible  to  derive  for  this  ideal  case  an  approximate  rate  of  decay 
or  relaxation  time.  This  is  of  the  same  order  as  the  larger  of  the  previously 
defined  chamber  relaxation  and  fine  relaxation  times,  and  therefore 
much  longer  than  the  propagation  time  of  .waves  in  the  chamber,  and 
often  also  of  the  wave  propagation  time  in  -the  propellant  lines.  Thus, 
if  the  condition  is  also  satisfied  in  the  general- case,  the  process  of  decay 
can  be  analysed  neglecting  the  two  types  of  wave  motion.  The  order  of 
magnitude  of  the  relaxation  time  for  conventional  systems  is  between  a  few 
milliseconds  and  a  few  hundredths  of  a  second,  while  the  wave  propagation 
time  in  the  chamber  is  generally  of  the  order  of  one  millisecond  or  less. 
The  waive  propagation  time  in  the  lines  can  vary  in  a  wider:  range.  It  is 
also  difficult  to  define  a  wave  propagation  time  in  complicated  feeding 
systems  because  of  the  heterogeneity  of  the  lines.  Generally  it  is  of  the 
order  of  a  few  milliseconds. 

What  is  the  result  of  introducing  a  finite  combustion  time  lag?  The 
answer  is  the  same  as  for  other  types  of  systems:  the  time  lag  has  a  de¬ 
stabilizing  effect.  Thus  if  one  increases  the  magnitude  o'  the  time  lag,  a 
system  with  aperiodic  decay  of  disturbances  will  become:  oscillatory  and 
damped;  and  eventually  the  damping  rate  can  change  its  sign  and  the 
system  can  become  unstable.  That  this  final  condition  is  possible  can  be 
shown  on  a  purely  qualitative  basis  through  the  following  reasoning.  Sup¬ 
pose  a  system  with  a  constant  pressure  supply  is  working  in  oscillatory  con¬ 
ditions,  so  that  the  chamber  pressure  oscillates  around  the  mean  value. 
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As  a  result  the  pressure  drop  also  oscillates,  going  through  a  minimum  when 
the  chamber  pressure  is  maximum  and  vice  versa,  The  injection  rate  will 
also  be  affected  with  a  certain  delay,  of  the  order  of  the  line  relaxation 
time,  and  the  burning  rate  will  follow  the  injection  rate  with  a  delay  equal 
to  the  time  lag,  supposed,  for  simplicity,  to  be  the  same  for  all  propellant 
elements.  Thus  the  time  phase  between  the  minimum  of  the  burning  rate 
and  the  maximum  of  the  chamber  pressure  is  approximately  equal  to  the 
sum  of  the  line  relaxation  time  and  the  combustion  time  lag. 


On  the  other  hand,  the  effect  of  burning  rate  oscillations  is  felt  in  the 
chamber  with  a  delay  of  the  order  of  the  chamber  relaxation  time.  Therefore 
if  the  sum  of  the  two  relaxation  times  and  the  combustion  time  lag  is 
approximately  equal  to  a  half  period  of  oscillation,  the  decreased  contri¬ 
bution  of  combustion  to  the  chamber  pressure  resulting  from  a  maximum 
in  the  chamber  pressure  will  be  felt  when  the  chamber  pressure  goes  through 
a  minimum  and  vice  versa.  The  conditions  for  self-amplification  of  the 
oscillations  are  thus  created.  Figure  2  shows  schematically  the  relative 
situation  of  the  oscillations  of  the  various  quantities  in  accordance  with  the 
foregoing  discussion. 

From  this  approximate  consideration,  not  only  is  an  unstable  situation 
seen  to  be  possible,  but  also  an  approximate  condition  for  instability  is 
obtained.  This  approximate  condition  of  instability  is  that  the  sum  of 
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the  relaxation  time  of  the  system  plus  the  combustion  time  lag  must  be  of 
the  order  of  half  a  period  of  oscillation.  We  shall  see  in  Chapter  2  that  a 
more  accurate  quantitative  expression  of  this  time  condition  is  essential  in  the 
theory  of  unstable  combustion. 

We  have  now  demonstrated  the  first  mechanism  for  unstable  combustion,  - 
in  which  the  coordinating  process  consists  of  the  relaxation  process  of  the 
system,  through  oscillations  of  the  injection  rate  and  therefore  of  the  burning 
rate.  This  mechanism  is  not  only  practically  important  because  it  occurs 
frequently,  but  is  also  historically  important  because  it  was  the  first  to 
be  recognized  as  possible  in  *942  by  von  Kiirman  and  his  group,  and  also 
the  first  to  be  subject  to  analytical  treatment5-7.  The, corresponding  range 
of  frequencies  can  be  estimated  from  the  time  condition.  If  the  time  lag 
is  small,  compared  with  the  system  relaxation  time,  the  system  is  stable. 
Therefore,  in  order  to  have  unstable  combustion,  the  time  lag  must  be  at 
least  of  the  same  order  as  the  system  relaxation  time.  In  which  case,  from  the 
time  condition,  we  see  that  the  period  of  the  oscillation  must  be  around 
four  times  the  time  lag;  and  both  are  of  the  order  of  the  relaxation  time. 

If,  on  the  other  hand,  the  relaxation  time  is  small  compared  with  the  time 
lag,  the  period  of  oscillation  is  approximately  double  the  time  lag  and  both 
are  larger  than  the  relaxation  time.  Supposing  that  the  time  lag  is  around 
5  msec  (which  gives  the  correct  order  of  magnitude),  the  resulting  frequencies 
are  of  the  order  of  50-100  c/s.  Combustion  instability  with  frequencies  of 
this  order  is  generally  called,  in  the  language  of  rocket  engineering,  chugging, 
or  low  frequency  instability. 

1.07.  Another  Mechanism  for  Chugging 
An  alternative  mechanism  for  the  production  of  chugging8,  independent 
of  the  injection  process,  is  based  on  the  fact,  already  discussed  in  Section  1 .04, 
that  the  time  lag  under  oscillatingconditions  is  also  an  oscillating  quantity. 
Suppose  that  the  essential  factors  affecting  the  rates  of  the  processes  during 
the  time  lag  are  the  pressure  and  the  temperature,  and  that  the  temperature 
oscillations  are  correlated  with  the  pressure  oscillations.  Since  it  is  certain 
that  in  steady  state  an  increase  in  pressure  produces  a  decrease  in  time  lag, 
the  same  will  be  true  for  non-steady  conditions.  That  is,  the  time  lag  is 
shorter  than  its  mean  value  when  the  pressure  (averaged  during  the  time  lag 
itself)  is  above  its  mean  value,  and  vice  versa.  The  way  of  averaging  the 
pressures  during  the  time  lag  wall  be  discussed  later;  but  on  purely  quali¬ 
tative  grounds,  we  can  say  that  if  the  pressure  is  oscillating,  the  time  lag  goes 
through  a  minimum  when  the  pressure  is  around  a  maximum  during  the 
time  lag  and  vice  versa.  This  is  illustrated  in  Figure  3,  where,  again,  the 
same  time  lag  is  assumed  for  all  propellant  elements.  If  the  injection  rate 
is  constant,  and  the  time  lag  is  close  to  a  minimum  or  a  maximum,  the 
conditions  will  be  close  to  those  obtained  for  constant  time  lag,  and  therefore, 
the  departure  of  the  burning  rate  from  its  mean  value  will  be  zero.  On  the 
other  hand,  if  the  time  lag  is  increasing  or  decreasing,  there  is  a  dilution  or 
concentration  of  combustion.  Therefore  the  burning  rate  goes  through  a 
maximum  when  the  rate  of  decrease  of  the  time  lag  is  a  maximum,  and 
through  a  minimum  when  the  rate  of  increase  is  a  maximum.  Thus  the 
resulting  burning  rate  oscillations  must  lag  a  quarter  period  behind  the 
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time  lag  oscillations,  as  shown  in  Figure  3.  Finally  the  effect  produced  on 
the  chamber  pressure  by  the  oscillations  of  the  burning  rate  is  felt  with  a 
delay  of  the  order  of  the  chamber  relaxation  time.  If  this  effect  is  in  phase 
with  the  chamber  pressure  oscillations,  as  in  Figure  3,  the  most  favourable 
conditions  for  self-amplification  are  created.  Again,  the  time  condition  can 
be  expressed  in  a  similar  way  to  the  one  discussed  before,  and  if  the  time 
lag  is  given  the  same  value  of  a  few  milliseconds,  the  resulting  range  of 
frequencies  is  the  same  as  before. 
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We  consider  that  chugging  can  be  produced  independently  of  the  feeding 
system  characteristics.  The  coordinating  process  for  this  type  of  instability, 
that  has  been  called  intrinsic  instability,  resides  in  the  chamber  relaxation 
process  through  the  action  of  the  oscillations  of  the  physical  factors  on  the 
burning  rate.  The  mechanisms  described  thus  far,  for  the  production  of 
instability,  are  distinct;  however,  since  they  are  characterized  by  com¬ 
parable  frequency  condition*  they  can  also  be  present  simultaneously,  each 
one  reinforcing  the  other.  It  is  to  be  expected,  for  instance,  that  a  chamber 
intrinsically  unstable  cannot  be  stabilized  by  the  presence  of  a  conventional 
feeding  system.  However,  through  the,  appropriate  use  of  servo  controls 
in  the  feeding  system,  one  can  think  of  producing  stabilizing  effects,  a 
possibility  suggested  by  H.  S.  Tsien9.  All  these  questions  will  be  subjected 
to  analysis  in  the  following  chapter,  where  the  instability  limits  resulting 
from  both  types  of  coordinating  processes  are  determined,  and  Tsien’s  idea 
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of  servo  stabilization  is  shown  possible.  It  must,  however,  be  observed 
that  in  order  to  provide  an  effective  control  of  this  type,  mechanical  servo 
controls  must  be  made  to  work  in  the  range  of  frequencies  characterizing 
chugging,  that  is,  with  mechanical  time  lags  of  the  order  of  one  hundredth 
of  a  second  at  most,  much  shorter  than  ordinary  mechanical  lags;  which 
are  around  one  tenth  of  a  second.  F.  E.  Marble10  has  suggested  that 
servo  stabilization  can  be  obtained  with  a  frequency  of  the  servo  control 
equal  to  a  subharmonic  of  the  unstable  frequency. 

Of  course,  as  we  have  already  noticed,  servo  controls  can  be  destabilizing 
as  well  as  stabilizing.  The  corresponding  range  of  frequency  for  ordinary 
servo  controls,  with  time  lags  around  one  tenth  of  a  second,  results  in  oscil¬ 
lations  of  frequencies  below  10  c/s,  and  therefore  is  likely  to  be  well  distinct 
from  chugging,  and  practically  unaffected  by  the  combustion  phenomenon. 
For  this  reason,  we  think  that  this  type  of  instability  must  be  considered 
separately  from  chugging. 

The  same  practical  independence  between  the  instabilities  originated  by 
the  two  types  of  coordinating  processes,  discussed  in  this  and  in  the  pre¬ 
ceding  section,  is  to  be  expected  in  the  following  case.  We  have  thus  far 
supposed  that  the  time  lags  responsible  for  the  two  types  are  of  the  same 
magnitude.  However,  in  Section  1.11  we  shall  discuss  the  possibility  that 
only  one  part  of  the  total  lag  is  dependent  oh  the  physical  factors,  in  the 
chamber.  The  remaining  portion  of  the  time  lag  is  then  practically  un¬ 
affected  by  changes  of  the  physical  factors.  If  this  possibility  is  accepted, 
then  considering  again  the  case  of  intrinsic  stability  (without  variations  of  the 
injection  rate)  we  see  immediately  that  the  portion  of  the  time  lag  which  is 
unaffected  by  changing  conditions  has  no  effect  on  the  stability;  and  that 
only  the  variable  part  of  the  time  lag  is  important.  Therefore  the  period  of 
the  oscillations  for  intrinsic  instability  can  be  much  smaller  than  that  for  a 
feeding  system  type  of  instability.  If  the  magnitudes  are  sufficiently  different 
from  each  other  (as  for  instance  if  the  variable  part  of  the  time  lag  were  of  one 
or  two  thousandths  compared  with  a  total  time  lag  of  five  thousandths)  then 
the  interaction  between  the  two  processes  can  become  practically  negligible. 
At  the  same  time  the  frequency  of  intrinsic-  instability  would  increase,  and 
become  closer  to  the  frequency  characteristic  of  wave  motion  in  the  lines 
and  in  the  chamber.  The  assumption  of  neglecting  wave  motion  effects 
becomes  more  questionable.  As  a  matter  of  fact  above  a  certain  frequency  the 
wave  motion  can  become  essential,  as  will  be  discussed  in  the  next  sections. 

For  this  reason,  and  with  the  purpose  of  avoiding  too  complicated  com¬ 
putations  we  have  confined  the  analytical  treatment  of  Chapter  2  to  the  case 
when  all  of  the  time  lag  is  affected  by  the  physical  factors.  The  effects  of 
the  coordinating  process  discussed  in  this  section  and  its  interaction  with 
the  feeding  system  in  exciting  instability  are  magnified  by  this  assumption. 
The  analytical  results  must  therefore  be  considered  only  as  representative 
of  this  limiting  case. 

1.08.  Mechanisms  of  Unstable  Combustion:  Screaming 
Hitherto,  in  discussing  low  frequency  instability  we  have  never  specified 
the  location  of  the  chamber  where  particular  elements  of  propellant  burn. 
Our  discussion  has  only  dealt  with  the  time  lags,  but  not  with  the  space 
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lags.  In  other  words,  for  the  analysis  of  chugging  it  is  not  necessary  to  know 
the  source  distribution  in  the  chamber,  but  only  the  integrated  value  of  all 
sources.  This  simplification  is  a  direct  consequence  of  the  assumption 
that  the  wave  propagation  time  in  the  chamber  is  negligible,  so  that  the 
effect  of  the  burning  taking  place  at  a  given  location  is  immediately  trans¬ 
mitted  throughout  the  chamber  no  matter  where  it  happens.  This  is  the 
reason  why  the  only  condition  given  for  the  appearance  of  instability  is  a 
time  condition. 

It  is  evident  that  this  simplification  is  no  longer  possible  when  the  wave 
propagation  time  cannot  be  neglected  with  respect  to  the  period  of  the 
oscillations.  In  this  case,  contrary  to  the  assumption  of  Sections  1.06  and 
1.07,  the  local  variation  of  physical  factors  during  the  wave  propagation 
time  can  be  large,  with  the  result  that  non-uniformities  of  pressure,  tempera¬ 
ture,  etc.  are  present  at  fixed  instants  in  the  chamber.  As  a  consequence  of 
the  non-uniformity  of  the  rate-affecting  factors,  the  effect  of  their  variation 
on  the  rates  of  burning  (and  on  the  source  strengths)  depends  on  the  location 
in  the  chamber  where  the  propellants  were  when  the  rate  began  to  be 
affected  and  the  location  where  combustion  takes  place.  It  is  therefore 
necessary  to  know,  in  the.  high  frequency  case,  the  spatial  distribution  of 
combustion. 

Let  us  consider  a  definite  location  in  the  chamber  and  the  propellants 
burning  at  this  location  in  a  system  with  fixed  injection  rates.  And  for  sim¬ 
plicity,  let  us  suppose  that  the  propellants  have  been  at  this  location  during 
all  of  the  time  lag  instead;  of  moving.  Then  we  see  that  we  have,  locally, 
the  same  situation  we  have  discussed  for  the  whole  chamber  in  the  case  of 
intrinsic  instability.  Thus  if  a  pressure  oscillation  with  a  definite  frequency 
is  present  at  the  location  considered,  oscillations  in  the  burning  rate  are 
produced.  With  a  simple  construction  like  the  one  of  Figure  3,  it  is  imme¬ 
diately  found  that  if  the  time  lag  is  very  short  compared  with  the  period, 
the  oscillations  of  the  burning  rate  are  in  quadrature  with  those  of  the 
pressure  and  therefore  the  system  is  stable.  But  if  the  time  lag  (which  is 
supposed  to  be  the  same  for  all  propellant  elements)  is  equal  to  a  half 
period,  and  the  effects  of  pressure  on  the  rate  of  the  processes  are  uniformly 
distributed  during  the  time  lag,  then  the  two  oscillations  are  in  phase,  so 
that  the  optimum  conditions  for  self-amplification  and  instability  are 
created. 

Thus  far  the  frequency  of  the  oscillations  has  been  taken  arbitrarily.  How¬ 
ever,  it  is  clear  that  the  effect  of  the  establishment  of  the  self-amplification 
conditions  is  maximum  if  the  chamber  is  close  to  resonant  conditions,  that 
is,  if  the  frequency  is  close  to  the  frequency  of  one  of  the  natural  modes  of 
oscillation  of  the  gases  in  the  chamber  considered  without  effects  of  com¬ 
bustion.  The  time  condition  for  this  case  is  therefore  that  the  time  lag 
must  be  dose  to  the  half  period  of  one  of  the  natural  modes.  Naturally,  as 
in  the  case  of  intrinsic  instability,  if  only  one  part  of  the  time  lag  is  affected 
by  variation  of  the  physical  factors,  only  that  part  of  the  time  lag  must 
satisfy  this  time  condition.  The  constant  part  of  the  time  lag  docs  not 
influence  the  phenomenon,  because  we  have  assumed  here  that  the  rate  of 
injection  is  unaffected  by  pressure  oscillations.  However,  the  same  result 
must  be  true  in  the  more  general  case  of  a  feeding  system  sensitive  to  pressure 
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variations,  provided  the  frequency  is  sufficiently  large  so  that  the  period 
is  much  shorter  than  the  line  Relaxation  time,  and  provided  that  the  wave 
motion  is  not  excited  in  the  propellant  lines.  (We  shall  return  to  the  last 
question  in  Section  1.10.)  In  fact,  in  both  cases,  the  injection  rates  are 
practically  unaffected  by  pressure  oscillations,  and  the  time  condition 
remains  approximately  the  same,  that  is,  the  time  lag  must  be  close  to  a 
half  period.  This  condition  can  be  made  more  general  when  we  consider 
the  possibility  that  more  than  one  period  is  contained  in  the  duration  of 
the  time  lag.  From  a  simple  graphical  construction  like  the  one  of  Figure  3, 
one  finds  that,  supposing  again  for  simplicity  that  the  rates  are  affected 
uniformly  for  the  duration  Of  the  time  lag  (more  exactly  for  the  vari¬ 
able  part  of  the  time  lag),  the  pressure  oscillation  is  in  phase  with  the 
burning  rate  oscillation  if  the  time  lag  is  3,  5,  7  etc.  times  the  half  period. 
Therefore  a  more  general  statement  of  the  time  condition  is  that  the 
time  lag  must  be  an  odd  multiple  of  the  half  period  of  one  of  the  natural 
modes. 

A  brief  qualitative  discussion  about  the  natural  modes  is  necessary  here. 
As  in  Section  1.03  the  chamber  can  be  supposed  approximately  to  be  filled 
with  products  of  complete  combustion,  and  the  presence  of  unbumt  propel¬ 
lants  can  be  disregarded  in  first  approximation.  However,  even  with  this 
simple  assumption,  the  gas  is  not  in  the  same  condition  as  in  a  closed  chamber 
without  outflow,  and  therefore  the  characteristics  of  the  natural  modes 
cannot  be  the  same  as-in  the  corresponding  problem  of  acoustics.  The 
difference  is  twofold.  First,  there  is  an  average  flow  of  the  gases  superposed 
on  the  oscillations;  second,  and  more  important,  the  gases  are  discharged 
from  the  chamber  through:  a  de  Laval  nozzle.  The  consequences  of 
the -first  difference  are  not  too  important,  provided  the  maximum  flow 
Mach  number  in  the  chamber  is  sufficiently  below  unity,  a  condition 
generally  satisfied  in  rocket  motors  (with  the  exception  of  the  throatless 
motor).  However,  the  presence  of  a  sonic  nozzle  may  have  ivonsiderable 
effects  on  the  behaviour  of  the  chamber  if  the  frequencies  are  high.  In 
effect  it  can  be  shown  quantitatively  (Appendix  B)  mid  understood  quali¬ 
tatively  that  if  tire  frequency  of  the  oscillation  is  very  low,  then  the  quasi¬ 
steady  flow  through  the  nozzle  follows  approximately  the  laws  of  steady 
flow  so  that,  for  instance,  the  Mach  number  at  the  nozzle  entrance  stays 
constant  (being  determined  by  the  area  ratio  of  the  nozzle). 

In  these  conditions  the  nozzle  can  be  replaced  by  the  condition  of  constant 
Mach  number  at  its  entrance,  and  again  for  low  subsonic  values  of  the  Mach 
number  the  behaviour  of  the  chamber  docs  not  differ  substantially  from  the 
acoustic  case.  These  conditions  are  approximately  satisfied  in  tfie  iower 
part  of  the  range  of  frequencies  characterizing  chugging.  But  already  in 
the  higher  part  considerable  departures  can  be  obtained.  And  since  the 
departure  increases  with  increasing  frequency,  the  acoustical  approxi¬ 
mation,  for  the  frequencies  proper  of  the  natural  modes,  becomes  unreliable. 
In  other  words,  '  ie  propagation  of  waves  along  the  nozzle  and  their  re¬ 
flection  in  the  subsonic  part  modify  the  reaction  of  the  nozzle  to  oscillating 
conditions  by  changing  the  phase  between  pressure  and  velocity  oscillation, 
with  the  result  that  work  is  necessary  to  maintain  the  osollations,  even  if 
the  dissipative  damping  forces  are  negligible.  Therefore,  due  to  the  outflow 
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of  gases,  even  in  the  absence  of  damping  forces,  a  continuous  supply  of 
work  is  necessary  to  maintain  the  oscillations,  while  in  the  corresponding 
acoustical  case  no  energy  is  needed.  Despite  this  essential  difference, 
however,  the  nature  and  frequencies  of  the  natural  modes  are  not  sub¬ 
stantially  affected,  so  that  we  can  make  use  of  the  predictions  of  acoustical 
theory  in  order  to  complete  the  picture.  This  can  be  done  very  easily  for 
cylindrical  chambers  (which  is  the  most  common  case)  where  longitudinal 
and  transverse  (radial  and  angular)  modes  can  l>e  distinguished,  the  former, 
with  gas  properties  uniform  on  each  circular  section  of  the  cylinder,  and 
the  latter,  uniform  on  each  line  parallel  to  the  axis.  Also,  combinations  of 
longitudinal  and  transverse  modes  are  possible;  actually  they  are  particu¬ 
larly  important  in  a  rocket  chamber,  since  a  purely  transverse  mode  cannot 
be  generated,  due  to  the  presence  of  the  nozzle  and  to  the  backward  re¬ 
flection  of  longitudinal  waves  when  a  transverse  wave  is  present.  This 
effect  also  constitutes  a  difference  from  the  purely  acoustical  case  in  a  closed 
cylindrical  chamber  terminated  by  plane  walls. 

A  general  feature  of  all  modes,  purely  longitudinal  or  combined,  is  the 
presence  of  nodal  surfaces  on  which  the  pressure  does  not  oscillate.  In  the 
case  of  the  rockets,  these  nodal  surfaces  take  a  particular  importance,  because 
it  is  clear  that  if  the  combustion  processes  (or  the  sources)  are  concentrated 
in  the  vicinity  of  a  nodal  surface,  then  the  corresponding  mode  cannot 
become  unstable  because  it  cannot  generate  the  amount  of  work  necessary 
to  maintain  the  oscillation.  On  the  contrary,  the  larger  the  fraction  of  the 
combustion  concentrated  in  the  vicinity  of  what  we  may  call  the  antinodal 
regions  (where  the  amplitude  of  pressure  oscillations  is  large),  the  larger 
will  be  the  variations  of  the  burning  rates  in  these  regions  and  that  of  the 
amount  of  work  generated,  and  therefore  the  larger  the  tendency  toward 
instability.  It  is  evident,  therefore,  that  the  largest  probability  for  the 
appearance  of  instability  of  a  given  mode  is  for  the  ideal  case  of  combustion 
concentrated  on  the  surface  whei«  the  amplitude  of  pressure  oscillations  is 
maximum.  For  purely  longitudinal  modes  this  means  combustion  con¬ 
centrated  on  the  antinodal  sections  of  the  given  mode.  It  is  clear  now  that 
for  the  appearance  of  this  type  of  instability,  it  is  necessary  to  satisfy  not  only 
a  time  condition,  concerning  the  time  lags,  but  also  a  space  condition  con¬ 
cerning  the  distribution  of  the  combustion.  The  presence  of  a  time  and  a 
space  requirement  has  been  known  for  a  long  time  in  the  problem  of  singing 
flames 100  which  presents  some  analogies  to  screaming  in  rockets,  although 
it  is  based  on  a  different  coordinating  process.  If  both  conditions  are 
fulfilled,  a  kind  of  instability  is  created,  characterized  by  a  frequency  close 
to  the  frequency  of  one  of  the  natural  modes,  in  which  the  coordinating 
process  resides  in  the  natural  process  of  oscillation  through  its  action  on  the 
burning  rates.  In  rocket  language  it  is  recognized  as  high  freqtiency  instability, 
or  screaming.  This  mechanism  for  production  of  high  frequency  instability 
h?  i  been  suggested  by  L,  Crocco8  and  studied  in  detail  by  L.  Crocco  and 
Sin-I  Cheng11*  18  in  the  case  of  purely  longitudinal  oscillations.  The 
treatment  is  partly  reproduced  and  generalized  in  Chapter  3  of  this  mono¬ 
graph.  The  more  complicated  case  of  combined  longitudinal  and  transverse 
modes  has  not  yet  been  treated  analytically;  this  case  is  of  practical  interest 
and  is  worth  attempting  at  a  future  date. 
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1.09.  Effect  on  Stability  of  Spreading  the  Combustion 
In  the  discussions  of  the  preceding  sections,  the  time  lag  has  been  assumed 
to  be  uniform  for  all  propellant  elements.  Also,  we  have  concluded  that 
high  frequency  instability  of  a  given  mode  is  most  likely  to  appear  when 
combustion  is  concentrated  on  the  antinodal  surfaces.  The  ideal  case, 
where  these  two  conditions  are  satisfied  together,  that  is,  where  the  com¬ 
bustion  is  concentrated  both  in  time  and  space,  is  the  most  unstable  case, 
because  the  time  and  space  conditions  are  fulfilled  in  the  most  definite  way. 
In  other  words,  in  this  case,  all  of  the  combustion  process  can  be  used  in 
generating,  through  oscillations,  the  maximum  amount  of  work  to  overcome 
the  stabilizing  forces.  This  result  is  true  for  both  screaming  and  chugging; 
in  the  latter  case,  the  timewise  concentration  alone  is  effective. 

If,  however,  the  combustion  is  spread  timewise  and/or  spacewise,  even  if 
the  time  and  space  conditions  are  in-average-satisfied,  only  those  frac¬ 
tions  of  the  combustion  processes  which  are  close  to  individually  fulfilling  the 
conditions  will  produce  work.  The  further  away  the  individual  fractions 
are  from  satisfying  these  conditions,  the  less  work  they  will  generate  and 
ultimately  instead  of  producing  they  will  absorb  work  and  become 
stabilizing. 

We  conclude  that  for  a  given  average  value  of  the  time  lag,  the  larger 
die  range  of  time  lags  for  the  individual  fractions  of  propellants,  the  more 
stable  is  the  combustion  process,  for  both  chugging  and  screaming.  For 
screaming,  starting  from  the  ideal  case  of  combustion  concentrated  in  the 
antinodal  region  of  a  given  mode,  an  unstable  combustion  can  become  stable 
by  spreading  the  combustion  away  from  the  antinodal  region.  Of  course,  the 
opposite  can  be  true  for  another  mode,  for  which  initially  the  combustion  is 
concentrated  in  a  nodal  region,  and.  for  which  the  combustion  can  switch 
from  stable  to  unstable  conditions  when  it  spreads  toward  die  antinodal 
regions.  If  all  the  possible  modes  are  considered  together,  the  nodal  regions 
practically  fill  all  the  chamber,  so  that  the  most  favourable  distribution  for 
a  given  mode  can  be  unfavourable  for  other  modes.  A  priori,  the  best  overall 
situation  is  likely  to  be  obtained  when  the  combustion  is  uniformly  distri¬ 
buted  in  the  chamber,  and  the  time  lags  are  also  spread  over  the  widest 
possible  range.  In  this  case  there  will  be  a  convenient  balance  of  stabilizing 
and  destabilizing  fractions  for  each  mode.  However,  the  possibility 
must  be  kept  in  mind  that  certain  modes  can  be  more  detrimental  than 
others;  and  also  that  the  damping  effect  due  to  the  presence  of  the  nozzle, 
well  established  for  longitudinal  modes,  might  not  be  as  strong  for  transverse 
modes.  In  this  case,  some  distributions  other  than  uniform  might  be  mo;-, 
advantageous  in  haring  a  larger  stabilizing  effect  on  the  more  detrimental 
or  the  less  damped  modes. 

The  quantitative  study  of  the  effect  of  spreading  the  combustion  time¬ 
wise  or  spacewise  is  given  in  Section  2.08  for  chugging,  and  in  Section  3.05 
and  the  following  for  screaming,  in  the  case  of  longitudinal  oscillations. 

1.10.  Other  Mechanisms  for  Unstable  Combustion 
One  can  imagine  several  other  coordinating  processes  which  might  produce 
instability'.  Vortex  shedding  with  determined  frequencies13,  flow  fluctua¬ 
tions  in  the  injectors1*,  and  in  the  spray  of  two  impinging  jets15,  combustion 
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phenomena  in  idies,  oscillatory  chemical  kinetics,  fow  phenomena  in 
nozzles,  and  so  on,  may  be  distinguished  by  character  stic  times  different 
from  either  the  relaxation  times  or  the  period  of  the  natural  modes.  There¬ 
fore,  they  may  be  able  to  produce  unstable  conditions  with  frequencies 
different  from  those  of  chugging  and  screaming.  However,  too  little  is 
known  about  these  processes,  and  any  attempt  to  formulate,  even  quali¬ 
tatively,  a  mechanism  based  on  them  would  merely  represent  a  guess  without 
substantial  value. 

One  interesting  mechanism,  related  to  the  discussion  of  the  preceding 
sections,  is  the  coordinating  process  of  the  wave  motion  in  the  propellant 
lines  and  the  consequent  oscillation  of  the  injection  rate.  This  oscillation 
produces  a  delayed  oscillation  in  the  burning  rate  and  therefore  in  the 
chamber  pressure  and  the  pressure  at  the  injection  port.  The  oscillation 
of  pressure  at  the  injection  pert  finally  closes  the  loop,  by  providing  the 
necessary  driving  force  for  the  maintenance  of  the  oscillations  in  the  lines, 
provided  that  the  proper  time  condition  is  satisfied.  The  frequency  dis¬ 
tinguishing  this  type  of  instability  from  other  types  is  determined  by  the 
wave  propagation  time  in  the  lines,  and  of  course  this  frequency  can  vary  in 
a  wide  range.  Hence  instability  can  be  produced  with  frequencies  inter¬ 
mediate  between  those  of  chugging  and  screaming.  A  particularly  inter¬ 
esting  situation  arises,  however,  when  the  frequency  due  to  wave  propagation 
in  the  lines,  falls  in  the  same  range  as  chugging  or  screaming  frequencies, 
in  which  case  the  two  types  of  instability  will  reinforce  each  otiier  and 
particularly  bad  conditions  are  to  be  expected. 

The  difficulty  in  developing  an  analytical  treatment  of  these  '  Tects,  is 
that  generally  the  propellant  fines  cannot  be  represented  realistically  by  a 
simple  connecting  pipe  of  constant  cross  section  between  the  tank  or  the 
pumping  system  and  the  injector  ports.  The  injector  passages  are  generally 
quite  complicated  and  the  lines  are  interrupted  by  valves  of  several  types 
necessary  for  starting  and  shut-off.  As  a  consequence  of  this  fact,  and  the 
fact  that  different  parts  of  th  internal  walk  have  different  elastic  constants, 
the  oscillatory  characteristics  of  the  system  are  quite  complex  and  it  is 
difficult  to  estimate  a  length  on  which  to  base  a  fundamental  frequency. 
As  a  result  of  this  complicated  situation  a  theory  has  not  yet  been  developed 
for  this  kind  of  instability.  Only  a  rudimentary  consideration  of  the  effect  of 
wave  propagation  in  feed  lines  on  low  frequency  oscillation  has  been  pre¬ 
sented18.  In  principle,  an  analytical  treatment  should  be  possible  and  it 
seems  that  efforts  in  this  direction  should  be  worthwhile. 

We  have  already  noticed  that  particularly  strong  effects  are  to  be  expected 
when  the  frequency,  characteristic  of  the  prop.  Mant  lines,  coincides  with 
one  of  the  screaming  frequencies.  Now  we  can  add  that  it  is  sufficient  that 
this  condition  be  satisfied  for  only  one  of  the  characteristic  frequencies  of 
the  feeding  system,  ar.d  that  due  to  the  complicated  design,  it  is  very  likely 
that  some  frequencies  fall  in  the  range  of  screaming  frequencies  no  matter 
how  long  the  entire  lines  may  be.  In  particular,  due  to  the  fact  that  the 
sound  velocity  is  of  the  same  order  in  the  propellants  and  in  the  burnt 
gases,  it  is  possible  to  have  direct  resonance  between  the  propellant  side 
and  the  gas  side  of  certain  types  of  injectors  in  a  direction  parallel  to  the 
injector  face. 
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An  interesting  suggestion  for  a  coordinating  mechanism  in  bipropellant 
systems,  which  would  produce  frequencies  in  a  range  intermediate  between 
chugging  and  screaming  is  the  following.  In  oscillating  conditions,  the 
energy  content  of  the  products  of  combustion  can  also  oscillate  because  of 
oscillations  in  the  mixture  ratio.  Thus  the  temperature  of  the  products,  taken 
at  the  mean  pressure,  will  oscillate  too,  and  so  will  the  entropy.  1  ne  entropy 
excess  or  deficiency  moves  with  the  products  until  it  reaches  the  nozzle, 
where  it  produces  pressure  waves  travelling  back  to  the  injectors.  A  closed 
loop  is  thus  determined  because  the  pressure  oscillations  at  the  injector  may 
entertain  the  mixture  ratio  oscillations.  A  theory  based  on  this  mechanism 
has  not  yet  been  developed,  but  a  rough  calculation  shows  that  the  proper 
frequencies  should  be  higher  than  for  chugging  and  lower  than  for  screaming. 
This  mechanism  is  substantially  the  same  as  that  suggested  by  K.  Bebman 
and  S.  H.  Cheney,  Jr160  to  explain  some  of  the  phenomena  they  have 
observed.  It  should  be  noticed,  however,  that  Berman  and  Cheney  stress  the 
dependence  of  this  effect  on  the  presence  of  shock  waves  and  discontinuities 
of  temperature.  In  the  opinion  of  the  present  authors  these  non-linear 
phenomena  are  not  essential  for  the  mechanism. 

An  analogous  mechanism  could  operate  on  monopropellant  systems, 
where  the  necessary  entropy  oscillations  would  result  only  from  the  oscilla¬ 
tion  of  the  pressure  of  combustion. 

1.11.  Equations  for  the  Tlme  Lag  and  the  Space  Lag 
An  analytical  treatment  of  the  phenomena  qualitatively  discussed  in  the 
preceding  sections  requires  that  each  individual  process  of  the  phenomenon 
be  given  a  quantitative  formulation.  Within  the  approximation  of  the 
assumptions  of  Section  1.03,  we  have  already  seen  how  the  phenomenon  of 
combustion  cr.u  be  conveniently  represented  through  a  suitable  distribution 
of  sources  in  steady  state  operation,  after  which  the  problem  is  practically 
reduced  to  a  problem  of  fluid  dynamics. 

The  same  would  be  true  for  non-steady  conditions,  if  the  strength  of  the 
sources  were  unaffected.  However,  the  opposite  case  is  true.  It  is  necessary, 
therefore,  to  know  quantitatively  how  the  source  distribution,  both  in  time 
and  space,  is  determined  by  the  physical  factors;  in  ocher  words,  how  time 
and  space  lags  depend  on  the  time  and  space  history  of  the  physical  factors 
themselves. 

Among  the  physical  factors  that  are  likely  to  have  the  largest  influence, 
3rc  the  pressure  and  temperature  of  the  gases  and  the  relative  velocities 
between  the  propellants  and  the  gases.  If  one  knew  the  details  of  the 
processes  taking  place  during  the  time  lag,  it  would  be  possible  to  express 
the  rates  of  these  processes  at  each  point  along  the  path  of  the  propellants 
as  a  function  of  the  aforesaid  physical  factors,  which  are  supposed  to  be 
*  known  at  every  instant  and  location.  But  we  do  not  know  the  details  of  either 
the  processes  or  their  rates;  moreover,  it  is  doubtful  if  the  values  of  such 
factors  as  temperature  and  relative  velocities,  as  computed  for  our  com¬ 
bustion  model,  would  represent  consistently  the  actual  values  which  determine 
the  rates,  because  the  presence  of  vapour  or  other  intermediate  substances, 
even  if  it  does  not  substantially  affect  the  fluid  dynamics  of  the  burnt 
gases,  probably  has  an  important  effect  on  the  rate  of  the  processes.  For 
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this  reason,  it  is  better  not  to  describe  separately  the  effects  of  the  different 
physical  factors,  but  to  make  the  simplifying  assumption  instead,  that  the 
rate  of  the  processes  can  be  correlated  with  the  values  of  the  local  pressure. 
This  does  not  mean  that  the  other  factors  are  assumed  to  exert  negligible 
influence  on  the  rates,  but  merely  that  their  variations,  and  therefore  their 
effects,  are  correlated  to  those  of  the  pressure.  Mathematically  this  can 
be  expressed  as  follows9.  The  rate  of  the  processes  at  a  given  location  and 
time  are  a  function  f  ( p,T,Z , . .)  of  pressure,  temperature,  and  any  other 
physical  factor  Z.  If  starting  from  a  certain  steady  condition,  where  the 
local  values  of  these  factors  are  p,  ! T,  Z  we  apply  small  perturbations  />', 
T',  Z',  the  new  process  rate  will  be 

t(pyT,z...)=r(p,Tt2...)+p'lt  +  riL  +  z’^  +  ... 

where  the  partial  derivatives  are  computed  at  p  =  p,  T  —  T,  Z  —  Z  etc. 
If  we  assume  that  T  and  Z  are  correlated  to  p,  so  that  T  =  T(p)  and 

Z  ==  Z{p)  we  can  write  T'  =  p'  ,  Z'  =p'  so  that  the 

preceding  expression  becomes  _ 


where  the  barred  quantity  has  to  be  evaluated  at  p  —  p,  T  =  T,  Z  —  Z. 


Let  us  write 


p(ff  4-  A-——  4- 

t\dp+  dpdT^  dp 


.(1.11.01) 


and  let  us  call  n  the  ‘interaction  index’. 

•  Then  the  instantaneous  rate  is  given  by 

f  (*,  T,  £...)=  f(A  2.. .)[l  +»j]  . . .  .(1.11.02) 

which  is  exactly  the  same  as  if  f  was  assumed  to  depend  only  on  p  and  to  be 
proportional  to  pn.  Thus  in  the  assumption  that  the  physical  factors  are 
correlated  we  can  disregard  the  explicit  effects  of  all  the  factors  except 
that  of  the  pressure  and  represent  the  relation  between  the  rate  and  the 
instantaneous  local  pressure  as 

( pn  ....(1.11.03) 


Then  variations  are  related  by  equation  (1.11.02).  To  illustrate  the  idea 
with  some  examples  let  us  consider  the  case  in  which  the  variations  of  state 
are  iscntropic,  so  that 

dT  y—  1  f 

dp  ~~  y  p 

and  assume  a  heat  transfer  process  from  the  gases  to  the  droplets  following 
the  law 

f  ~p»(T-T,) 

Tp  being  the  temperature  of  the  droplets  and  m  an  exponent  close  to  unity. 
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We  obtain  from  equation  (1.11.01) 

7-1 _ f 


y  T  -T,t 


m  -{- 


V 


if  3*.  Therefore  the  interaction  index  is  likely  to  be  slightly  larger 
than  m,  but  still  close  to  unity.  On  the  other  hand,  for  a  chemical  process, 
we  can  assume  for  the  rate  a  temperature  dependence  of  the  Arrhenius  type 


f  exp  ( — AIRTr) 

where  A  represents  an  overall  activation  energy,  and  Tr  the  effective 
temperature  in  the  reacting  zone,  different  from  T.  Assuming  again  an 
isentropic  relation  between  Tr  and  p  we  find 

n  =  m  +  [(y-l)ly][A!RTr] 

and  we  see  that  the  interaction  index  can,  in  this  case,  be  considerably 
greater  than  m  if  fr  is  in  the  proper  range,  so  that  even  if  m  is  of  the  order 
of  unity,  as  seems  to  be  likely  for  most  of  the  practical  combustion  processes, 
n  may  take  values  considerably  larger.  The  purpose  of  these  t-vo  examples 
is  not  to  suggest  the  possibility  of  a  precise  determination  of  the  index  of  inter¬ 
action,  because  we  do  not  have  sufficient  information,  but  merely  to  show 
that  for  processes  which  are  likely  to  be  present  and  important  in  rocket 
combustion,  the  index  of  interaction  can  be  around  unity  and  larger.  They 
show  also  that  among  the  physical  factors  affecting  the  variations  of  the 
rates,  the  pressure  is  probably  the  most  important  one  because,  for  the 
processes  considered,  m  is  likely  to  be  an  essential  fraction  of  n.  This  justifies 
to  a  certain  extent  the  choice  of  the  pressure  as  the  single  physical  factor 
with  respect  to  which  the  interaction  index  is  defined,  instead  of,  for 
instance,  the  temperature.  It  must  lie  noticed,  however,  that  the  two 
influences  (or  more  than  two)  could  in  principle  be  separated  if  we  knew 
more  about  the'processes  involved. 

The  fact  that  the  pressure  alone  has  an  important  influence  on  the 
processes  is  also  supported  by  some  experimental  results.  It  is  known  that  the 
minimum  volume. (or  minimum  L*),  compatible  with  an  efficient  operation 
of  rockets,  decreases  with  increasing  pressure,  and  that  in  certain  cases 
its  variation  is  roughly  inversely  proportional  to  the  pressure.  Since  L* 
is  a  measure  of  the  residence  time,  and  the  minimum  residence  time  is 
proportional  to  the  time  lag,  it  is  concluded  that  in  certain  cases,  the  time 
lag  can  be  roughly  inversely  proportional  to  the  pressure,  and  therefore 
the  rates  of  the  processes  leading  to  combustion  are  directly  proportional 
to  the  pressure.  Since  the  temperature  of  the  burnt  gases  can  be  assumed 
to  be  practically  unaffected  by  changes  in  the  pressure  level,  this  is  purely 
a  pressure  effect.  This  deduction  is  substantiated  by  recent,  more  direct 
preliminary  measurements  of  the  time  lag17.  Such  a  marked  effect  of 
the  pressure  on  the  burning  rate  is  not  proper  only  of  the  combustion  in 
rockets.  Even  in  ordinary  laminar  flames  the  fact  that  flame  velocities 
are  only  very  slightly  affected  by  pressure18  indicates  a  mass  burning  rate 
nearly  proportional  to  pressure.  Similarly  the  self-ignition  lag  of  fuels 
injected  in  atomized  or  vaporized  form  into  a  hot  air  stream  has  been  found 
to  vary  approximately  as  the  inverse  of  the  pressure1*. 
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Equations  (1.11.02)  or  (1.11.03)  apply  to  a  particular  phase  of  the  pro¬ 
cesses  taking  place  during  the  time  lag.  Of  course  we  cannot  expect  that 
all  of  these  processes  are  equally  affected  by  variations  in  the  physical 
factors.  For  instance  such  processes  as  atomization  or  mixing,  that  con¬ 
stitute  a  necessary-  pre-requisite  for  the  other  processes,  are  likely  to  be 
practically  unaffected  by  the  physical  conditions  in  the  chamber  and  to 
depend  substantially  only  on  the  injector  configuration.  Thus  if  we  could 
follow  in  detail  the  history  of  a  particular  element  of  propellant  on  its  path, 
we  would  find  that  the  interaction  index  changes  along  the  path,  starting 
with  negligible  values  immediately  after  injection,  then  increasing  gradually 
while  the  processes  sensitive  to  physical  conditions  begin  taking  over,  and 
finally  staying  around  unity  for  the  rest  of  the  time  lag.  Again,  it  is  not 
possible  to  describe  the  process  in  detail  with  our  present  knowledge  of 
the  combustion  processes  in  rockets.  However,  we  can  replace  it  with  a 
plausible  schematic  process,  which  is  apparent  after  the  previous  quali¬ 
tative  considerations.  We  can  assume  that  the  index  of  interaction  is  zero 
for  a  certain  portion  of  the  time  lag,  r{,  that  we  shall  call  the  insensitive 
time  lag,  and  discontinuous*  becomes  equal  to  a  value  n  (of  order  unity) 
for  the  rest  of  the  time  lag,  r,  which  will  be  called  the  sensitive  time  lag. 
The  total  time  lag  r(  is  the  stun  of  the  two 

Tf  =  T,-  *j-  T  ....(1.11.04) 


Since  the  mixing  process,  which  is  essential  in  bipropellant  rockets,  is 
absent  in  monopropellant  rockets  (with  thermal  ignition,  not  with  catalytic 
ignition),  we  can  reasonably  predict  that  r{  will  lie  relatively  larger  for 
bipropellants,  and  smaller  for  monopropellants  where  the  only  delay, 
prior  to  the  thermal  or  chemical  activation,  is  due  to  the  time  it  takes  to 
atomize  and  disperse  the  propellant  through  the  burnt  gases.  In  both 
cases  we  can  expect  a  large  influence  of  the  injector  configuration  on  r4. 
By  definition  rf  is  unaffected  by  variation  of  the  physical  factors,  so  that 


....(1.11.05) 


at  each  instant.  On  the  contrary  r  varies  because  the  rate  of  the  processes 
that  determine  its  duration  changes  with  the  physical  factors.  The  quanti¬ 
tative  relation  between  t  and  the  physical  factors  can  be  derived  as  follows. 
The  transformation  into  burnt  gases  takes  place  only  when  the  prepara¬ 
tory  processes  have  accumulated  up  to  a  well  determined  level,  Ea.  This 
can  be  expressed  for  an  element  which  bums  at  the  instant  t  by  the  relation 


....(1.11.06) 


the  integral  being  evaluated  following  the  motion  of  the  given  element 
from  the  instant  t'  —  t  —  t,  when  the  rates  began  to  be  affected  by  the 
physical  factors,  to  the  instant  of  combustion  t'  —  t. 

The  rate  f  (/')  must  be  computed  using  the  instantaneous  values  of  the 
physical  factors  at  each  instant  t'  at  the  location  where  the  element  was  at 
that  instant.  Let  us  denote  the  spatial  coordinates  of  the  position  of  the 
element  at  instant  t‘  by  Then 

f  (o = ({pw) ,  ni  n*i(n  >  a  -  -  •} 


....(1.11.07) 


EQUATIONS  FOR  THE  TIME  LAO  AND  THE  SPACE  LAG 

In  steady  state  equation  (1.1 1.06)  gives 

rt 

?  fi'\  At*  —  1 
-'a 


lit 

x*ii 


ft 


T(t')<U'  =  £a 


....(1.11.08) 


where  the  variation  of  f  is  now  due  only  to  the  possible  spatial  non-uni¬ 
formity  of  the  physical  factors 

Jto-r  VMfyi.  tMtra—} 

If  the  velocities  of  the  liquid  droplets  and  the  gases  in  the  rocket  chamber 
are  small  compared  with  the  sound  velocity  (which  is  generally  true, 
except  for  throatless  motors)  the  steady  state  values  of  physical  factors 
such  as  pressure  and  temperature  are  practically  uniform  in  the  chamber, 
§  =  constant,  T  —  constant  (see  Chapter  3).  In  this  case,  neglecting  the 
action  of  other  physical  factors,  we  can  write  equation  (1.1 1.08)  in  the  form 

f.f  =  f(A  2\...}  .f  =  Ea 

Let  us  again  assume  that  />=/>+/>',  T  =  T  +• T\  the  perturbations 

p',  T’,  being  small  compared  with  /,  T, _ ;  we  can  write  r  ~  f  -j-  r' 

and  we  can  also  expect  r  to  be  small  with  respect  to  f.  Equations  (1.1 1.06) 
and  (1. 1 1.08)  can  be  written  as 

P  f(0  dt'+  r_,f(O  d<'  =  £a=r  f (t’)dt'  ....(1.11.09) 

Jt-t  Jl—T  Jt-i 

Now  since  r  is  a  small  quantity  we  can  write  after  neglecting  higher  order 
terms 

J*<_,f(Odl'~T'  f(t-f)~fT'.f(/-f)  ....(1.11.10) 

Using  equations  (1.11.C2)  and  (1.11.10)  and  again  neglecting  higher  order 
quantities,  equation  (1.11.09)  becomes 


ii) 


=  =  f'  jQhOU'  -...(Ml. 

f  (/  ~  r)  Jt-i  p(t  ) 

When  the  steady  state  conditions  are  practically  uniform  in  the  chamber, 
p  =  constant,  and  f  (/')  =  constant  =  7  (/  —  f),  so  that 

p‘{t')  dt'  ....(1.11.12) 

F  Jt-t 

Differentiation  of  equation  (1.11.12)  with  respect  to  t  gives 


dr  _  np’(t) -P'{t  -f) 
d<  p 


....(1.11.13) 


The  corresponding  expression  for  the  non-tmiform  case  can  be  foimd 
by  differentiating  equation  (1.1 1.1 1). 

In  general  the  perturbation  p'  is  a  function  of  space  and  time  so  that 

P\t  -  f)  =  p’{Xi{t  -f),t~  fj  ....  (1.11.14) 
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However,  as  already  observed  in  Section  1.08,  if  p'  changes  so  slowly  that 
its  change  during  the  wave  propagation  time  can  be  neglected  (low  fre¬ 
quency  case),  p'  is  practically  uniform  at  every  instant  throughout  the 
combustion  chamber.  In  this  case  the  space  dependence  disappears  from 
the  relation  (1.11.14)  and  equation  (1.11.13)  reduces  to  its  simplest  form, 
suitable  for  the  case  of  chugging. 

The  quantity  dr/dt  plays  an  important  role  in  the  theory  of  stability 
because  it  is  closely  related  to  the  perturbations  of  the  burning  rate  of  a 
given  element. 

Consider  the  total  rate  m((i)  of  injection  of  propellant  at  a  given  instant 
/,  and  consider  a  small  fracdon  of  this  rate,  Ms(t),  having  at  this  instant 
a  total  time  lag  r ,(t);  the  value  of  rt  being  generally  different  for  dif¬ 
ferent  fractions  and  variable  with  dme  for  each  fraction.  For  the  fraction 
under  consideration  the  amount  injected  between  t  and  i  -f-  dt  is  d/. 
This  amount  bums  between  t  -j-  rt  and  t  -f-  rt  -f-  df  4*  dr„  that  is,  in  the 
interval  d<  +  dr,,  with  the  so  far  undetermined  average  burning  rate 
8mb(t  +  rt).  Therefore  we  have 

M{{t)  dt  =  Strict  +  t,)  .  (d<  +  drt) 

If  instead  of  giving  the  instant  of  injection  and  the  t,  pertaining  to  this 
instant,  we  assign  the  instant  of  combustion  and  consider  the  value  of  r, 
corresponding  to  this  instant,  the  preceding  equation  can  be  written,  after 
division  by  dt,  as 

8mb( t)  —  $m,(t  —  rt)  [1  —  dr/df]  . . .  .(1.11.15) 

where  drjdt  has  been  replaced  by  the  identical  quantity  dr/d t.  In  the 
steady  state  r  is  constant  and 

Mb  =  M[  ....(1.11.16) 

Subtracting  (1.11.16)  from  (1.11.15)  we  find  the  relations  between  the 
perturbations 

-  &S6]  =  [(Srhiit  -  f,)-  Mt)  -  (dr/d/)Sm,(/  -  ft) 

....(1.11.17) 

In  writing  this  equation  r ,  has  been  replaced  by  ft  because  the  corresponding 
perturbation  r,  —  f,  introduces  only  higher  order  terms. 

The  equation  (1.11.17)  holds  in  general  for  any  dr/d/.  In  particular, 
if  the  derivations  of  this  section  are  used,  dr/df  is  given  by  equation  (1.11.13). 
The  corresponding  more  elaborate  formula  for  the  non-uniform  case  can 
be  obtained  from  equation  (1.11.11). 

If  the  injection  rate  is  fixed,  M(  =  M{,  equations  (1.11.15)  and  (1.11.16) 
can  be  written  simply  as 

8mb  =  Mb{\ -drldt)  ....(1.11.18) 

All  the  equations  that  have  been  derived  so  far  can  be  written  in  terms 
of  the  space  variable  instead  of  the  time  variable,  when  the  vector  velocity 
of  the  unbumt  propellant  clement  along  its  path  is  known.  These  equations 
can  be  formulated  for  general  three-dimensional  flow  in  the  combustion 
chamber.  We  shall  treat  in  Chapter  3  only  the  case  of  one-dimensional  flow 
in  connection  with  the  stability  of  the  purely  longitudinal  modes  of  high 
frequency  oscillations  which  is  the  only  one  treated  in  this  monograph. 
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Superscript  * 
Superscript ' 
Subscripts  r  and  { 

Subscripts  0  and  f 


m{ 

tii  =  rhb 
f*t 

P 


9,  =  Mjrh 


0r=0,(l+b) 

rt  = 


Tj  =  T,  +  T—  r*  I0r 
T{  —  rf  10, 

T  ==  T  */0r 
6 


List  of  Symbols 

indicates  that  the  quantity  is  dimensional 
indicates  a  small  perturbation 

indicate  respectively  the  real  part  and  the  imaginary 
part  of  the  quantity,  if  not  otherwise  stated 
refer  to  oxidizer  line  and  fuel  line  respectively 
bar  over  a  quantity  indicates  mean  or  steady  state  value 
mass  of  burnt  gas  in  combustion  chamber 
rate  of  burnt  gas  generation  or  burning  rate  in  com¬ 
bustion  chamber 

rate  of  burnt  gas  ejection  out  of  combustion  chamber 
rate  of  injection  of  propellant  into  combustion  chamber 
steady  state  mass  flow  rate,  the  reference  mass  flow  rate 
fractional  burning  rate  perturbation 
fractional  variation  of  burnt  gas  ejection 
fractional  variation  of  propellant  injection 
pressure  of  gas  in  combustion  chamber  or  local  flow 
pressure  at  stations  indicated  by  the  subscript 
temperature  of  gas  in  combustion  chamber 
dimensional  time 

mean  gas  residence  time  in  the  chamber  based  on  the 
mass  Mt  of  burnt  gas  in  the  combustion  chamber 
dimensionless  time  tjOg  or  ;/0r  =  tJQg{  1  +  b) 
coefficient  of  d/d  z  in  the  transfer  function  Nn  of  the 
ro  ■  et  nozzle  as  defined  in  equation  (2.01.08) 

Cv  rected  gas  residence  time  or  relaxation  time  for 
chamber-nozzle  combination  used  as  reference  time 
dimensional  total  time  lag  from  instant  of  injection  to 
instant  of  combustion  of  a  given  propellant  clement 
dimensional  insensitive  part  of  total  time  lag 
dimensional  sensitive  part  of  total  time  lag 
dimensionless  total  time  lag 
dimensionless  insensitive  part  of  the  total  time  lag 
dimensionless  sensitive  part  of  the  total  time  lag 
critical  values  of  the  dimensionless  sensitive  time  lag 
corresponding  to  neutral  oscillations 
critical  value  of  insensitive  time  lag 
pressure  index  of  interaction  between  combustion  pro¬ 
cesses  and  oscillations  in  the  combustion  chamber 
defined  in  equation  (1.1 1.01) 
fractional  pressure  perturbation 
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Y 

«» 


specific  heat  ratio  cpfcv  or  adiabatic  index  of  burnt  gas 
specific  admittance  ratio  of  neutral  acoustical  dis¬ 
turbances  in  de  Laval  nozzle  =  ratio  of  local  fractional 
velocity  variation  to  local  fractional  density  variation 
at  the  entrance  of  the  nozzle 


F  (d/dz) 

Ci 

Ct 

D 

X 

y 

A 


transfer  function  of  mass  flow  through  rocket  nozzle 

defined  as  the  ratio  of  fractional  mass  flow  rate  variation 

to  fractional  variation  of  the  impressed  pressure 

transfer  function  of  feedback  circuit  for  servo  stabilization 

flow  capacitance  of  feed  line 

control  capacitance  of  feedback  circuit 

constant  of  feed  pump  characteristics 

equivalent  spring  constant  of  line  capacitance 

position  of  the  equivalent  concentrated  capacitance  Ct 

downstream  of  feed  pump  as  fraction  of  feed  line  length 

effective  area  of  feed  line 


A 

p 

E 

J 

A* 

Q* 

A  A*0r 
Q  =  Q*0r 
s  —  A  +  iQ 


CD 

V 

0 

h 


r  =  mjm, 


K  -  1  f 
2T„  d? 


effective  area  of  injector  nozzle 
pressure  drop  parameter  of  the  feeding  system 
elasticity  parameter  of  the  feeding  system 
inertia  parameter  of  the  feeding  system 
dimensional  amplification  coefficient 
dimensional  angular  frequency 
dimensionless  amplification  coefficient 
dimensionless  angular  frequency 

a  complex  quantity  which  is  the  Laplace  transformation 
variable  and  is  the  root  of  the  characteristic  equation 
for  oscillations  with  exponential  time  dependence 
dimensionless  critical  angular  frequency  of  neutral 
oscillation 

flow  reactance  of  feed  line 
flow  susceptance  of  feed  tine 

integers  including  zero  indicating  successive  higher 
unstable  ranges  of  the  values  of  the  sensitive  time  lag 
—  integral  numbers  of  oscillation  periods  contained  in 
the  sensitive  time  lag 

mixture  ratio  or  ratio  of  mass  flow  rate  of  oxidizer  to 
that  of  fuel 

a  parameter  of  steady  state  mixture  ratio 
a  parameter  representing  the  sensitivity  of  the  adiabatic 
flame  temperature  to  mixture  ratio  variation 
combustion  chamber  volume 


^mln 

N  —  Nr  -f-  icoN{ 

R  +  iS 

f(f) 


minimum  value  of  n  compatible  with  unstable  oscillations 
in  a  given  system 

overall  transfer  function  of  feeding  system  defined  as  /t,/y 
=  N  exp  (— icadf) 

fractional  amount  of  propellant  elements  having  sen¬ 
sitive  time  lag  ^  f  with  f  (fmin)  =  0  and  f  (fnux)  =  1 
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C  magnification  factor  due  to  the  effect  of  spreading  the 

sensitive  time  lag  defined  in  equation  (2.08.06) 

?e  effective  sensitive  time  lag  defined  in  equation  (2.08.06) 

de  critical  value  of  fe  for  neutral  oscillation 

2.01.  Equation  of  the  Combustion  Chamber 
The  actual  situation  in  the  combustion  chamber  is  too  complicated  and 
obscure  to  allow  analytical  treatment.  However,  in  agreement  with  the 
discussion  of  Section  1.03  a  satisfactory  working  model  is  obtained  by 
neglecting  the  presence  of  the  unbumt  propellant  elements  until,  after  the 
time  lag  has  elapsed,  they  are  suddenly  transformed  into  completely  burnt 
gases.  The  flow  of  the  burnt  gases  in  the  chamber  can  be  considered  as  the 
flow  of  an  ideal  gas  with  distributed  sources  and  determined  by  the  laws  of 
conservation  of  mass,  momentum  and  energy.  Additional  simplifications 
are  obtained  if  we  assume  that  the  Mach  numbers  up  to  the  nozzle-  entrance 
are  sufficiently  below  unity  so  that,  in  steady  state,  the  pressure  and  the 
temperature  of  the  gases  are  practically  constant  throughout  the  chamber. 
Moreover,  in  the  range  of  low  frequencies  pertaining  to  chugging,  the 
propagation  of  the  pressure  waves  can  be  supposed  to  be  practically  instan¬ 
taneous.  Thus,  as  already  noticed,  the  following  assumptions,  fundamental 
for  chugging,  can  be  made: 

(a)  The  gas  pressure  is  practically  uniform  throughout  the  combustion 
chamber  at  every  instant  and  oscillates  about  the  mean  or  steady  state  value 
as  a  whole.  Another  simplifying  assumption  concerns  the  temperatures  of 
the  gases.  First,  we  can  suppose  that  at  the  instant  of  generation,  the  burnt 
gases  have  the  same  temperature  irrespective  of  the  particular  conditions 
of  combustion.  This  means  that  in  the  case  of  a  monopropellant  rocket  we 
neglect  the  effects  of  differences  in  heat  transferred  to  the  propellants 
before  combustion  and  the  variation  of  dissociation  with  pressure ;  moreover, 
in  the  bipropellant  case,  we  assume  constant  mixture  ratio  (this  a^amption 
is  dropped  in  Section  2.07).  Once  the  burnt  gases  are  generated  they 
undergo  changes  in  pressure  and  therefore  in  temperature.  In  order  to 
compute  these  changes,  we  should  know  at  every  instant  for  each  fraction 
of  burnt  gases  the  pressure  under  which  they  were  generated.  With  some 
simplifying  assumptions,  this  can  be  done,  and  has  been  done  in  Section 
2.10.  showing  that  under  these  assumptions  the  effects  of  these  temperature 
variations  are  of  secondary  importance.  The  effect  would  completely 
vanish  if  the  adiabatic  index  y  were  taken  as  unity;  and  the  actual  values 
of  y  for  rocket  gases  arc  not  far  from  unity.  Therefore  in  order  to  simplify 
the  analysis  and  bring  out  the  main  features  of  chugging  we  can  neglect 
all  temperature  changes  and  make  the  following  assumption: 

( b )  the  temperature  of  the  gases  in  the  chamber  is  practically  constant 
and  uniform  irrespective  of  the  pressure  oscillations. 

A  last  simplifying  assumption  concerns  the  time  lag,  about  which  we 
shall  make  the  assumption  that 

(c)  the  time  lag  is  uniform,  that  is,  it  has  the  same  value  for  all  propellant 
elements. 

As  already  noticed  in  Section  1.03,  this  must  be  considered  only  as  an 
ideal  case,  and  the  corresponding  assumption  will  be  dropped  in  Section 
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2.09.  Assumption  c  can  be  made  with  respect  to  both  the  insensitive  and 
the  sensitive  time  lags,  and  hence  for  the  total  time  lag;  or  only  for  the 
sensitive  time  lag,  when  the  insensitive  time  lag  does  not  enter  into  the 
picture.  It  should  be  noted  that  this  assumption  does  not  imply  that  all 
elements  have  the  same  space  lag  because  their  velocities  can  be  widely 
different. 

The  simplifications  arising  from  these  assumptions  are  as  follows: 
Assumption  a  replaces  completely  the  momentum  equadon,  which  therefore 
docs  not  need  to  be  considered.  Similarly  assumption  b  takes  the  place  of 
the  energy  equation;  moreover,  with  this  assumption  we  do  not  need  to 
know  the  spacewise  distribudon  of  combustion.  Also  the  timewise  distri¬ 
bution  of  combustion  can  be  ignored  with  the  introduction  of  assumption  c. 

With  these  assumptions,  the  dynamics  of  the  gas  system  in  the  com¬ 
bustion  chamber  is  essentially  governed  by  the  balance  of  mass,  that  is, 
the  rate  of  burnt  gas  generation  mb(t)  must  be  equal  to  the  sum  of  the  rate 
of  ejection  me(t)  of  the  gas  out  of  the  combustion  chamber  through  the 

nozzle  and  of  the  rate  Mg  at  which  mass  Is  being  accumulated  in  the 

combustion  chamber  itself,  i.e. 


%(<)  =  rhe(t)  +  —  M„(t) 


.(2.01.01) 


Since  the  combustion  chamber  volumi  is  constant  and  the  gas  tem¬ 
perature  is  assumed  to  be  independent  of  gas  pressure,  Mt(t)  is  proportional 
to  the  chamber  pressure  p(t).  Thus  the  mass  accumulation  term  becomes 

M3  .  ^  .  Introducing  the  following  fractional  variations  of  gas 


pressure,  burning  rate  and  ejection  rate  over  their  respective  steady  state 
values. 


p-P 

f“Vs 


me{t)  —  rh 


.(2.01.02) 


we  can  rewrite  equation  (2.01.01)  as 


9„  dtpidt  -f  pe(t)  —  fib(t) 


..(2.01.03) 


where  0t  =  ffljifi  represents  the  gas  residence  time,  that  is,  the  time  an 
average  burnt  gas  element  will  spend  in  the  combustion  chamber  in  steady 
operation  before  it  enters  the  nozzle.  In  accordance  with  Section  1.05, 
the  fractional  variations  defined  in  equation  (2.01.02)  will  be  assumed  small 
in  the  following  treatment,  and  their  products  or  powers  will  be  neglected 
as  higher  order  small  quantities.  Equation  (2.01.03)  clearly  indicates 
that  0g  is  the  proper  characteristic  time  which  can  be  used  to  reduce 
equation  (2.01.03)  into  dimensionless  form.  If  ftb  vanishes  and  pt  is  equal 
to  (p  as  will  be  dear  later,  equation  (2.01.03)  shows  that  6t  represents  the 
chamber  relaxation  time.  The  average  gas  residence  time  is  therefore  one 
of  the  fundamental  constants  characterizing  the  dynamics  of  the  burnt  gas 
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in  the  combustion  chamber  in  problems  of  low  frequency  combustion 
stability.  D.  F.  Gunder  and  D.  R.  Friant5  neglected  the  mass  accumu¬ 
lation  term.  As  a  result,  they  failed  to  notice  the  importance  of  this  residence 
time.  In  terms  of  the  ‘characteristic  length’  L*  and  the  ‘characteristic 
exhaust  velocity’  c*  that  are  more  conventionally  used  in  the  field  of  rocket 
engineering,  this  average  gas  residence  time  is  easily  shown  to  be 


where  y  is  the  ratio  of  the  mean  specific  heats  of  the  combustion  gas.  It 
should  be  noted  that  the  total  residence  time  of  a  propellant  element  in 
the  chamber  in  steady  state  is  bigger  than  the  gas  residence  time  by  the 
total  time  lag  r*  =  t*  +  t*  that  elapses  before  the  propellant  is  transformed 
into  hot  gas.  For  convenience,  dimensionless  time  and  dimensionless  total, 
sensitive  and  insensitive,  time  lags  are  defined  as 

2  =  r  =  T*/6„  T,  =  T*  /0S,  T,-Tj  +  T  - (2.01.04) 

Let  us  now  consider  the  fractional  variation  fib  of  burnt  gas  generation 
which,  as  already  noticed,  is  complicated  by  the  variation  of  the  time  lag. 
At  instant  t,  the  propellant  elements  injected  after  the  interval  t  —  r* 
have  not  yet  burned.  Hence,  considering  the  total  amount  burnt  from 
the  beginning  of  the  operation,  t  —  0,  to  the  instant  t  we  can  write 

f  *.(o  *'  =  r ».,(<■)  A- 

Jo  Jo 

where  m{(t')  is  the  rate  of  injection  of  propellants  into  the  chamber  at  the 
instant  t'  and  mb(t')  is  the  rate  of  burnt  gas  generation  at  the  instant  t'. 
Differentiating  with  respect  to  /,  we  again  obtain  equation  (1.11.15) 

mb(t)  =  (1  —  drf/di)  .  mt{t  —  r* )  - (2.01.05) 

The  first  factor  of  the  right-hand  side  can  be  obtained  from  equation 
(1.1 1.13),  and  can  be  expressed  in  dimensionless  form  as 

1  -  =  1  -  “  =  1  +  »&>(<)  -  <p(t  -  f*)]  . . .  (2.01.06) 

Introducing  in  equation  (2.01 .05)  the  fractional  variations  ftb  =  (mb — ni)  jrh 
and  fii  =  (rhf  —  ih)Jfk  and  1  —  dr*/d/  from  equation  (2.01.06)  we  obtain 
after  linearization 

(*biz)  =  j“i(2  ~  t,)  -f  n[<p{z)  -  <p{z  —  f)]  ....  (2.01.07) 

where  the  dimensionless  time  has  been  introduced. 

Next  we  cons'  der  the  fractional  variation  fit  of  gas  ejection.  The  mass- 
outflow  from  the  combustion  chamber  through  a  given  de  Laval  nozzle 
with  supersonic  exit  in  steady  state  operation  is  directly  proportional  to 
the  chamber  pressure  and  inversely  proportional  to  the  square  root  of 
chamber  temperature.  For  the  case  of  very  low  frequency  oscillations 
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the  flow  through  the  nozzle  may  be  considered  as  q  jasi-steady  in  the 
first  approximation;  that  is,  me  ~ Pl^Tg  where  p  and  Tg  are  the  in¬ 
stantaneous  gas  pressure  and  gas  temperature  in  the  combustion  chamber. 
The  quasi-steady  assumption  gives,  for  a  small  isentropic  oscillation, 
tf  i  T'  y  J-  1 

u.  =  - - -  —  =  m  and  the  ratio  between  the  fractional  variations 

r*  p  2  2’  2  y  Y 

of  the  flow  rate  and  of  the  pressure,  that  is,  the  nozzle  transfer  function,  is 
given  by  pfj<p  —  (y  4-  l)/2y.  When  Tg  is  assumed  to  be  constant  /k5  ~ p, 
the  quasi-steady  argument  gives  fte  —  tp  and  the  transfer  function  for  the 
nozzle  pj<p  —  !.  The  quasi-steady  assumption  is,  however,  not  quite 
correct,  especially  when  the  length  of  the  subsonic  portion  of  the  nozzle  is 
not  too  small.  A  better  approximation  can  be  obtained  by  applying  non¬ 
steady  one-dimensional  analysis  to  the  flow  in  the  nozzle  (refs.  24  and  25  and 
Appendix  B).  In  this  one-dimensional  analysis,  the  ratio  of  small  fractional 
oscillations  of  the  velocity  to  small  fractional  oscillations  of  the  gas  density 
at  the  nozzle  entrance  can  be  determined.  Extending  the  accepted  termi¬ 
nology  of  acoustics,  this  quar  tity  will  be  called  the  specific  admittance  ratio. 
The  admittance  ratio  for  the  particular  case  of  isentropic  flow  in  a  nozzle 
with  linear  steady  state  velocity  distribution  in  the  subsonic  part  has  been 
calculated  for  the  whole  range  of  frequencies.  For  low  frequency  oscillations 
and  general  velocity  distribution  the  specific  admittance  ratio  a  can  be 
represented  approximately  by 

a  =  y-^~  +  ikQ*  ....  (2.01 .08) 

where  Q*  is  the  angular  frequency  of  the  oscillations,  and  k  is  a  propor¬ 
tionality  constant  depending  on  the  nozzle  geometry.  For  isentropic  flow 
the  nozzle  transfer  function  is 


Pc 

V 


1  +  g  __y  -H 

y  ~  2 y 


+  i-Q* 

y 


For  ordinary  configurations  and  frequencies  in  the  chugging  range,  the 
imaginary  part  of  this  expression  does  not  substantially  exceed  a  value  of 
0*20.  We  see,  therefore,  that  the  modulus  of  the  transfer  function  in  chugging 
conditions  is  never  appreciably  different  from  {y  -j-  l)/2y  which  is  the 
quasi-steady  value;  but  the  phase  can  be  quite  significant.  These  results 
were  obtained  for  isentropic  flow.  In  order  to  be  consistent  with  the 
assumption  b  of  this  section  we  modify  the  expression  for  N„  so  that  for  zero 
frequency  the  transfer  function  is  unity.  Using  the  dimensionless  angular 
frequency  Q  instead  of  Q*  we  therefore  write 

Nh  =  1  -f  ibQ  ....(2.01.09) 


where  b  =  Q*kjQy  is  a  function  of  the  nozzle  geometry  which  can  be 
computed  explicitly  from  equation  (B.60).  Finally  we  observe  that  the 
analysis  of  the  flow  in  the  nozzle  has  been  based  on  the  assumption  of  purely 
harmonic  oscillations;  that  is,  the  previous  expression  for  N„  refers  to 
neutral  oscillations.  For  near-neutral  oscillations  and  frequencies  in  the 

30 


EQUATION  OF  THE  FEEDING  sVSltM,  HGNGrROFELLANT  CASE 


2  no 


chugging  range,  we  shall  write  the  nozzle  transfer  function  in  operational 
form  as  follows 


....(2.01.10) 


For  neutral  oscillations  equation  (2.01.10)  reproduces  the  previous  results. 

Introducing  equations  (2.01.07)  and  (2.01.10)  into  equation  (2.01.03), 
we  obtain  a  linear  equation  of  mass  conservation  in  dimensionless  form 
for  the  two  fractional  perturbations  <p  and  fit  including  approximately  the 
effect  of  non-steadiness  of  the  nozzle  flow. 


(i  +  b)  ^  +  <p(z)  =  Hi(z  ~  ft)  +  n[<p{z)  -  cp(z  -  f)]  ....  (2.01.11) 

This  is  the  fundamental  equation  that  governs  the  dynamics  of  gas  flow  in 
the  combustion  chamber  under  the  assumptions  mentioned  previously. 
Equation  (2.01.11)  differs  from  a  linear  ordinary  differential  equation  of 
first  order  by  the  presence  of  the  dependent  variables  with  retarded  argu¬ 
ments  (2  —  f)  and  (2  —  f().  The  insensitive  time  lag  enters  only  in  the 
variation  of  the  injection  rate  ft(.  The  characteristics  of  intrinsic  stability 
where  the  rate  of  injection  of  the  propellant  is  constant,  are  therefore  not 
affected  by  the  value  of  the  insensitive  time  lag.  If,  on  the  contrary,  the 
injection  rate  is  affected  by  the  "pressure  oscillations,  the  insensitive  time 
lag  will  have  an  effect  on  combustion  instability.  The  case  where  n  —  0 
(no  sensitive  time  lag  f)  and  ft{  variable,  has  been  considered  by  D.  F. 
Gunder  and  D.  R.  Friant5,  M.  Yachter  and  Waldinger®,  and  M.  Sum- 
merfield7.  The  concept  of  sensitive  time  lag  was  introduced  by  L.  Crocco8, 
who  also  showed  theoretically  the  possibility  of  unstable  combustion  even 
with  constant  injection  rate  and  gave  it  the  name  of  ‘intrinsic  instability’. 
Several  special  cases  with  nrfi  0,  and  ft(  variable  have  been  analysed  by 
L.  Crocco8  and  H.  S.  Tsien*.  The  generalization  including  the  phase 
lead  component  of  the  nozzle  transfer  function  is  due  to  Sm-I  Cheng*8, 
who  showed  that  all  the  results  of  previous  investigations  concerning 
chugging  ca.  s  can  be  easily  modified  to  include  the  effect  of  the  non¬ 
steadiness  of  the  nozzle  flow  without  introducing  any  complication. 

The  relation  between  /t,-  and  <p  is  determined  by  the  dynamics  of  the 
feeding  system.  Therefore  to  complete  the  formulation  for  the  analysis  of 
chugging  we  need  an  investigation  into  the  dynamics  of  the  feeding  system. 


2.02.  Equation  of  the  Feeding  System,  Monopropellant  Case 
There  are  several  types  of  more  or  less  complicated  feeding  systems.  Here, 
we  shall  consider  systems  where  the  pressurization  is  obtained  by  the  use  of 
pumps  powered  by  a  servo-controlled  motor.  Such  systems  are  the  most 
extensively  used  today  in  large  thrust  units,  and  they  can  include,  as  particular 
cases,  systems  where  the  pressurization  is  due  to  gas  pressure,  as  is  common 
in  small  units. 

If  the  response  of  the  servo-controlled  motor  is  not  very  fast,  as  is  the  case 
ordinarily,  and  if  the  inertia  of  the  moving  parts  is  not  too  small,  one  can,  for 
frequencies  in  the  chugging  range,  suppose  that  the  pumps  are  driven  at 
constant  speed.  Despite  the  great  simplification  achieved  through  this 

3! 


2.02 


— <r' 


CHUGGING  ANALYSIS  (LOW  FREQUENCY  INSTABILITY) 

assumption,  the  dynamics  of  the  feeding  system  is  still  quite  complicated. 
The  propellants  and  the  supply  lines  are  not  completely  rigid  but  possess  a 
certain  amount  of  elasticity,  which  can  be  represented  by  a  distributed 
capacitance  responding  to  pressure  variations.  Gas  bubbles  or  parts  with 
less  rigidity  (like  plastic  seals)  may  introduce  larger  concentrated  capaci¬ 
tances.  The  distributed  line  capacitance  and  the  inertia  of  the  propellant 
result  in  a  finite  speed  of  propagation  of  pressure  disturbances  in  the  lines. 
As  already  observed  in  Section  1.10,  the  analysis  of  the  system  with  the 
consideration  of  the  wave  processes  in  die  lines  is  made  practically  im¬ 
possible  by  the  presence  of  valves,  bends  and  other  connections.  However, 


the  wave  processes  can  be  disregarded  if  we  make  the  assumption  that  the 
corresponding  characteristic  frequencies  are  sufficiently  higher  than  the 
chugging  frequency.  In  this  case,  w'e  can  repiesent  a  monopropellant 
system  schematically  as  shown  in  Figure  4.  The  elasticity  of  the  propellants 
and  of  the  line  and  the  possible  presence  of  gas  bubbles  and  other  concen¬ 
trated  capacitances  can  be  approximated  by  a  single  equivalent  spring 
loaded  capacity  C,  located  at  a  distance  yl  downstream  of  the  tank  oudet, 
where  l  is  the  entire  length*  of  the  feed  line  joining  the  tank  to  the  injector. 
The  location  of  the  pump  is  unimportant  provided  it  is  close  enough  to 
the  tank.  A  variable  capacitance  Ce  controlled  by  feedback  servo  is  intro¬ 
duced  right  next  to  the  injector  with  a  view  toward  the  possibility  of  con¬ 
trolling  the  combustion  instability  in  the  combustion  chamber.  The  servo 
is  activated  by  the  signals  picked  up  in  the  combustion  chamber. 

For  small  perturbations  the  fractional  variation  of  the  flow  rate  over  its 
steady  state  value  is  proportional  to  the  fractional  variation  of  delivery 
pressure  pQ  downstream  of  the  pump 

h~h=.  -Z?^^  ....(2.02.01) 

Pa  ™a 

*  If  the  lines  are  not  of  constant  cross  section,  /  and  yi  must  be  considered  as  equivalent 
lengths  and  calculated  as  shown,  for  example,  in  references  *  and  *. 
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If,  instead  of  the  absolute  delivery  pressure,  pQ  were  the  relative  head  of 
the  pump  with  respect  to  the  tank  conditions  the  proportionality  constant 
— D  would  coincide  with  the  slope  of  the  performance  curve  of  the  pump  for 
constant  speed,  with  the  relative  values  of  the  relative  head  plotted  against 
the  relative  values  of  the  flow  rate,  both  being  unity  at  the  steady-state 
operation  point  where  the  slope  is  measured.  In  this  case,  D  would  represent 
a  characteristic  constant  of  the  pump  at  the  design  point.  With  the  actual 
meaning  of  p0f  D  depends  somewhat  on  the  tank  conditions,  but  again  it  is 
a  constant  for  fixed  tank  pressure.  When  D  —  0,  the  flow  rate  can  change 
while  the  delivery  pressure  stays  constant,  so  that  D  —  0  represents  the 
case  of  gas-pressurization  •  when  D  —  oo,  the  flow  rate  is  constant  despite 
changes  in  line  pressure,  a  condition  which  is  characteristic  of  a  constant  rate 
pump  or  of  any  other  constant  rate  system,  such  as  can  be  obtained  with 
cavitaling  Venturis.  Intermediate  values  of  D  correspond  to  different  types  of 
pumps  or  different  operating  points  for  the  same  pump.  For  conventional 
centrifugal  pumps,  D  is  of  the  order  of  unity. 

The  capacity  C,  of  the  equivalent  line  capacitance  varies  with  the  line 
pressure  pv  The  equivalent  spring  constant  %  of  the  capacitance  is  defined 
as  the  change  in  volume  of  the  feed  line  produced  by  unit  pressure  rise  in 
the  line.  Considering  the  propellant  as  incompressible,  the  difference  of 
the  flow  rates  upstream  and  downstream  of  the  capacitance  is  given  as 

mo  —  th1  =  ....(2.02.02) 

where  p0  is  the  density  of  the  propellant. 

The  instantaneous  pressure  drop  in  the  feed  line  is  due  to  tire  inertia  of 
the  propellant  and  to  the  frictional  loss.  Both  can  be  easily  taken  into 
account5* 7.  However,  since  it  is  desirable  to  reduce  the  number  of  para¬ 
meters  in  a  general  treatment  like  the  present  one,  and  since  the  dynamic 
head  in  the  feed  line  is  usually  much  smaller  than  the  pressure  drop  across 
the  entire  feeding  system,  the  frictional  loss  is  neglected  and  the  pressure 
drop  in  the  line  in  unsteady  operation  is  assumed  to  be  due  to  the  accelera¬ 
tion  of  the  flow  only.  Thus,  for  the  feed  line  upstream  of  the  equivalent  line 
capacitance,  we  have 

po-Pi  =  2^T  ....(2.02.03) 

where  A  is  the  cross  sectional  area  of  the  feed  line*.  Similarly,  between  the 
line  capacitance  and  the  control  capacitance,  we  have 

Pi  —P*  =  ~l  ....  (2.02.04) 


*  If  the  lines  are  not  of  constant  cross  section,  A  is  the  equivalent  sectional  area  used  in 
the  determination  of  the  equivalent  lengths  l  and  jri. 
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where  p2  is  the  pressure  at  the  control  capac'*tance  immediately  upstream 
of  the  injector.  The  pressure  drop  across  the  injector  is 

P2-p  =  lmJlPoA*  ....(2.02.05) 


where  A{  is  the  effective  orifice  area  of  the  injector.  The  inertia  in  the 
injector  passage  can  be  taken  into  account  in  the  inertia  of  the  line  by  a 
suitable  increase  of/.  It  is  assumed  that  the  injector  wails  are  rigid  enough 
so  that  At  is  not  affected  by  pressure  variations.  For  steady  state  operation, 

p0  —  P  =  4/  =  WIpoA?  ....  (2.02.06) 


In  unsteady  state  operation,  mt  differs  from  by  the  rate  of  accumulation 
of  propellant  in  the  control  capacitance  Ce 

mt  —  m,-  =  dCe/d<  _ (2.02.07) 

The  rate  of  variation  of  the  control  capacitance  depends  on  the  design  of 
the  feedback  circuit.  The  signal  that  is  picked  up  from  the  combustion 
chamber  is  assumed  to  be  the  pressure  variation  in  the  chamber.  Discussion 
of  the  detailed  design  of  the  feedback  circuit  and  the  difficulties  of  practical 
realization  is  beyond  the  scope  of  the  present  treatment.  We  shall  therefore 
specify  only  the  overall  feedback  transfer  function  of  the  entire  circuit 
without  inquiring  how  and  if  it  can  be  obtained  in  practice.  The  character¬ 
istics  of  an  ordinary  feedback  circuit  can  usually  be  described  by  a  linear 
algebraic  relation  between  the  input  <p,  the  output  Cc  and  their  time  deri¬ 
vatives  with  constant  coefficients.  Thus  we  can  usually  define  the  transfer 
function  of  the  feedback  circuit  in  dimensionless  operational  form  as 


. . . .  (2.02.08) 


where  F  (d/dz)  is  the  ratio  of  two  polynomials  of  the  differential  operator  d/dz. 

Equations  (2.02.0 1)-(2.02.08)  describe  completely  the  dynamics  of  the 
feeding  system.  These  eight  equations  enable  us  to  eliminate  the  following 
seven  quantities  m 0,  mv  p0,  pv  pt,  At  and  Ce,  to  obtain  a  single  relation 
between  chamber  pressure  p  and  injection  rate  mi  which  describes  the 
overall  behaviour  of  the  feeding  system.  It  is  convenient  to  reduce  all  these 
equations  into  dimensionless  form;  and  we  find  that  when  this  is  done  four 
dimensionless  parameters  D,  P,  E,  and  J  are  sufficient  in  characterizing 
the  overall  system  dynamics  for  low  frequency  oscillations,  where 


P  = 


2A f 


_  2App0-/' 

m9  ’ 


J  = 


m 

24 pAO,  ’ 


...(2.02.09) 


and  D  is  the  constant  of  the  feed  pump;  P  is  the  pressure  drop  parameter,  a 
relative  measure  of  the  pressure  drop  across  the  injector;  E  is  the  elasticity 
parameter,  a  ratio  of  the  rate  of  mass  accumulation  in  the  line  capacitance 
due  to  a  characteristic  rate  of  pressure  change  2ApjOt  to  the  mean  mass 
flow  rate  in  the  system;  and  J  is  the  inertia  parameter,  a  ratio  of  the  time 
required  to  accelerate  a  given  mass  element  from  rest  to  the  state  of  motion 
in  the  feed  line  under  the  pressure  24 p  to  the  characteristic  time  of  the 
system,  that  is,  the  gas  residence  time. 
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9.03 


\  ....(2.02.10) 


The  dimensionless  equation  of  the  feeding  system  dynamics  relating  <p 
and  /x(  is  obtained  as 

+ K +«$+•'£ + ->>  <p+ » a? 

-»  ^l]  ^  ($)}»> 

+  {[1  +  D(P  +  m  +  {DE{P  +  |)  +  J)  i 

+  [DJE{  1  -y)(P+l)+JEy)^ 

+  *W  -•*)©}  A"0 

Equation  (2.02.10)  essentially  defines  the  overall  transfer  function 
fiijq>  of  the  entire  feeding  system  through  the  four  characteristic  dimension¬ 
less  constants  J,  E,  D,  P,  and  the  constants  defining  the  feedback  servo 
system.  If  the  feed  line  does  not  contain  gas  bubbles  or  any  other  con¬ 
centrated  capacitance,  the  equivalent  line  capacitance  should  be  located, 
in  the  present  assumption  of  uniform  cross  section,  half  way  between  the 
pump  outlet  and  the  injector;  that  is,  if  the  pump  is  \.aced  at  the  outlet 
from  the  tank,  y  —  J.  This  is  the  case  formulated  by  H.  S.  Tsien*.  If 
there  is  a  gas  pocket  of  considerable  size  in  the  feed  line,  the  capacitance  C, 
should  be  located  in  the  immediate  neighbourhood  of  the  pocket.  Despite 
the  simplifying  assumptions,  equation  (2.02.10)  is  still  quite  involved  alge¬ 
braically,  and  does  not  allow  a  general  analytical  discussion.  Only  two 
special  cases,  one  with  constant  rate  of  supply,  D  —  oo.  and  the  other  with 
constant  feed  pressure,  D  =  0,  have  been  studied  analytically  by  L.  Crocco8. 
However,  the  discussion  of  particular  systems  with  given  values  of  the 
constants  can  be  made  without  difficulty  using  the  complete  equation 
(2.02.10). 

2.03.  General  Considerations  on  the  System  of  Equations. 

Intrinsic  Instability 

Equation  (2.02.10)  should  be  solved  simultaneously  with  equation  (2.01.11) 
for  fti  and  <p.  It  is  interesting  to  note  that,  in  equation  (2.01.11),  the  nozzle 
constant  b  can  be  very  easily  absorbed  by  a  change  of  the  characteristic 
time  from  0,  to  0r  =  0,(1  +  b).  The  resulting  equation  in  terms  of  the 
new  dimensionless  time  s'  =  z/(  1  +  b)  is  identical  in  form  with  equation 
(2.01.11)  after  putting  6  =  0.  The  overall  transfer  function  tu{[<p  of  the 
feeding  system  as  defined  by  equation  (2.02.10)  can  be  obtained  as  a  com¬ 
bination  ofjy,  P,  D,  E-^~  J  -g,  and  the  expression  j  ~  ^ ^ 

relative  to  the  feedback  control  circuit;  these  quantities  are  independent  of 
the  change  of  characteristic  time.  Therefore,  for  a  given  feeding  system  with 
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a  given  feedback  control  circuit,  if  any,  the  transfer  function  is  inde¬ 
pendent  of  the  choice  of  the  characteristic  time,  as  can  be  physically  expected. 
The  dynamics  of  the  burnt  gas  in  the  combustion  chamber  for  systems  with 
different  exhaust  nozzles  is  therefore  governed  by  the  same  equation  (2.02.10) 
and  by  the  equation  obtained  from  (2.01.11) 

+  <p(z)  —  fti{z  -  f,)  +  n[>(s)  -<p{z  —  f)]  ....  (2.03.01) 

with  the  new  dimensionless  time  variable  z  —  tldr  All  the  dimensionless 
parameters  like  E,  J,  Q  and  r  are  of  course  defined  in  terms  of  the  new 
characteristic  time  0r.  For  simplicity  in  writing,  the  prime,  which  is  used  to 
distinguish  between  the  dimensionless  time  expressed  in  terms  of  the  uncor¬ 
rected  reference  time  and  the  new  corrected  reference  time  is  henceforth 
dropped  with  the  understanding  that  if  b  is  not  zero,  the  characteristic  time  is 
0r  =  0,(1  -f-  b)  instead  of  0,. 

The  phase  lead  component  of  the  transfer  function  of  the  nozzle  is  due 
to  the  ineitia  of  the  gas  in  the  subsonic  portion  of  the  nozzle  which  increases 
the  capacity  of  the  combustion  chamber  in  storing  burnt  gas  in  response 
to  increasing  chamber  pressure.  In  other  words,  a  certain  effective  part  of 
the  volume  of  the  subsonic  portion  of  the  nozzle  should  be  added  to  the 
chamber  volume  in  evaluating  the  gas  residence  time  or  the  relaxation  time 
of  the  chamber-nozzle  combination.  If  the  nozzle  is  very  short  so  that  the 
nozzle  volume  is  negligibly  small,  it  is  expected  that  the  assumption  of 
quasi-steady  flow  in  the  nozzle  should  be  valid  and  little  correction  on  the 
gas  residence  time  need  be  made. 

Since  both  equations  (2.02.10)  and  (2.03,01)  are  linear,  the  equation  for 
9?(z)  after  the  elimination  of  is  linear  with  constant  coefficients  but 
involves  <p(z  —  ft)  and  tp{z  —  f)  in  addition  to  tp(z).  The  presence  of  the 
retarded  variable  changes  the  analytical  nature  of  the  equation  con¬ 
siderably  as  compared  to  that  of  an  ordinary  linear  differential  equation. 
The  fact  that  there  are  two  retarded  functions  with  two  different  lags 
f|  and  f  is  analytically  a  matter  of  minor  importance  but  it  makes  the 
calculation  and  the  presentation  of  the  results  much  more  involved.  For 
this  reason  and  because  of  the  uncertainty  of  our  knowledge  of  these  time 
lags,  the  two  have  been  assumed  to  be  equal,  that  is,  all  the  processes  are 
sensitive  throughout  the  time  lag.  As  discussed  in  Section  1.1 1,  this  assump¬ 
tion  is  justifiable  for  the  monopropcllant  case.  It  is  clear  that  this  restriction 
on  the  values  of  the  time  lags  is  not  needed  when  ft  docs  not  appear  in 
the  equations,  as  for  instance  in  the  simplest  case  of  intrinsic  instability 
to  be  treated  in  this  section,  or  in  the  more  complicated  case  of  screaming. 
Thus,  for  the  general  treatment  of  chugging,  we  assume  f{  =  0  and  f.  =  f 
unless  otherwise  stated. 

The  analytical  nature  and  the  methods  of  solution  of  the  equation  of  the 
type 

a(^)-  [?(*)]  [?>(*-*)]  ....(2.03.02) 

as  a  general  form  of  the  eliminant  of  equations  (2.03.01)  and  (2.02.10)  is 
discusser  in  Appendix  A.  Since  equation  (2.03.02)  is  a  linear  equation 
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with  constant  coefficients,  the  solution  of  this  equation  is  a  linear  combina¬ 
tion  of  an  infinite  number  of  particular  solutions  of  the  type  exp  (sz)  where 
s  is  a  complex  quantity  with  its  imaginary  part  representing  the  angular 
frequency  of  the  particular  mode  of  oscillatory  solution  and  the  real  part 
representing  the  amplification  coefficient  of  this  mode.  The  infinite  number 
of  values  of  s  are  defined  as  the  roots  of  the  following  characteristic  equation 


L1W=e-«L2W 


....  (2.03.03) 


A  given  oscillatory  mode  is  stable,  neutral  or  unstable  depending  upon 
whether  the  real  part  of  s  is  less  than,  equal  to  or  greater  than  zero,  and  a 
sufficient  condition  for  the  system  to  be  stable  is  that  the  characteristic 
equation  (2.03.03)  has  no  root  in  the  right  half  of  the  complex  s  plane. 
We  shall  begin  the  discussion  with  several  simple  ideal  cases  with  a  view 
to  the  fact  that  the  influence  on  instability  of  certain  important  parameters 
like  the  time  lag  and  the  pressure  index  n  of  interaction  of  the  combustion 
processes  and  chamber  oscillations  should  qualitatively  be  the  same  for 
simple  conditions  as  for  cases  involving  complicated  feeding  systems. 

The  simplest  case  in  which  the  injection  rate  is  assumed  to  be  independent 
of  the  pressure  oscillations  in  the  combustion  chamber  will  first  be  con¬ 
sidered.  This  fundamental  case  must  be  considered  only  as  an  ideal  limit, 
though  it  can  be  approached  with  the  use  of  a  displacement  pump  or  of  a 
cavitating  Venturi  and  with  a  careful  design  of  rigid  feed  lines.  For  this 
case,  ft,  —  0  and  equation  (2.03.01)  becomes 


[i +<'-”)] 


q>(z)  =  ~n<p{z  -  f) 


so  that  the  characteristic  equation  (2.03.03)  becomes 

j+l-»  +  mr"  =  0 


....  (2.03.04) 


....  (2.03.05) 


Let  s  =  A  -f-  iQ  and  separate  tht  real  and  imaginary  parts  of  equation 
(2.03.05).  We  have 

vl  -j-  (1  —  n)+n  e--**  cos  Qf  =  0  I 

}  ....(2.03.06) 

Q  —  n  c~Jf  sin  Qf  —  0  I 


The  quantity  Qf  is  the  angular  displacement  of  the  oscillation  during  the 
time  lag,  the  ratio  of  Qf  to  2 it  is  therefore  the  ratio  of  the  time  lag  f  to  the 
period  of  oscillation  T . 

....(2.03.07) 


From  equation  (2.03.06)  it  can  be  obtained  that 
f  (f,  n)  =  nr 

_  Qf  T  Qf  "1  _ 

sin  Qf  ^  tan  Qf 


- j  =  h  (Qf)  ....(2.03.08) 


which  can  be  solved  graphically  for  any  set  of  given  values  n  and  f .  Both 
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f  and  h  are  universal  functions  and  have  been  calculated8  as  shown  in 
Figure  5.  f  (f,  n)  is  plotted  against  f  for  several  values  of  n  on  the  left-hard 
side;  and  h  (Si,  f)  is  plotted  against  Qf/2ir  on  the  right-hand  side.  The 
value  of  f  (f ,  n)  is  read  for  given  values  of  f  and  n.  A  horizontal  line  is 
drawn  to  cut  the  curves  of  h  (Si,  f).  At  the  intersections,  the  values  of  Sifflir 
can  be  read  and  Si  calculated.  A  can  be  determined  from  the  second 
of  equations  (2.03.06)  as 


Vtf  .0 

—H 


all  ft  ^ 
ex  T 


Figure  5.  Graphical  determination  of  eigenvalues  A  -f  iD  of  equation  ( 2.03.06 ) 

{By  courtesy  of  the  American  Rocket  Society ) 

The  dotted  straight  lines  in  the  left-hand  side  curves  are  nf  for  different 
values  of  n.  K(Q,  f)  =  Qt/s in  Qt  is  plotted  in  the  right-hand  side  curves. 
The  solution  is  stable,  neutral  or  unstable  depending  upon  K(S2,  f)  -S  nf. 

An  examination  of  the  graphical  solution  leads  to  the  following  qualitative 
conclusions: 

(i)  For  a  given  system  (f  and  n  given)  there  is  an  infinite  number  of 
oscillatory  modes  corresponding  to  increasing  values  of  Si  not  exactly  in 
harmonic  ratio.  If  the  value  of  f  is  too  small,  the  fundamental  oscillating 
mode  may  be  absent. 

(«)  For  a  given  system,  K(Si,  f)  increases  with  higher  modes  of  oscillation 
while  h  (12,  f),  f  (n,  f)  and  nf  are  all  constants.  If  the  jth  mode  is  stable, 
all  the  modes  higher  than  the  jth  are  stable.  Therefore,  the  necessary'  and 
sufficient  condition  for  intrinsic  stability  is  that  the  fundamental  mode 
shall  be  stable. 

(m)  For  sufficiently  small  f  all  modes  are  stable  regardless  of  the  value 
of  n. 


Z.U3 


3VSTEM  OK  EQUATIONS.  INTRINSIC  INSTABILITY 

The  complete  solution  of  equations  (2.03.06)  is  only  of  academic  mtercst. 
It  is  more  in  the  line  of  small  perturbation  theory  to  determine  the  stability 
boundary  of  such  ideal  systems.  Putting  A  =  0,  equations  (2.03.06) 
are  compatible  only  when  f  takes  some  well  determined  values  d,  that 
we  call  critical  values,  corresponding  to  neutral  oscillations.  Then  the 


Figure  6.  Critical  values  ,  for  intrinsic  inslabUily  for  different  values  of  the  interaction  index  n 
.<  •  omrtesy  of  the  American  Rocket  Society ) 


equations  can  be  solved,  giving  the  following  critical  values  of  f  and  12; 
i.e.  d  and  c 


w  =  (2n  -  1)* 
cos  tod  —  — (1  —  n)/n 

6  =  f  r  —  cos-1 


....(2.03.10) 


Wc  see  that  neutral  oscillations  (ri  =  0)  are  not  possible  in  our  ideal 
system  if  n  <  i.  Th;s  shows  that  if  n  <  the  system  is  always  intrinsically 
stable  no  matter  what  the  value  of  the  time  lag  may  be.  For  n  >  i  the  values 
of  the  critical  quantities  for  the  fundamental  mode  are  calculated  from 
equations  (2.03.10)  and  arc  plotted  as  shown  in  Figure  6.  The  stable  and 
the  unstable  region  for  6  and  to  can  be  easily  determined  from  the  ordinary 
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argument  of  smooth  transition.  It  can  also  be  seen  analytically  by  deter¬ 
mining  the  sign  of  ^  or  ^  evaluated  from  equations  (2.03.06)  at  the 
df  dco 

critical  point. 

I  = - - - >  0 

1  +  d[(»  -  1)* -f  1]  ^ 

Thus  for  a  system  with  a  given  value  n  >  |,  the  system  is  intrinsically 
stable  if  f  <  8  and  intrliis>cally  unstable  if  f  >  8  The  angular  frequency 
of  an  unstable  oscillation  is  less  than  <o  while  that  of  a  stable  oscillation  is 
greater  than  a>. 

From  Figure  6  it  is  clear  that  the  critical  time  lag  8  always  decreases  when 
n  increases  and  its  decrease  is  very  fast  when  n  is  close  to  The  unstable 
range  of  time  lags,  f  >  8,  8  widens  with  increasing  «,  which  means  that 
increasing  n  <s  destabilizing.  The  destabilizing  effect  of  increasing  the 
interaction  index  n  is  to  be  qualitatively  expected  on  purely  physical 
grounds. 

The  presence  of  the  constant  b  which  represents  the  phase  lead  of  the  nozzle 
transfer  function  increases  the  magnitude  of  the  dimensional  critical  time 
lag  f*  —  80 „{  1  -j*  b)  by  the  multiplier  (1  -f-  b),  because  8  is  a  constant  for 
given  n.  Therefore  the  nozzle  has  a  stabilizing  effect  in  reducing  the  unstable 
range  of  time  lags  by  increasing  the  critical  value  of  f*,  as  compared  with 
that  of  the  limiting  case  of  a  very  short  nozrle  in  which  the  volume  of  its 
subsonic  portion  is  negligibly  small  compared  with  the  combustion  chamber 
volume. 

From  Figure  5  we  see  that  the  fundamental  mode  of  the  oscillating  solutions 
does  not  exist  when  f  (»,  t )  is  less  than  1  /c.  This  situation  arises  cither  when 
f  is  sufficiently  small  for  any  given  value  of  n  cr  when  f  is  sufficiently  large 
and  n  is  larger  than  unity.  It  can  easily  be  seen  that  the  latter  case  with 
n  >  1  and  large  f  corresponds  to  positive  real  roots  for  s  and  therefore  to 
monotonically  diverging  solutions.  Under  this  condition,  the  system  is 
definitely  unstable. 


dA 

dr 


2.04.  Systems  with  Constant  Rate  Feed 


For  a  liquid  rocket  with  a  displacement  pump  or  a  cavltating  Venturi  that 
supplies  propellant  to  the  feeding  line  at  a  constant  rate  wc  have  D  =  oo 


(Figure  7).  Consider  such  a  system  without  servo  control,  — 0; 


divide  equation  (2.02.10)  by  D  and  let  D  go  to  infinity.  Equation  (2.02.10) 
is  reduced  to 


[!  +£^  +  (I  f*f“°  ••••(2.04.01) 


It  is  clear  that  if  the  parameter  J  is  computed  from  equation  (2.02.09) 
using  /(I  — y)  as  line  length,  the  .actor  (1  — y)  can  be  abscubed  in  J  and 
cancelled  from  the  equation.  The  physical  meaning  of  this  is  that  in  this 
case  the  portion  of  the  feed  line  beb  /een  the  pump  and  the  equivalent  line 
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capacitance  operates  at  constant  flow  rate  and  therefore  does  not  contribute 
to  the  dynamics  of  the  system  irrespective  of  its  length.  The  only  part  of  the 
line  which  has  an  influence  on  the  dynamics  is  the  one  between  the  capaci¬ 
tance  and  the  injector,  of  length  /(I  —  y). 

Substituting  from  equation  (2.04.01)  into  equation  (2.03.01)  with 
ft  —  T  and  with  the  new  definition  of  J  we  have 

(,—+i)(,+*s  •*•"»)*» 

+  [”(‘  !  +  +  «£]  ♦<*  “  «  -  °  •  •  •  ■ •<2-04' 
By  comparing  equation  (2.04.02)  with  equation  (2.03.02)  or  postulating 
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Figure  7.  Schematic  diagram  of  a  co.'XarJ  rate  feeding  system 
(By  courtesy  of  the  American  Rochrt  Society ) 

solutions  of  the  exponential  type  exp  ( sz ),  the  characteristic  equation 
(2.03.03)  takes  the  following  form 

(1  +  £j  +  JEs1)  [1  +  s  —  n  -{-  ne-f»]  -j-  PEs  e~*  =  0  ....  (2.04.03) 

For  the  determination  of  the  stability  boundary,  set  r  —  ico,  separate  the 
real  and  imaginary'  parts  of  equation  (2.04.03)  and  solve  for  Jw  —  l/Eto 
and  d.  For  convenience,  let  us  define 


W  =  Jo>-  IjEat 


_ (2.04.04) 


which,  in  analogy’  to  the  terminology  in  the  flow  of  alternating  current  in 
an  ele'-rtc  circuit,  may  be  tentatively  called  flow  reactance  of  the  feeding 
line  for  oscillations  of  frequency  to.  We  obtain : 
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8  =  —  f  77  —  tan"1  — — - tan-1  ^  ^  }-  tan-1  -0 _ (2.04.06) 

(i)l  1  — «  n  5P  5rj 

8  as  obtained  from  equation  (2.04.06)  is  multivalued.  The  smallest 
value  of  8  corresponds  to  the  physical  situation  where  the  duration  of  the 
time  lag  is  less  than  one  oscillation  period,  and  the  neutral  oscillation  cor¬ 
responding  to  this  lowest  value  of  8  can  be  given  the  name  fundamental 
low  frequency  mode.  Larger  values  of  8  differ  from  the  preceding  one  by 
multiples  of  77710,  and  these  critical  values  of  the  time  lag  contain  more  than 
one  complete  oscillation  period.  The  neutral  oscillations  corresponding  to 
these  larger  values  of  8  are  designa'ed  by  integral  number  A  —  0,  1 ,  2,3... 
indicating  the  number  of  oscillati,  .  periods  that  is  contained  in  the  time 
lag.  The  values  of  8  larger  than  the  fundamental  one,  k  —  0,  may  have  an 
interesting  physical  meaning  as  will  be  discussed  in  the  following. 

Equations  (2.04.05)  and  (2.04.06)  define  a  relation  between  a>,  n,  P  and  8. 
Thus  8  depends  only  implicitly  (through  (o)  on  the  other  parameters  E  and  J 
of  the  feeding  system.  This  relation  is  represented  in  Figures  8,  9  and  10  for 


Figure  8.  General  relation 
between  the  critical  values  of 
the  dimensionless  sensitive  time 
lag  6  and  the  critical  angular 
frequency  of  tirulral  oscillation 
w,  for  different  pressure  drop 
parameters  Apjp  with  *1  =  0 


«  =  0,  |  and  1  respectively,  and  for  a  series  of  values  of  P.  For  given  «  and 
P  equation  (2.04.05)  shows  that  a  real  5P,  and  hence  a  real  8,  is  obtained 
only  if  the  following  inequalities  are  satisfied : 

2n  —  1  <  w2  <  (F  4-  1)  (P  +  2 n  -  1)  . . .  .(2.04.07) 

The  first  inequality  or  >2 n  —  1  indicates  that  if  n  <  1.  the  range  of  (o 
reaches  0 ;  but  if  n  >  §,  the  range  of  possible  critical  frequencies  starts 
with  the  positive  value  (2 n  —  1)*,  which  coincides  with  the  critical  frequency 
of  intrinsic  instability.  In  both  cases  the  range  of  critical  frequencies 
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Figure  9.  General  relation  between 
the  critical  values  of  the  dimensionless 
sensitive  time  lag  S  and  the  critical 
angular  frequency  of  neutral  oscilla¬ 
tion  to,  for  different  pressure  drop 
parameters  lh.pl]>  with  n  =  J 


Figure  10.  General  relation  between 
the  critical  values  of  the  dimensionless 
sensitive  time  lag  d  and  the  critical 
angular  frequency  of  neutral  oscillation 
to,  for  different  pressure  drop  para¬ 
meters  Aflp  with  n  =  1 
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extends  up  to  a  maximum  value  defined  by  the  second  inequality  (2.04.07) 
as  is  well  illustrated  in  the  figures. 

For  each  value  of  o>  within  the  possible  range  there  are  two  fundamental 
values  of  6,  the  smaller  corresponding  to  the  positive  and  the  larger  to  the 
negative  value  of  IF  as  given  by  equation  (2.04.05).  Both  signs  are  physically 
possible,  as  is  shown  by  equation  (2.04.04).  At  the  two  limits  of  the  inequality 
(2.04.07),  that  is  when  W  is  infinite  or  zero,  the  two  values  of  d  coincide. 
Therefore,  if  one  takes  into  account  the  multiple  values  of  <5,  the  curves  of 
constant  P  appear  as  a  multiplicity  of  half  closed  loops  when  n  <  J  or  of 
completely  closed  loops  when  n  >  4.  To  understand  the  meaning  of  these 
loops  we  must  introduce  the  conditions  of  the  feeding  system,  as  expressed 
by  equation  (2.04.04).  Equating  the  values  of  IF  given  by  this  equation 
and  by  equation  (2.04.05)  we  obtain 


1 


2  ^  + 


(»  +  P)*  -  «* 
o>*  -  (2»  -  1) 


—  1 


....(2.04.08) 


which  can  be  developed  as  an  equation  of  third  degree  in  to1.  The  positive 
roots  of  this  equation  determine  the  critical  frequencies  as  functions  of 
n,  P,  E,  and  J.  Without  entering  into  a  complicated  analytical  discussion 
of  the  roots,  qualitative  results  can  be  obtained  from  the  following  con¬ 
siderations,  as  shown  in  detail  in  Appendix  C. 

(1)  Increasing  the  interaction  index h  is  strongly  destabilizing  in  as  much 
as  the  unstable  ranges  of  f  are  widened. 

(2)  Increasing  the  pressure  drop  across  the  feeding  system  (essentially 
across  the  injector)  generally  has  a  stabilizing  effect. 

(a)  When  n  <  4,  a  sufficiently  large  pressure  drop  with  Apjp  < 
^.1/(1  —  2n)  can  guarantee  stable  combustion  for  arbitrary  elasticity 
and  inertia  conditions  of  the  feeding  system  and  in  particular  for  arbitrary 
values  of  the  time  lag.  We  call  this  unconditional  stability.  If  the  pressure 
drop  is  not  large  enough,  the  system  is  stable  only  when  the  value  of  the 
time  lag  f  is  ir  a  certain  stable  range  or  within  ranges  of  values  which 
depend  on  the  elasticity  and  inertia  of  the  feed  system.  Wc  call  this  con¬ 
ditional  stability.  An  increase  in  the  pressure  drop  (decrease  in  P)  tends 
to  decrease  the  unstable  ranges  of  the  values  of  f  and  is  therefore  stabilizing. 

(£>)  When  n  >  $,  no  matter  how  large  the  pressure  drop  is,  uncon¬ 
ditional  stability  cannot  be  obtained.  The  system  can  be  stable  only  when 
the  time  lag  is  less  than  a  certain  critical  value  depending  on  the  magnitudes 
of  P,  E,  and  J.  Increasing  the  pressure  drop  is  in  general  stabilizing  in 
increasing  the  critical  values  d  or  the  stable  range  of  f,  except  when  E 
is  very  small  so  that  the  flow  reactance  IF  —  Jo>  —  IjEw  is  very  large 
and  negative. 

(3)  The  elasticity  parameter  E  and  the  inertia  paramete.  J  have  similar 
complicated  effects. 

(a)  If  the  system  is  unconditionally  stable  when  n  <  J,  any  increase  in 
E  or  J  makes  the  system  less  stable  in  the  sense  that  the  system  is  closer 
to  the  condition  of  marginal  unconditional  stability.  Any  decrease  in  E 
or  J  makes  the  system  more  stable. 

(b)  If  a  system  is  unstable  when  n  <  $  with  given  values  of  E,  J,  and  P, 
the  system  can  be  made  unconditionally  stable  by  sufficiently  decreasing 
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the  parameters  E  and/or  J.  The  system  can  also  be  made  conditionally 
stable  by  sufficiently  increasing  the  parameters  E  and/or  J.  However,  a 
small  change  of  E  and/or  J  may  make  a  stable  system  unstable  and  an 
unstable  system  stable  depending  upon  the  circumstances. 

(c)  For  systems  with  n  >  J  and  a  given  value  of  P,  the  system  will  always 
be  unstable  for  any  values  of  E  and  J  if  the  time  lag  f  of  the  system  is  larger 
than  a  certain  value  corresponding  to  the  maximum  value  of  0  of  the 
lowest  loop  as  shown  in  Figure  10.  An  unstable  system  of  this  kind  can  be 


Figure  11.  General  relation  between  the  critical  time  lag  and  the  ratio  of  the  critical  time  lag 
to  the  period  of  oscillations  for  different  pressure  drop  parameters  A p[p  with  n  —  0 
{By  courtesy  of  the  American  Rocket  Society) 

made  conditionally  stable  only  by  decreasing  the  pressure  drop  Ap  across 
the  feed  system  accompanied  by  a  proper  change  of  the  parameters  E 
and/or  J. 

(d)  For  an  unstable  system  with  n  >  J  and  a  given  value  of  P,  with  the 
time  lag  f  less  than  the  maximum  value  of  8  mentioned  in  (c),  the  system 
can  be  made  conditionally  stable  either  by  a  sufficiently  large  decrease  of 
E  and/or  J  (upper  branch)  or  by  a  sufficiently  large  increase  of  E  and/or  J 
(lower  branch).  Again  a  small  change  of  E  and/or  J  may  make  a  stable 
system  unstable  or  make  an  unstable  system  stable  depending  upon  the 
original  configuration. 

Before  closing  this  section  we  observe  that  while  it  is  impossible  to  present 
on  a  single  graphical  representation  the  quantitative  results  for  general 
E  and  J,  this  is  possible  if  either  E  or  J  is  given  a  fixed  value.  The  equation 
obtained  from  (2.04.08)  after  extracting  the  square  root  with  the  suitable 
sign  furnishes  the  other  parameter  E  as  a  function  of  n,  P,  and  to,  if  J  is 
selected,  so  that  the  curves  of  constant  P  and  given  n  (such  as  those  of 
Figures  8,  9  and  10)  can  be  calculated  using  E  as  a  parameter  for  the  assigned 
value  of  J.  This  has  been  done  for  the  particular  value  J  —  0  in  which 
case  the  curves  of  constant  E  are  drawn;  and  for  the  value  E  ~  oo,  in 
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which  case  lines  of  constant  J  are  traced  on  the  figures  (this  case  corre¬ 
sponding,  as  already  mentioned,  to  a  particular  system  with  constant  feed 
pressure).  The  results  are  shown  in  Figures  11, 12  and  13  where,  however,  for 
clarity  the  plane  (26/jr,  tobjliT)  has  been  used  instead  of  the  plane  (o>,  2A/w). 
The  ordinate  lod/ 2ir  has  an  interesting  physical  meaning,  as  shown  by 
equation  (2.03.07).  The  case  J  =  0  for  n  =  0  and  n  —  |  exhibits  the 
characteristic  behaviour,  already  discussed,  that  a  curve  E  =  constant  may 


Fjgwe  14.  Schematic  diagram  of 
a  constant  pressure  feeding  system. 
{By  courtesy  of  the  American 
Rocket  Society) 


Pressure 


present  two  intersections  with  the  lines  P  =  constant,  thus  determining 
finite  unstable  ranges  of  t . 

This  behaviour  is  never  present  for  n  =  1 ;  nor  for  n  —  0  and  n  =  £ 
when  E  —  co.  The  line  J  —  constant  shows  only  one  intersection  with 
each  of  the  lines  P  =  constant.  In  this  case  the  hyperbola  of  Figure  64 
degenerates  into  two  straight  lines  through  the  origin,  one  being  vertical. 
While  the  smaller  root  co  goes  to  zero  and  the  corresponding  6  to  oo,  there 
is  only  one  significant  root  <u  left.  The  conditions  in  this  case  are  similar 
to  those  of  it  >  1  represented  by  Figure  13. 


2.05.  Systems  with  Const  \nt  Pressure  Feed 
In  a  liquid  propellant  rocket  with  constant  pressure  feed,  as  can  be  obtained 
through  simple  gas  pressurization,  the  pump  characteristics  are  represented 
by  D  =  0.  A  schematic  diagram  of  such  a  system  without  servo  control  is 
show*.  ii:  Figure  14.  The  feeding  system  equation  is  obtained  from  equation 
(2.02.10)  by  putting  D  =  0  and  dropping  the  term  F(d/dz)  related  to  the 
servo  control,  and  can  be  written  as 

+  [l  +  -JO^]  =  »  ....(2.05.01) 

Substitute  (if  from  equation  (2.05.01)  into  equation  (2.03.01)  and  take 
f ,  =  r  for  the  reasons  discussed  in  the  preceding  section.  For  the  particular 
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solution  of  exponential  type  exp  (sz),  equation  (2.03.01)  takes  the  form 

[1  -f  +  JEy&  4-  J*Ey{  1  —  j)*3]  (1  +  s  —  n  4*  nt~H) 

+  Pc~»  (1  +  JEy*)  =  0. . . .  (2.05.02) 

Equating  the  moduli  and  the  arguments  of  the  two  terms  of  equation 
(2.05.02)  when  s  =  m  for  neutral  oscillations  and  f  =  8  we  have 


{[1  —  JEfo)2]2  {-  Jsft>2[l -JEy(  1  -j)co2]#}[(l  -n)*  +  e>*J  ' 
=  [(1  -  JEf<o2)n  +  (1  -  JEyo)2)P]2 

4*  nV*o)s[l  —  JEy(  1  — _y)<w*]* 


tan 


-l 


<u 


1  —  n 


tan 


_t  Jo>[l  —JEy(\  —  >)o>2] 


=  it  -}-  tan-1 


1  -  JEyto2 
nJ(o[  1  —  JEy(  1  - 


-y)(o*\ 


«[  1  -  JEfa? ]  4-  P[1  -  JEyto2} 


—  tod 


,..(2.05.03) 


A  general  discussion  of  equations  (2.05.03)  with  arbitrary  y  h  practically 
impossible.  Therefore,  leaving  the  general  form  of  these  equations  for 
numerical  computations  with  practical  values  of  the  parameters,  we  shall 
investigate  here  only  those  simple  cases  obtained  with  particular  values  of y. 
Suppose  first  that  the  capacitance  is  concentrated  at  the  injector  end  of  the 
line,  that  is  y  =  1.  Then  equations  (2.05.03)  are  reduced  to 


[(1  -  JEto2)2  4-  JW]  [(1  -  n)2  4-  ft)2]  =  (1  -  JEto2)2(n  4-  P)-  +  r?Jho2 
ft)  ,  .  i  */ft>  .  .  .  i  n  J<» 


tan 


i-i . 


1 


4-  tan-1 


1  -JEto2 


—  it  4-  tan  "1 


P  4-  n  1  -  J Em2 


o)8 


It  is  easily  observed  that  the  quantity  Ew  —  l/Jft)  can  represent  all  the 
feeding  line  parameters.  We  shall  tentatively  call  this  quantity  0,  the  flow 
susceptance  of  the  feed  line  when  the  oscillating  flow  has  an  equivalent 
frequency  e>  in  analogy  to  the  terminology  in  alternating  current  circuitry. 
Thus  we  have,  solving  for  0*  and  8: 


0  =  Em  —  1/Jtt) 

ft)2  4-  (1  —  «)2  — 
r~(«4-  P)2  -  o)2  -  (1  -  «)* 


....(2.05.04) 
- (2.05.05) 


8  =  I  In  -  tan-1  4-  tan"1  0  -  tan"1 0]  ....  (2.05.06) 
0)  [  1  —  n  n  J 

Comparing  equations  (2.05.05)  and  (2.05.06)  with  equations  (2.04.05) 
and  (2.04.06)  we-  see  that  the  flow  susceptance  0,  in  a  constant  pressure 
system  with  y  —  1,  plays  the  same  role  as  minus  the  reciprocal  of  the  flow 
reactance,  — 1/0,  in  a  constant  rate  system.  In  fact,  the  relation  between 
8  and  n,  P,  to  as  obtained  from  equations  (2.05.05)  and  (2.05.06)  is  exaedy 
the  same  as  die  one  obtained  from  equations  (2.04.05)  and  (2.04.06);  a 
point  corresponding  to  a  given  value  of  0  is  me  same  as  the  point  cor¬ 
responding  to  the  identical  value  of  — 1/0  in  the  two  different  problems. 
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Thus,  the  curves  of  Figures  8 ,  9  and  10  apply  also  to  the  constant  pressure 
system.  The  inequality  (2.04.07)  applies  too,  with  0  =  ^oo  at  the  upper 
limit  of  ft>,  and  0  =  0  at  the  lower  limit  of  to  (the  latter  being  real  only  for 
n  ^  $).  The  upper  branches  of  the  curves  correspond  to  positive  values 
of  0  and  the  lower  ones  to  negative  values.  The  discussion  of  the  equation 

1  («  +  />)*-»*  _  i  ....(2.05.07) 


2-  + 
J 


(tl  +  P) 2  -  (1  -  «)*  -  ft)® 


which  is  obtained  from  equations  (2.05.04)  and  (2.05.05)  can  be  conducted 
in  a  manner  similar  to  the  discussion  of  equation  (2.04.08). 

This  has  been  done  in  Appendix  D  with  qualitative  conclusions  similar 
to  those  of  Section  2.04. 

We  have  thus  far  discussed  the  constant  pressure  case  with  the  particular 
valuer  =  1.  For y  =  0,  equation  (2.05.03)  becomes  exactly  the  same  as  if 
we  put  E  =  0.  Thus  the  general  behaviour  of  the  system  would  seem  to  be 
fundamentally  vi'coanged  by  the  location  of  the  equivalent  line  capaci¬ 
tance,  though  the  magnitude  of  the  quantitative  results  may  be  significantly 
affected.  An  investigation  on  the  effect  of  intermediate  values  of  y  has  not 
yet  been  made. 

Before  closing  this  section  let  its  observe  that  if  we  were  interested  in 
analysing  the  combustion  stability  with  more  complicated  feeding  systems, 
for  example  with  some  finite  value  of  D ,  or  the  use  of  feedback  servo  control, 
the  algebra  involved  in  the  analytical  proceduie  illustrated  in  Sections  2.04 
and  2.05  becomes  increasingly  heavy  and  makes  it  difficult  to  draw  general 
conclusions. 


2.06.  Servo  Stabilization 


The  importance  of  the  characteristic  constants,  D,  P,  E  and  J  of  a  feeding 
system  has  been  illustrated  by  the  previous  special  cases.  It  has  been 
shown  that  a  chugging  liquid  propellant  rocket  motor  can  be  stabilized 
in  certain  circumstances  by  increasing  sufficiently  the  pressure  drop  in  the 
feeding  system,  by  proper  adjustment  of  the  feeding  line  length,  etc.  Un¬ 
fortunately,  however,  this  is  not  always  true,  especially  for  large  n,  and 
even  when  it  is  true,  it  may  result  in  impracticable  length  or  size  of  lines  or 
in  excessive  weights  when  large  pressure  drops  are  required.  H.  S.  Tsien® 
analysed  the  possibility  of  stabilizing  a  chugging  motor  by  introducing  a 
feedback  servo  link  as  was  suggested  by  W.  Bollay*1.  The  purpose  of  this 
servo  system  is  to  modify  the  overall  characteristics  of  the  feeding  system 
in  response  to  the  chamber  pressure  oscillation  without  modifying  the  values 
of  D,  P,  E  and  J  which  are  favoured  from  other  design  points  of  view.  In 
view  of  the  heavy  algebraic  manipulations  involved  in  analysing  the  feeding 
system,  especially  when  an  arbitrary’  control  capacitance  is  introduced, 
Tsien  preferred  the  use  of  the  Satche  diagram  and  the  associated  Nyquist 
diagram.  The  principles  involved  in  this  graphical  analysis  are  explained 
in  Appendix  A.  This  graphical  method  can  be  used  advantageously  in 
determining  whether  a  given  system  with  known  constants  is  stable  or 
unstable.  The  procedure  is  to  write  the  characteristic  equation  (2.03.03)  as 

Gis)  =  e~«  -  g  (j)  =  0  ....  (2.06.01 ) 

With  g  (s)  =  (*)/£,(*) 
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where  Lx  and  Z,2  are  polynomials  of  s  with  known  constant  coefficients. 
Let  s  trace  the  contour  C  in  the  complex  s  plane  in  a  clockwise  direction. 
The  contour  C  consists  of  the  imaginary  axis  and  a  semicircle  with  infinitely 
large  radius  enclosing  the  entire  right  half  of  the  complex  plane.  While  s 
is  tracing  the  contour  C,  e"**  will  follow  the  unit  circle  about  the  origin  when 
s  is  on  the  imaginary  axis,  and  will  lie  inside  the  unit  circle  when  s  is 
on  the  semicircle.  The  value  of  g  (s)  =  Z,1(r)/Z.2(j)  is  calculated  from 
point  to  point  and  plotted  in  the  complex  s  plane.  Usually,  it  is  only  neces¬ 
sary  to  compute  g  ( s )  while  s  is  on  the  imaginary  axis.  The  closing  arc 
o'  g  (s)  when  5  is  on  the  semicircle  can  be  obtained  just  by  observation. 


Figure  15.  Schematic  Saleh', 
diagram  for  a  liquid  rocket 
with  0  <n  <  l.  The  system 
is  intrinsically  stable  for 
arbitrary  values  of  the  time  lag. 
(By  courtesy  of  the  American 
Rocket  Society ) 


0<n<% 


This  plot  in  the  complex  s  plane  is  called  the  Satche  diagram.  The  vector 
with  vertex  on  the  plot  of  c~fr  and  tail  on  the  plot  of  g  (s)  with  the  same 
value  of  s  represents  the  complex  quantity  G(s).  A  plot  of  L2(s)  is  also 
made  while  s  traces  the  same  contour  C.  This  is  the  associated  Nyquist 
diagram.  If  the  vector  G(s )  makes  a,  complete  counterclockwise  revolutions 
and  the  vector  L2(s)  makes  a„  complete  clockwise  revolutions  while  s  traces 
the  contour  C,  then  the  difference  ag  —  an  represents  the  number  of  zeros 
of  G(s)  in  the  right  half  of  the  complex  s  plane.  A  system  is  stable  if 
a,  —  an  =  0,  which  means  that  there  is  no  root  of  the  characteristic  equation 
with  positive  real  part.  To  illustrate  the  use  of  the  Satche  and  associated 
Nyquist  diagrams,  we  first  consider  a  few  simple  examples. 

For  the  case  of  intrinsic  instability,  we  obtain  from  equation  (2.03.02) 
g  (s)  =  L1(s)IL2(s)  ==  --(1  -  »)/«  -  .c/a  ....  (2.06.02) 
While  s  is  travelling  on  the  imaginary  axis  from  —  i'Ji  to  -f-ioo,  g  (r)  traces 
a  straight  line  parallel  to  the  imaginary  axis  extending  from  —  ( 1  —  «)/«  -}-ico 
to  — (1  —  n)/n  —  too.  When  s  is  at  infinity  on  the  real  axis,  g  (s)  is  also 
real  but  is  negatively  infinite.  The  closing  arc  of  the  trace  of  g  ( s )  is  there¬ 
fore  a  semicircle  through  the  negative  infinity.  If  0  <  n  <  |,  the  trace  of 
g  (s)  is  completely  outside  the  unit  circle  and  does  not  encircle  the  unit  circle, 
Figure  15.  An  observation  of  this  diagram  shows  that  the  vector  G(s)  = 
ef*  —  g  (r)  will  not  make  any  counterclockwise  revolutions,  i.e.  at  =  0. 
Since  Z2(r)  is  a  constant  independent  of  s,  we  have  an  =  0.  The  system  is 
therefore  always  stable  regardless  of  the  value  of  f. 
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On  the  other  hand,  if  n  >  the  straight  line  portion  of  the  plot  of  g  (s) 
intersects  the  unit  circle,  Figure  16.  In  this  case  stability  is  possible  only 
if  the  vector  e~"  remains  to  the  right  side  of  the  straight  line  —{1  —  n)jn 
when  the  vector  g  (s)  lies  inside  the  unit  circle.  This  condition  is  satisfied  if 

cos  [f(2n  -  1)»]  >  -(1  -  «)/» 

The  critical  values  to  and  8  are  thus  found  as: 


to  =  (2«  —  1)* 

<5  =  O  -  cos- ^{(1  -  n)/n}]/(2«  -  1)* 


..,.(2.06.03) 


which  agree  with  equations  (2.03.10)  as  are  given  in  Section  2.03. 


Figure  16.  Schematic  Satche  diagram 
of  a  liquid  rocket  with  n  >  f .  The 
system  is  stable  only  for  sufficiently 
small  values  of  the  time  lag.  (By 
courtesy  of  the  American  Rocket 
Society) 


In  the  analysis  of  a  more  general  system,  the  Satche  diagram  becomes  a 
little  more  involved,  and  it  is  no  longer  possible  to  determine  the  frequency 
of  neutral  oscillation  in  a  simple  manner  as  in  the  case  of  intrinsic  instability. 

From  equations  (2.02.10),  (2,03.01)  and  (2.06.01)  wc  obtain  the  function 
for  the  plot  of  the  Satche  diagram  as 


g  (»)  = 


s  +  (1  ~  n) 

.  -A  .  C  |jy  . 
"  +  b  +  bF(,) 


,  +  (l  -*) 
n-N 


...  (2.06.04) 


where 


A  =  P[1  +  DE{P  +  i)j  +  JEyf] 

B  =  [1+  D(P  +  i)]  +  [DE{P  +  i)  +  J]s 

+  [DJE(  1  -y)  (/»+*)  +  JEy]s>  +J*Ej{  1  -y)s*  ■ 

C  =  D(P  +  |)j  +  Js*  -f  DJE{  1  -y)  {P  +  §)j» 


....(2.06.05) 


+  ^(I  -y)s* 


The  quantity  N(s)  in  equation  (2.06.04)  represents  the  ratio  of  the 
fractional  variation  of  the  injecuon  rate  and  the  fractional  variation  of 
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combustion  chamber  pressuc,  or  ihe  transfer  function  of  the  feeding 
system.  With  s  —  iQ,  the  fonctioit  N  is  in  general  complex  and  can  be 
written  as 

N(Q)  =  Nr(Q)  +  iQNt(Q)  =  ~[|  4-  §*(&)]  ....(2.08.06) 

where  both  Nr  and  N{  are  real  functions  of  Q.  The  imaginary  part  must 
approach  zero  as  Q  approaches  zero.  JS7(0)  =  Nr{ 0)  is  a  real  constant  for  a 
given  feed  system.  This  constant  represents  the  steady  state  value  of  the 
ratio  of  the  fractional  variation  of  injection  rate  and  the  fractional  variation 
of  chamber  pressure.  For  systems  that  are  not  servo-controlled 

N( 0)  =-  Nr(0)  =  -Pjll  -f-  D(P  -f  i)]  <  0  ....  (2.06.07) 

which  is  always  less  than  zero.  This  last  part  has  some  import:  r; .  conse¬ 
quences  as  will  be  seen  later  [equation  (2.06.13)]. 

To  illustrate  the  application  of  the  Satche  diagram  in  dcteriEirdng  the 
stability  of  a  given  system  with  known  constants,  let  us  consider  the  following 
examples  as  given  by  Tsicn9*. 

Consider  a  system  in  which  the  dynamics  of  the  feeding  system  is  defined 
by  the  following  constants  [see  equation  (2.02.10)] 


P  —  * 
-  — 


J  =  4, 


J,  and  y—\ 


The  index  of  interaction  a  is  selected  as  which  is  the  value  of  marginal 
intrinsic  instability.  The  g  (r)  without  servo  control  is 


g  (r)  =  -i 


(2 s  +  1)  (2s9  -f-  3r*  +  9s  -f  6) 
s9  +  3s*  -f  6s  +  6 


....(2.06.08) 


Owing  to  the  symmetry  of  the  diagram  when  s  takes  positive  or  negative 
values  of  Q,  it  is  only  necessary  to  plot  the  diagram  for  positive  values  of  £?. 
The  diagram  for  Q  —  0-5-2  is  shown  in  Figure  17.  The  closing  arc  when 
Jr  j  ->  go  intersects  the  negative  real  axis  at  oo.  When  r  traces  the  imaginary 
axis,  the  curve  ofg  (r)  intersects  the  unit  circle. 

If  a  servo-controlled  capacitance  is  introduced  next  to  the  injector  and 
the  transfer  function  of  the  servo  link  is 


FIs)  =  —4-87.3 


then  the  function  g  (r)  becomes 


(r  4-  1-0528)  (r®  4-  0-7164r  4-  2-6304) 
r(r  4-  2)  (r  4-  3)  (r  4-  0-5332)  (r9  4-  0-4668r  4-  3-7511) 

„  M  I - ,  ....(2.06.09) 


g  W  =  -2 

r  4-  o 


- (2.0640) 


t  The  data  presented  in  the  rest  of  this  section  as  shown  in  Figures  17  and  18  art  repro- 
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This  function  g  (s)  is  also  plotted  in  Figure  17  and  is  seen  to  be  completely 
outside  the  unit  circle.  The  associated  Nyquist  diagrams  for  both  cases 
do  not  encircle  the  origin.  Thus  we  see  that  the  system  without  servo  control 
can  become  unstable  if  the  time  lag  f  is  sufficiently  large,  but  the  same 
system  equipped  with  the  prescribed  servo  control  is  stable  for  all  values  o 
the  time  lag;  that  is,  the  servo-controlled  system  is  unconditionally  stable. 
As  a  second  example  take 

n  _  |  p  _  s}  j  _  4s  E  —  i  and  D  —  0  (constant  pressure  feed) 

Without  using  servo  control,  we  have 

(2*  -f  1)  (2T3 +  **  +  &■  +  2)  (2.06.1 1) 

*»  +  +  4*  +  4 


g  (*)  =  —  i 


Figure  17.  Said*  diagrams  of  a 
motioproptUanl  rocket  with  r.  —  \  and 
the  following  feeding  system  constants: 
E*=\,J  ~i,P=l,D=i.and 

J  —  l* 

(a)  Seiche  diagram  of  the  system 
without  servo  central;  (6)  Said*  dia¬ 
gram  of  the  system  controlled  by  a 
capacitance  senvmedamism  with  its 
transfer  function  specified  by  equation 
{2.06.09). 

Numerals  on  curves  indicate  values 
of  Q.  {By  courtesy  of  the  American 
Rocket  Society) 


The  Satche  diagram  for  such  a  system  is  shown  in  Figure  The  plot  of 
g  (s)  intersects  the  unit  circle.  If  a  servo-controlled  capacitance  is  introduced 
next  to  the  injector  with  transfer  function 

. . (s  4-  0-8126)  (s*  -  0-04337*  +  2-6506)  (2.06.12) 

F(s)  =  —4-875 - ?(s  +  2)(s  +  -3)(s=+T) 

the  plot  of  g  (*)  is  shifted  completely  out  of  the  unit  circle.  Again,  we  see 
that  a  system  which  may  possibly  become  unstable  for  certain  values  of 
time  lags  can  be  made  stable  for  all  time  lags  by  the  use  of  servo  control. 

In  the  first  example  the  g  (*)  curve  has  a  tendency  to  make  a  loop  outside 
the  unit  circle  of  e“f*.  In  the  second  example  the  loop  has  grown  up  mid 
is  tangent  to  the  unit  circle  at  about  Q  =  2-0.  If  the  constants  are  further 
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Figure  18.  SaUhe  diagrams  of  a  monopropellant 
racket  with  n  =  J  and  the  following  feeding  system 
constants:  E  =  i,  J  —  4,  P  =  j|>  D  =  0,  «irf 
J  =  i- 

(a)  .Salcft#  diagram  of  the  system  without  servo 
control;  (b)  Satcke  diagram  of  the  system  controlled 
by  a  capacitance  servomechanism  with  its  transfer 
function  specified  by  equation  (2.06. 12).  . 

Mumetals  on  curves  indicate  values  of  Q. 

(By  courtesy  of  the •  American  Rocket  Society) 


adjusted,  the  loop  may  intersect  the  unit  circle  or  even  encircle  the  unit 
circle.  Furthermore,  more  than  one  such  loop  may  develop.  Let  us  con¬ 
sider  the  Satche  diagram  with  one  loop  intersecting  the  unit  circle  as  shown 


Figure  19.  Schematic  Satche  diagram  of  a  mono - 
propellant  rocket  with  a  loop  intersecting  the  unit  circle 


schematically  in  Figure  19.  The  three  intersections  are  indicated  by  Cp 
Bx  and  Ax  in  the  order  of  increasing  Q.  When  Q  =  0,  the  vector  <?(0)  lies 
on  the  abscissa  with  head  at  the  point  (1,0)  and  tail  at  the  point  [g(0),  0], 
When  Q  increases,  g  (ij?)  and  c riQf  move  along  their  respective  curves 
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toward  ,t  as  indicated  by  arrows  in  Figure  19.  If  f  is  sufficiently  small, 
e-»Or  wju  not  have  passed  AX  before  g  (iQ)  reaches  Av  The  system  is 
therefore  stable. 

If  f  is  slightly  larger  than  a  critical  value  corresponding  to  the  situation 
where  g  (iQ)  and  e~*nf  reach  Ax  simultaneously  (neutral  oscillation  or 
stability  boundary),  then  it  easily  follows  that  the  system  will  become 
unstable.  If  the  magnitude  of  f  is  further  increased,  so  that  e-in*  has 
passed  the  point  Bx  before  g  (iQ)  reaches  Bx,  but  e-'0f  has  not  reached 
Cx  before  g  (iQ)  leaves  Cv  then  an  investigation  shows  that  the  vector 
G(s)  will  not  make  complete  revolutions,  and  the  system  will  remain 
stable. 

Finally  if  f  is  sufficiently  large  so  that  cri0f  passes  Cx  before  g  (iQ)  reaches 
Cj,  instability  is  again  obtained.  Thus  we  see  that  there  are  two  distinct 
ranges  of  values  of  r  for  unstable  operation  of  the  system,  defined  by  the 
interval  between  points  Av  Bx  and  the  region  beyond  the  point  Cv  This 
characteristic  phenomenon  has  been  observed  in  Appendices  G  and  D  as 
shown  schematic? •  in  Figures  66(a)  and  69(a),  It  should  be  noted  that 
the  intersection  of  the  loop  with  the  unit  circle  does  not  necessarily  intro¬ 
duce  discrete  unstable  ranges  of  the  time  lag.  For  example,  if  Ax  ties  on  the 
minor  arc  BXCX  of  the  unit  circle,  the  intersection  of  the  loop  with  unit 
circle  BXAX  does  not  introduce  any  discrete  unstable  ranges  of  r.  The  only 
critical  value  of  f  is  defined  by  the  intersection  Cv  A  simple  observation 
of  the  Satche  diagram  cannot  always  reveal  the  stability  of  the  system, 
and  an  investigation  of  the  rotation  of  the  vector  G(s)  must  be  made,  which 
is  only  possible  when  the  value  of  the  time  lag  f  of  the  system  is  known. 
Thus  if  the  time  lag  is  known  only  up  to  its  order  of  magnitude  and  if 
the  Satche  diagram  is  not  simple  as  that  shown  in  Figure  17,  it  is  not  straight¬ 
forward  to  conclude  from  the  Satche  diagram  whether  the  system  is  stable 
or  not. 

Since  we  do  not  know  the  value  of  the  time  lag  of  a  given  system  with 
reasonable  accuracy',  we  can  consider  a  system  as  stable,  from  a  practical 
design  point  of  view,  only  when  we  are  sure  that  the  system  is  stable  for  a 
sufficiently  wide  range  of  the  values  of  the  time  lag;  or  to  be  on  the  safe 
side,  for  arbitrary  values  of  the  time  lag.  The  latter  case  is  what  we  have 
called  unconditional  stability.  This  graphical  method  based  cn  the  Satche 
and  Nyquist  diagrams  provides  a  simple  geometrical  criterion  for  uncondi¬ 
tional  stability,  especially  when  the  associated  Nyquist  diagram  of  L^(s) 
does  not  encircle  the  origin.  Under  this  circumstance,  the  requirement  for 
unconditional  stability  is  simply  that  the  Satche  diagram  of  g  (s)  must  not 
intersect,  nor  encircle  the  unit  circle.  Thus  if  g  (0)  with  Q  —  G  lies  inside 
the  unit  circle,  the  system  cannot  be  unconditionally  stable  because  g  (iQ) 
becomes  very  large  when  Q  is  large.  From  equation  (2.06.04)  we  see  that 
for  unconditional  stability  it  is  necessary'  that 

r  <  |[1  +  ATr(0)]  ....(2.06.13) 

For  systems  without  servo  control  Nr( 0)  is  given  by  equation  (2.06.07).  Thus 
equation  (2.06.13)  becomes 

n<i{l-Pj[l  bD(P  +  \)]} 
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It  should  be  noticed  that  equation  (2.06.13)  is  not  a  sufficient  requirement 
for  unconditional  stability,  but  only  a  necessary  condition.  It  will  be  indi¬ 
cated  in  Section  2.07  that  the  inequality  (2.06.13)  is  both  sufficient  and 
necessary  for  unconditional  stability  only  for  systems  with  small  D  or  small  E. 

For  a  given  feed  system  without  servo  control,  the  magnitude  of  N( 0)  or 
Nr( 0)  can  be  computed  easily  from  known  values  of  P  and  D  by  using- 
equation  (2.06.07)  or  experimentally  determined  by  running  a  quasi-steady 
state  test  of  the  feeding  system  alone  under  simulated  operating  conditions. 
For  liquid  propellant  rockets,  if  we  increase  the  chamber  pressure  by  a 
definite  amount,  the  injection  rate  must  eventually  decrease.  Hence  the 
quantity  ATf(0)  is  always  negative  without  servo  control  as  is  evident  from 
equation  (2.06.14)  with  both  P  and  D  positive.  Therefore,  if  the  value  of 
n  for  the  propellant  is  larger  than  the  value  of  [1  Nr(Q)]j2  which  is  always 
less  than  £,  and  if  we  want  to  d;sign  such  a  system  for  unconditional  stability, 
servo  control  will  be  necessary.  The  servo  control  must  be  powerful  enough 
to  contribute  a  positive  real  part  of  sufficient  magnitude  to  the  value  if 
NT( 0)  so  that  the  necessary  condition  of  equation  (2.06.13)  can  be  satishe :. 
It  is  clear  from  equations  (2.06.04)  and  (2.06.05)  that,  if  the  servo  control 
is  to  be  effective  in  the  limit  when  s  ==  iQ  approaches  zero,  the  transfer 
function  of  the  feedback  circuit  must  have  a  simple  pole  at  s  —  0  when  D 
is  not  equal  to  zero  and  have  a  double  pole  at  s  =  0  when  D  is  zero.  This 
is  because  the  function  C(s)  has  a  common  factor  of  i  or  s*  depending  on 
D  9^  0  or  D  =  0.  For  systems  without  servo  control,  the  function  g  (iQ) 
behaves  like  some  positive  power  of  Q  at  large  values  of  Q.  That  part  of 
the  curve  of  g  (iQ)  will  not  intersect  the  unit  circle.  Therefore,  the  control 
of  the  feedback  circuit  can  be  cut  off  at  large  frequencies.  In  mathematical 
terms,  if  the  transfer  function  F(s )  is  written  as  the  ratio  of  two  polynomials 
of  s,  the  denominator  of  F(s)  is  of  higher  degree  in  s  than  the  numerator. 
With  this  in  mind,  it  is  only  necessary  for  us  to  investigate  the  required 
behaviour  of  the  transfer  function  F(iQ)  at  sufficiently  small  values  of  Q 
where  we  can  represent  the  transfer  function  as 


F(s)  =  (f/j)[l  +  ajS  -f  Oji*  +  a^s3  +  . . .]  when  D^0  \ 
F(s)  =  (f/j*)  [1  +  bjs  +  V  +  Vs  +  . . .]  when  D  ==  0  j 


Substitute  the  series  expansion  of  F(s )  and  equation  (2.06.05)  into  equation 
(2.06.04)  and  apply  the  conditions  that  the  modulus  of  g  (s)  must  be  bigger 
than  unity  for  arbitrary  values  of  Q.  By  comparing  the  coefficients  of 
different  powers  of  Q,  we  can  obtain  a  series  of  algebraic  inequalities  which 
form  the  necessary  and  sufficient  conditions  such  that  the  feedback  servo¬ 
mechanism  will  result  in  an  unconditionally  stable  system.  The  condition 
which  is  obtained  from  terms  independent  of  Q  corresponds  to  the  con¬ 
dition  of  equation  (2.06.07)  for  an  uncontrolled  system,  that  is 


P  -j-  2n  —  1 

*>(*  +  *) 


+  2n-  1 


for  D  #  0  ) 


....(2.06.16) 


-f^(P  +  2»-l)/J 


for  D  =  0 
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It  is  easily  verified  that  these  conditions  are  satisfied  by  the  transfer  functions 
F(s )  given  by  equations  (2.06.09)  and  (2.06.12)  for  the  two  examples 
respectively. 

This  condition  (2.06.16)  is  particularly  important  because  it  sets  a 
minimum  output  and  therefore  a  minimum  amplification  required  from 
the  feedback  circuit  in  actuating  the  variable  capacitance  of  the  servo¬ 
mechanism.  It  is  obvious  from  equations  (2.06.16)  that  a  more  powerful 
servo  control  is  required  if  the  interaction  index  n  is  larger.  By  increasing 
the  parameter  D,  that  is,  by  using  pumps  which  are  less  sensitive  to  the 
delivery  pressure  variations,  the  requirement  on  the  servo  control  is  some¬ 
what  relieved,  but  in  no  case  can  — f  be  less  than  2n  —  1.  For  a  constant 
pressure  feed  system  (D  =  0),  this  minimum  power  requirement  is  decreased 
for  given  values  of  n  by  increasing  the  inertia  parameter  J  and  by  decreasing 
the  pressure  parameter  P  (increase  in  pressure  drop  across  the  feed  system). 

The  inequalities  that  are  obtained  from  *he  coefficients  of  terms  of  higher 
powers  of  Q  are  the  requirements  to  be  satisfied  by  the  a  or  b  coefficients 
characterizing  the  nature  of  the  feedback  circuit.  I:  is  simple  to  show  that 
the  curve  of  g  UQ)  is  normal  to  the  real  axis  at  Q  =  0.  For  feed  systems  with 
small  D  or  small  E  its  curvature  in  the  neighbourhood  of  Q  =  0  is  sufficiently 
small  so  that  the  curve  will  not  penetrate  into  the  unit  circle.  Therefore, 
instead  of  setting  up  the  inequalities  for  the  a  or  b  coefficients,  a  sufficient 
condition  may  be  that  the  introduction  of  the  feedback  circuit  does  not 
modify  the  curvature  of  g  (iQ)  at  Q  =  0.  This  condition  is  satisfied  if  the 
transfer  function  F(s)  is  such  that  the  polyi.  lial  in  the  numerator  of  CF(s) 
does  not  involve  terms  in  s  and  j3,  that  is,  if  and  oq  are  selected  as: 


= -mp + i) 

a2  =  J*/0*(P  +  })*  -  JE{  1  -j)  for  D  *  0 


or  b1  and  bs  as: 


...  (2.06.17) 


b1—0 


m:- 


bt  =  —JEy{\ 


for  D  —  0 


An  example  of  a  simple  transfer  function  fulfilling  these  required  conditions 
has  been  used  by  F.  E.  Marble  for  systems  with  E  —  0  as 


F(s)  —  f  1 
{)  *(1 -*<¥*)* 


....(2.06.18) 


with  and  cq  given  by  equations  (2.06.1 7).  This  particular  form  of  transfer 
function  cuts  out  at  large  frequencies  as  Q~*  and  appears  to  be  somewhat 
simpler  than  those  given  in  equations  (2.06.09)  and  (2.06.12),  which  are 
obtained  by  determining  the  F(s)  that  will  result  in  a  selected  stable  g  (s) 
curve.  It  should  be  noted,  however,  that  such  a  simple  transfer  function 
can  apply  only  to  feed  systems  with  small  D  or  small  E.  The  transfer  functions 
applicable  to  arbitrary  values  of  the  feeding  system  parameters  are  given  by 
*Sin-I  Cheng52. 
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2.07.  Bipropellant  Rockets 

In  bipropellant  systems,  the  dynamic  behaviours  of  the  fuel  and  the  oxidizer 
lines  are  in  general  not  identical.  Thus  the  responses  of  the  fuel  flow  and 
the  oxidizer  flow  to  the  pressure  oscillations  in  the  combustion  chamber  are 
in  general  different,  and  the  mixture  ratio  r  =  mjm,  will  vary  with  pressure 
oscillations.  Since  the  adiabatic  flame  temperature  of  a  given  propellant 
combination  depends  to  a  certain  extent  on  the  strength  of  the  mixture, 
the  pressure  oscillation  in  the  combustion  chamber  will  induce  a  variation 
of  the  stagnation  temperature  of  the  burnt  gas.  This  variation  is  not  present 
in  a  monopropellant  system.  Therefore  for  the  analysis  of  bipropellant 
systems,  the  equation  of  mass  balance  in  the  combustion  chamber  must 
be  corrected  for  this  temperature  variation.  Except  for  this  correction 
all  the  other  assumptions  that  have  been  made  for  the  analysis  of  mono¬ 
propellant  systems  have  been  transferred  to  the  bipropellant  case. 

The  equation  of  mass  balance  in  the  combustion  chamber  is  written  in 
dimensionless  form  as 

^  (10  +  ^{z)  “  •  (2-07-0I) 


The  fractional  variatio  n  of  the  burning  rate  / ib(z )  is  given  by  equation 
(2.01.07),  where,  following  what  has  been  done  in  the  monopropellant 
case,  we  assume  the  entire  time  lag  to  be  sensitive,  that  is  rt  =  r, 

f*b{z)  ~  ft{{z  —  f)  -f  rt[<p(z)  —  <p(z  —  f,]  - (2.07.02) 

The  fractional  variation  of  the  injection  rate  is  conveniently  expressed8 
in  terms  of  the  fractional  variations  of  the  oxidizer  flow  rate  ji0  = 
(m0  —  Th0)jmo  and  the  fuel  flow  rate  fif  —  {mf  —  thf)lmf, 

/»!  =  (*  +  H)tx0  A-  (i  ~H)tt,  ....  (2.07.03) 

where  H  is  related  to  the  steady  state  mixture  ratio  f  by 

H  ==  ±{r  —  1  )/(f  +  1)  ....  (2.07.04) 


For  ordinary  bipropellant  combinations,  we  have  r  >  l  and  as  a  result  H 
is  generally  positive.  The  fractional  variations  of  oxidizer  and  fuel  flows, 
(i„  and  n,,  are  related  to  the  fractional  pressure  variation  <p  through  the 
dynamics  of  the  oxidizer  and  the  fuel  feed  systems  respectively  as  represented 
by  equation  (2.02.10). 

The  fractional  variation  of  the  niass  ejection  rate  /t,  is  a  function  of  the 
fractional  variations  of  local  pressure  and  local  gas  temperature  en*t  ing 
the  nozzle.  Let  us  consider  the  case  when  the  nozzle  flov.  is  quasi-steady. 
Then 


^  ~  i  1  “  |  (t*  )  1  • ' "  (2*07*°3) 


where  T9t  is  the  instantaneous  temperature  of  the  gas  at  combustion  chamber 
exit,  that  is,  the  entrance  to  the  nozzle.  In  the  monopropellant  case  —  Tt 
«t5.d  ne  —  <p  since  we  assumed  the  gas  temperature  to  be  independent  of  the 
pressure  oscillations.  In  the  bipropcllant  case  the  gas  entering  the  nozzle 
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at  the  instant  t  was  generated  at  the  instant  t  —  0a,  and  the  stagnation 
temperature  of  the  gas  is  determined  by  tire  mixture  ratio  r  of  the  propellant 
injected  into  the  chamlier  at  the  instant  /  —  ■?*  —  09.  Therefore  under  the 
previous  assumptions  TfJTa  is  a  function  of  r(z  —  f  —  1  )/f  alone.  Since 
|  r  —  f  |  <^  f,  and  r  =  thjthf  =  f(l  +  fi0  —  /*,),  we  can  approximately 
evaluate  TgJTa  as 

5yr,co  =  i+0.=i+ 

=  1  +  2 K[p.(z  -  t  -  I)  -  -  t  -  1))  ....  (2.07.06) . 

where  2  K  =  (f/  fa)  (dTjdr)  is  a  property  of  the  propellant  combination  arid 
is  a  function  of  the  steady  state  mixture  ratio  and  the  combustion  chamber 
pressure.  For  conventional  bipropellant  combinations,  K  is  usually  a  small 
positive  quantity.  Eh.  •tions  (2.07.05)  and  (2.07.06)  give  the  fractional 
variation  of  ejection  rate  of  the  burnt  gas  under  quasi-steady  assumption  as 


JM«(z)  =  <p(z)  -  R(z)  =  <p(z)  -  K[n0{z  —  f  -  I)  -  fi,(z  -  f  -  1)] 

....(2.07.07) 


Observe  that  in  equation  (2.07.07)  the  effects  of  pressure  and  tempeiature 
oscillations  are  taken  into  account  separately.  Thus,  the  major  effect  of  the 
entropy  oscillation  is  included.  The  effect  of  the  deviation  of  nozzle  flow 
from  quasi-steady  condition  is  more  complicated  when  entropy  variations 
cannot  be  neglected20-*4'25.  It  is,  however,  to  be  expected  that  the  deviation 
will  be  small  for  sufficiently  low  frequencies.  We  shall  therefore  restrict  the 
present  discussion  to  quasi-steady  nozzle  conditions. 


Consider  now  the  mass  accumulation  term  ~  (MJSt,).  With  uniform 

pressure  but  non-uniform  temperature  in  the  combustion  chamber,  the 
density  of  the  burnt  gas  varies  from  point  to  point.  Thus, 


[^1 
Si,  p  V  Jr  T, 


=  (!  +  ?) 


This  integral  can  be  evaluated  by  means  of  the  complicated  methods  given 
in  Chapter  3  for  the  case  of  arbitrarily  distributed  combustion.  Neglecting 
higher  order  terms,  we  have 


In  order  to  avoid  complications  and  to  obtain  a  rough  estimate  of  the 
effects  to  be  expected,  Crocco*  used  the  extreme,  assumption  that  all  the 
propellant  elements  bum  in  the  immediate  neighbourhood  of  the  injector 
end  and  that  each  propellant  element  preserves  its  temperature  regardless 
of  the  pressure  variation  during  the  gas  residence  time  0,  which  is  taken 
to  be  the  same  for  all  propellant  elements.  With  these  simplifying  assump¬ 
tions,  which  result  in  constant  flow  velocity,  the  two  variables  V'jV  and 
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— s  are  proportional  to  each  other  and  have  the  same  limits  0  and  1  at  the 
two  ends  of  the  combustion  chamber  volume.  Thus  the  spacewlse  inte¬ 
gration  can  be  transformed  into  a  timewise  integration  with  d V'jV  =  —  dz'. 
Therefore 

d  /Af,\_  dy  /  f,  \ 

dz  \MJ  -  dz  tJ 

where  all  the  quantities  are  evaluated  at  the  instant  z  and  Tt(  is  the  tem¬ 
perature  of  the  gas  generated  at  the  instant  z.  Thus,  using  equation  (2.07.06) 
to  obtain  5*,/^  and  PglT§{  we  have 

s  (t)  -  iJzr  +  2%c  -  *  -  •>  -  ac  - » -  i)i 

-  2K[ftc(z  -  f)  -  n,{z  -  f)]  ....  (2.07.09) 

Combining  equations  (2.07.01),  (2.07.02),  (2.07.03),  (2.07.07)  and 
(2.07.09),  we  obtain  the  equation  of  mass  balance  in  the  combustion 
chamber  of  a  bipropellant  rocket  motor  as 

^  +  (1  —n)<p  +  n<p{z  -  f) 

=  ~K[f*o(z  —  f  —  1)  —  nf{z  —  ?  —  1)] 

+  (*  +  H  +  2E)ia0{z -  f)  +  (i  -  H -  2R)ftf(z -f).... (2.37.10) 

There  are  three  unknown  quantities  <p,  p9  and  [xf  in  equation  (2.07.10). 
Two  more  equations  relating  fte  and  fit  with  <p  are  supplied  by  the  equations 
of  the  dynamics  cf  the  feed  systems,  one  for  the  oxidizer  line  and  one  for 
the  fuel:  line.  Each  of  the  two  equations  is  in  the  form  of  equation  (2.02.10) 
with  subscripts  0  and  f  added  to  indicate  different  quantities  pertaining  to 
the  oxidizer  and  the  fuel.lines  respectively. 

If  the  fuel  system  and  the  oxidizer  system  are  such  that  the  dimensionless 
parameters  D,  P,  E  and  J Tor  both  systems  are  identical,  the  response  of 
the  oxidizer  and  of  xl  ,e  fuel  flow  will  be  expected  to  be  identical  in  dimension¬ 
less  form,  and  pta  —  Mf  ~  (*•  Thc  bipropellant  system  then  behaves  in 
just  the  same  manner  as  a  monopropellant  system  with  the  equation  of  mass 
balance  and  the  equation  of  the  feeding  system  dynamics  reduced  to  the 
form  of  the  monopropellaht  case. 

A  study  of  the  system  formed  by  equation  (2.07.10)  and  two  equations  of 
the  form  of  equation  (2.02.10)  is  not  very  practical  if  the  constants  involved 
in  the  equations  are  left  arbitrary.  The  graphical  method  using  the  Satche 
and  Nyquist  diagrams  can  be  advantageously  used  for  the  investigation  of 
specific  examples.  The  characteristic  equation  for  the  system  with  solutions 
for  <p(z)  of  the  exponential  type  exp  (rz)  can  be  obtained  by  eliminating  ft0 
and  fif  from  equation  (2.07.10)  and  equations  (2.02.10)  for  the  oxidizer 
and  the  fuel  systems  respectively.  The  eliminant  or  the  condition  of  non¬ 
trivial  solutions  for  <p,  p0  and  pf  can  be  most  conveniently  obtained  by 
equating  the  determinant  formed  by  the  coefficients  of  %  p0  and  nf  in 
the  three  equations  to  zero.  This  determinant  can  be  easily  expanded  and 
rearranged  to  give  the  following  form  of  the  characteristic  equation 

L&)  =  «“*%(')  +  F„(s)Lc{s)  +  Ff{s)Lf(s)]  ....  (2.07.!  1) 
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where 

=  [I  4 -s  —  n\BJ$f 

C2(s)  =  -  [Jfe-  +  (\  -  H  -  2A*)]4,B0 

_  4  (i  +  H  +  2 KftAJB, 

L0(s)  =  [Ze-‘ -(J  +  H4-  2*}]*/?. 

£,M  =  — [*<r*  +  ( i  -  H  ~  2K)]  Bfi, 


\ _ (2.07.12) 


with  A,  B  and  C  given  by  equations  (2.06.05)  in  terms  of  the  constants  of 
the  feeding  systems  with  subscripts  0  and  t  denoting  the  quantities  for 
the  oxidizer  and  the  fuel  system  respectively. 

The  function  G(s)  for  the  plot  of  the  Satche  diagram  is  G(s)  =  e~ft  ~  g  (.t) 
where 

g  (s)  =  L&)! [I»(r)  +  F0(s)L.(s)  +  Ff(s)L,(s)]  ....  (2.07.13) 


The  principle  of  the  use  of  the  Satche  and  Nyquist  diagrams  is  explained 
in  Appendix  A,  and  the  method  of  construction  and  several  discussions  of  the 
diagrams  have  been  described  in  Section  2.06.  Examples  for  the  bipropellant 
cases  are  given  by  Marble  and  Cox10  as  follows: 

Example  l  . 

Feeding  system  constants  F0(s)  =  Ff(s)  —  0 
D„  —  Df=  1,  P0  =  Pf=z  1,  Ja  =  2*0,  Jt  =  1*5,  Ec  =  Ef  =  Q 

Then, 

L^iD)  =  {-(!-»)-[“  +  3(1  -  „)]  £“} 

L,m  =  -{“,  +  5  -  _  ,a{H„  _  I  {H  +  2K)  +  ?j 

-  5  X[iC  cos  12  + Osin  0)  ....(2.07.14) 


The  Satche  diagram  and  the  associated  Nyquist  diagram  when  n  =  0*2, 

f  ==  2*5,  Tt  =  501 0°F,  ^  ==  360,  H  =  0*2125  and  K  =  0-09  are  shown 

in  Figures  20(a)  and  (b)  respectively.  The  Satche  diagram  shows  that 
g  (r)  is  completely  outside  the  unit  circle,  and  the  Nyquist  diagram  of  I,(j) 
does  not  encircle  the  origin.  The  system  is,  therefore,  unconditionally 
stable. 

When  n  —  0*6,  the  Satche  diagram  is  shown  in  Figure  21.  It  is  found  that 
the  system  can  become  unstable  (when  f  is  in  certain  ranges  of  values). 

In  these  examples,  the  constants  of  the  feed  systems  for  the  oxidizer  and 
the  fuel  lines  are  not  very  different;  therefore,  the  behaviour  of  such  a 
bipropellant  system  is  quite  similar  to  that  of  a  monopropellant  system,  and 
the  variation  of  the  mixture  ratio  r  is  expected  to  be  small  and  rot  of  great 
importance. 
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Example  2. 

Fo(s)=F,{s)=0 

D=D,=  1.  P„  ■=  1,  Pf  =  4,  J0  —  4,  J,  =  1,  £“<,  =  £ 


Si! 


Figaro  20.  Sirfrfo  diagram  (UJt)  and  associated  Jfyquist  diagram  {right)  of  a  biproptllant 
rocket  with  n  =  0-2,  T  =  2-5,  «\  =  5010°F,  dl\,/dr  =  360,  W  =  0-2125,  K  =  0-09 
and  the  following  feeding  system  constants:  E0  =  0,  J0  —  2-0,  P„  —  1, 

Ef  —  0,Jf  =  1  -5,  Pt  —  1,0/=  1.  Numerals  on  the  curves  indicate  values  of  !2 


Lx(iQ)  =  (1  -  «)  -  [y  +  4(1  -  «)]  A*} 

+  ifi([f  +  f  (!-»)] -40*} 

=  -  {y  »  +T  “  1  (2*  +  ")  -  4ni22} 

-  iQ  {y  n  +  y  -  15(2 K  +  ff)J  -  K  (cos  £2  -  i  sin  Q) 

-f-  15(ti?  cos  D  -f-  Q  sin  i3)|  - (2.07.15) 

The  Satche  and  Nyquist  diagrams  for  n  =  0*2,  r  =  2-0,  Tg  =  4706°F, 
dTgldf  ==  850,  H  =  0-167  and  K  =  0-189  are  shown  as  Figure  22  opposite. 
The  system  is  unconditionally  stable.  These  diagrams  are  distinguished 
from  those  in  example  1  by  having  large  loops.  These  loops  originate 
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Figure  21.  Satche  diagram  of  a  bipropellant  rocket  with  n  —  0-6,  F  =  2-5,  T,  —  5C10°F, 
dT'Jdr  =  360,  H  =  0-2125,  K  =  0-09  and  the  following  feeding  system  constants: 
E0  —  0,  J„  —  2-0,  Pa  =  1  ,D„  =  1,  E,  ■=  0,  Jt  =  1«5,  Pt  =  1  ,Dt—  1.  Numerals 
on  the  curve  indicate  values  of  Q 


Figure  22.  Satche  diagram  [(a)  above]  and  associated  Nyquist  diagram  of  c  bipropellant 
rocket  with  n  =  0-2,  F  -  2-0,  T,  ~  4706°F,  dT,/dr  =  850 ,H  =  0-167,  K  =  0-189 
and  the  following  feeding  system  constants:  E„  =  0,  J,  =  4,  P„  =  1,  D„  =  1,  E,  =  0, 

J/  —  1,  Pt  =  4,  Df  =  I.  Numerals  on  the  curves  indicate  values  of  Q 

in  the  trigonometric  terms  of  Lg(iS2),  which  prise  because  the  effect  of 
the  temperature  variation  on  the  rate  of  ejection  is  delayed  by  an  amount 
0T  with  respect  to  the  instant  when  the  burnt  gas  is  generated.  Conse¬ 
quently  the  trigonometric  terms  in  L^iQ)  are  associated  with  a  reduced 
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time  lag  of  unity.  The  magnitude  of  these  loops  depends  on  K  and  on 
the  quantity  BtA0  —  B^A,  which  increases  with  increasing  difference 
of  the  parameters  of  the  oxidizer  and  fuel  lines.  If  the  combustion 
temperature  of  the  propellants  becomes  more  sensitive  to  the  mixture  ratio 
variation,  or  if  the  constants  of  the  fuel  and  oxidizer  lines  differ  to  a  greater 
c,;*ent,  these  loops  will  grow  in  size  and  intersect  the  unit  circle  and  eventu¬ 
ally  encircle  the  unit  circle.  Thus,  even  with  the  present  simplifying 
assumptions  about  the  quasi-steady  flow  in  the  nozzle,  the  temperature 
variations  produced  by  the  mixture  ratio  oscillation  may  affect  considerably 
the  stability  conditions.  Physically  when  the  gas  leaving  the  combustion 
chamber  is  at  a  temperature  lower  than  the  mean  chamber  temperature 
due  to  the  unbalance  of  the  mixture  ratio  of  this  particular  element,  the 
mass  outflow  rate  is  increased.  This  increase  of  mass  outflow  rate  tends  to 
decrease  the  chamber  pressure.  With  proper  timing,  this  decrease  of 
chamber  pressure  may  occur  during  a  pressure  defect  period  and  help  in 
exciting  unstable  oscillations.  It  can  be  observed  from  equation  (2.07.15) 
that  the  loop  will  not  develop  until  Q  is  increased  to  the  order  of  ir.  The 
intersections  of  the  loop  with  the  unit  circle  will  correspond  to  neutral 
oscillations  of  frequencies  of  this  order  of  magnitude,  while  the  previous 
intersections  are  usually  less  than  unity.  As  has  been  indicated  in  Section 
1.10,  these  unstable  oscillations  will  be  classified  in  the  intermediate 
frequency  range.  For  such  cases,  a  more  careful  analysis  taking  the  frequency 
level  into  account  should  be  developed. 

The  necessary  condition  for  the  unconditional  stability  of  a  bipropellant 
rocket  corresponding  to  equation  (2.06.13)  for  a  monopropellant  rocket  is 

»  <  \  (l  +  Nro-t-r-f-  +  (K  +  H)  (N„  -  ....  (2.07.16) 


which  for  systems  without  servo  control  reduces  to 


n<2{1 


If,  PM  +  K  +  H)  P,g-K-H)\ 

l  +A,(P0  +  i)  i  +»,(P,  +  i)i 


,..(2.07.17) 


For  ordinary  bipropellants,  K  -f-  H  is  positive  but  less  than  f .  From 
equation  (2.07.17),  we  can  see  that  if  n  of  the  propellant  combination  is 
less  than  $,  the  system  can  be  made  unconditionally  stable  by  increasing  the 
pressure  drop  across  the  feed  system  and  decreasing  the  pressure  sensitivity 
of  the  feed  pump.  If  D„  —  Dfi  it  is  clear  that  it  is  more  effective,  in  ordinary 
bipropellant  systems  with  K  -f-  H  >  0,  to  decrease  P0  than  Pr  In  other 
words,  increasing  the  pressure  drop  across  the  oxidizer  feed  system  has  a 
greater  stabilizing  effect.  If  Po  =  Pf>  it  is  more  effective  to  increase  D0 
than  Df.  In  general  by  comparing  the  two  terms  pertaining  to  the  oxidizer 
and  the  fuel  systems  as  given  in  equation  (2.07.17)  it  can  be  determined 
easily  whether  it  is  more  effective  to  change  the  oxidizer  or  the  fuel  system 
to  obtain  unconditional  stability. 

When  «  of  the  propellant  is  greater  than  $,  it  is  necessary  to  control  the 
feed  system  by  a  feedback  servomechanism  to  obtain  unconditional  stability. 
Both  the  fuel  and  the  oxidizer  system  can  be  controlled  simultaneously  by 
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the  same  or  by  different  feedback  circuits  as  shown  in  Figure  23.  It  would 
be  theoretically  sufficient,  however,  to  control  either  the  fuel  or  the  oxidizer 
system.  If  the  fuel  system  is  not  controlled,  Ff(s)  =  0,  and  the  oxidizer 
system  is  controlled  by  a  feedback  servomechanism  with  transfer  function 
F0(s)  where 

F0{s)  —  (fjs)  [1  -f  atf  -f  -f  +  . . .]  when  D0^  0, 

F0{s)  =  (f0/i*)  [1  -f  bjs  +  bj  -f  V1  +  . . .]  when  D„  —  0. 


Figure  23.  Schematic  diagrams  of  the  feeding  systems  of  a  bipropellant  rocket  with  servo  control 


Then  — f0  must  satisfy  the  following  requirement  corresponding  to  equation 
(2.06.16)  for  a  monopropellant  system. 


,  P.(i  +  K  +  H) 
V  +  T+JW  +  i) 


P,(i-K-/f)ll+D0(P0  +  i)  1 
l+D,{P,  +  \)\  D0(P0  +  i)  K  H 


-C  ^  [(2«  -  1)  +  Pod  +  K  +  H) 

/>,(*  -  K  -  H)\  1 

^l+D,{Pf  +  i)\J0(i  +  K  +  H) 


when  D0  0, 


....(2.07.18) 
when  D0  —  0. 


Similar  expressions  for  — f.  can  be  obtained  simply  by  interchanging  the 
subscripts  „  and  f  and  replacing  K  and  H  by  —K  and  —H.  By  comparing 
the  requirements  of  — f0  and  — f/3  it  can  be  easily  determined  whether  it  is 
more  effective  to  control  the  oxidizer  or  the  fuel  system.  If  the  fuel  and  the 
oxidizer  feed  systems  have  the  same  values  of  P  and  D  (and  J  if  D  =  0), 
it  is  more  effective  to  control  the  oxidizer  system  for  ordinary  bipro¬ 
pellant  combinations  with  K  -f  H  >  0  because  I  4-  K  -+■  H  is  in  general 
bigger  than  J  —  K  —  H. 

The  coefficients  av  a2  or  bv  bs  of  the  transfer  function  of  the  feedback 
circuit  which  does  not  change  the  curvature  of  the  curve  of  g  {iQ)  at  Q  —  0, 
are  still  given  by  equation  (2.0G.17)  with  the  proper  subscripts. 
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For  the  system  with  the  Satche  diagram  shown  in  Figure  21,  equation 
(2.07.18)  gives  — ^  >  1-247  and  equations  (2.06.17)  give  a,  =4/3  and 
a2  =  16/9.  This  system  can  be  made  unconditionally  stable  by  controlling 
the  oxidizer  line  with  a  feedback  servomechanism  having  the  transfer 
function 

1-40  1  -  1-33* 
o{S)  ~  s  (1  -  0-8‘Ji2)2 

The  resulting'  Satche  diagram  is  shown  in  Figure  24  where  the  curve  of  g  (*) 


Figure  24.  Satche  diagram  of  the 
biprcpellant  rocket  of  Figure  21  with 
n  =--  0-6;  (a)  not  servo-controlled;  (4) 
oxidizer  line  controlled  by  a  capacitance 
servo-mechanism  with  transfer  junction 


Ffs)  =  - 


1-40  l  -  1-33* 
s  (1  -  0-89J1)1 


Numerals  on  curve  indicate  values  of  £1 


is  shifted  completely  out  of  the  unit  circle.  Lee,  Gore  and  Ross,  cited  by 
Randall31,  have  also  plotted  a  number  of  cases  for  the  particular  configura¬ 
tions  with  n  =  0,  E—  J  ==  D  —  0,  and  stability  boundaries  are  given  ibr 
such  systems. 

The  possibility  of  obtaining  unconditional  stability  by  the  use  of  servo 
control  is  also  illustrated.  It  is  thus  Well  demonstrated,  theoretically,  that 
a  liquid  rocket  can  be  made  stable  in  the  low  frequency  range  for  all  values 
of  time  lag.  There  are,  however,  important  practical  problems  concerning 
the  proper  design  not  only  of  the  feedback  circuit,  but  also  the  capacitive 
servo  control  which  finally  converts  the  amplified  electric  signal  into 
mechanical  vibrations  of  sufficiently  large  amplitude  in  the  frequency 
range  under  consideration. 

Previous  considerations  of  servo  stabilization  arc  made  under  the  con¬ 
ditions  that  the  different  constants  P,  D,  E,  J  and>-  are  known  for  a  given 
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feed  system.  In  practical  systems,  however,  it  is  hardly  possible  to  estimate 
these  constants  with  sufficient  accuracy  except  the  pressure  drop  para¬ 
meter  P  =  />/2Aj5.  The  pump  characteristic  D,  being  taken  previously 
as  a  quasi-3teady  value,  may  change  in  the  frequency  range  under  con¬ 
sideration.  The  application  of  equations  (2.06.16),  (2.06.17)  and  (2.07.18) 
in  designing  a  feedback  circuit  will  require  an  ingenious  evaluation  of  the 
parameters  involved. 

From  a  practical  point  of  view,  the  ratio  of  the  fractional  variation 
of  injection  rate  to  that  of  chamber  pressure  q j,  that  is,  the  transfer  function 
N(iQ)  =  (t{jq>  can  in  principle  be  determined,  for  different  oscillating 
frequencies  Q,  for  the  isolated  feed  system  under  simulated  operating  con¬ 
ditions.  This  experimentally  determined  function  N ( iQ ) = Nr(Q) + iQN{(Q) 
replaces  the  lengthy  equation  (2.02.10).  Then  the  equation  of  mass  balance 
in  the  combustion  chamber  as  given  by  equation  (2.03.01)  can  be  rewritten 
for  neutral  oscillations  in  a  monopropellant  system  as 

io)  +  (1  —  n)  -f'  n  =  c~iwi(R  -f-  iS) 
where  R  +  iS  =  c-iai'N(ito) 

=  e-'^OVw)  +  itoN^to)]  ....  (2.07. 19) 


with  5{  indicating  the  insensitive  time  lag,  when  present.  By  separating 
the  real  and  imaginary  parts  of  equation  (2.07.19)  and  eliminating  6,  we 
obtain  the  critical  values  of  n  corresponding  to  neutral  oscillations  of 
frequency  to  in  the  given  system 


1  -f-  et>*  —  [i**(<«>)  +  -^(w)] 
1  -  R(to) 


....(2.07.20) 


When  either  d,  =  0  or  when  is  known,  both  R  and  S  are  known  functions 
of  to.  A  simple  plot  of  n/co  can  be  made  and  a  minimum  value  of  «,  let  us 
call  it  »m!n,  corresponding  to  certain  0)  =  to0,  can  be  found.  If  the  value  of 
n  of  the  propellant  is  less  than  this  nmin,  it  is  obvious  that  no  neutral  oscilla¬ 
tions  could  exist  in  the  system  and  the  system  is  unconditionally  stable. 
If  n  is  slightly  greater  than  nmIa,  and  if  the  value  of  t  is  in  the  proper  range 
of  values,  unstable  oscillations  with  frequency  in  the  neighbourhood  of  to0 
will  occur.  Equations  (2.07.20)  and  (2.07.19)  are  applicable  to  the  bi- 
propcllant  case  as  well  if  2?(ito)  =  Nr(to)  +  itoN^to)  is  defined  as 


ATr  =  JUJ  +  2Ar  -f  H)  -f  Nrf(i  -2K-H)  1 

-  (Nro  -  Nrf)K  cos  e>  -  (Nig  -  Nif)Kto  sin  o, 

-V,  =  *.•„(*  +  2K  +  H)+  Nif{k  -  2A'  -  H)  |  ‘ 

+  (Nr0  —  NTf)K  sin  tojto  —  (Nj0  —  Nif)K  cos  to 

with  subscripts  0  and  r  indicating  quantities  pertaining  to  the  oxidizer  and 
the  fuel  systems  respectively. 

The  expression  for  N{ito)  as  given  by  equation  (2.02.10)  or  as  defined  in 
equations  (2.06.04)  and  (2.06.05)  can  be  used  to  obtain  the  qualitative 
behaviour  of  the  curve  of  n/to.  It  is  easy'  to  see  that  (dnfdto)aa0  vanishes 
at  to  —  0.  and  it  is  found  that  n(0)  is  a  minimum  when  D  =  0  or  E  =  0, 
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but  is  a  maximum  when  D  =  go.  When  D  =  0(1),  n(0)  can  be  either  a 
maximum  or  a  minimum  depending  upon  the  values  of  Z),  P,  E,  J  and 
No  simple  relation  can  be  obtained.  The  fact  that  n(0)  is  a  minimum  when 
either  D  or  E  is  small  leads  to  the  conclusion  that,  for  such  systems, 
«min  =  n(0)  because  both  Nf  and  N{  approach  zero  when  <a  is  large  and 
n(oi)  increases  like  <o*.  Thus  n(0)  —  |[1  -}-  Nf(0)]  becomes  the  criterion 
of  imconditional  stability  as  has  been  discussed  in  detail  in  connection  with 
the  Satche  diagram.  The  present  result  indicates  that  the  criterion  of 
n  <  n(0)  =  J[1  -f  N,(0}j  for  unconditional  stability  can  be  both  necessary 
and  sufficient  only  for  systems  with  small  D  or  small  E.  For  systems  in 
which  neither  D  nor  E  is  small,  would  be  better  determined  from  the 
plot  of  «(o))/<u  for  experimentally  determined  N(m).  If  servo  stabilization 
were  necessary,  the  transfer  function  of  the  feedback  circuit  should  be 
selected  so  as  to  become  most  effective  in  the  neighbourhood  of  the  frequency 
oi0  where  occurs  as  shown  in  ref.  22. 


2.08.  Effects  of  the  Non-uniformity  of  the  Time  Lao 

It  has  been  assumed  in  the  previous  analyses  that  all  propellant  elements 
have  the  same,  value  of  sensitive  and  of  insensitive  time  lag,  and  for  sim¬ 
plicity  the  insensitive  time  lag  has  been  assumed  to  be  zero.  Now  we  would 
like  to  see  the  effect  of  the  non-uniformity  of  the  sensitive  time  lag  r. 

We  have  already  stressed  the  dependence  of  the  time  lag  on  the  conditions 
encountered  by  the  propellants  on  their  path  from  the  injection  orifices  to 
the  point  where  they  are  entirely  converted  into  burnt  products.  We  have 
also  noticed  that  the  conditions  encountered  are  different  for  different 
portions  of  propellants  and  therefore  the  corresponding  values  of  the  time 
lags  are,  in  general,  different  Knowing  the  largest  and  the  smallest  values 
of  all  the  sensitive  time  lags,  fm.»  and  f„in,  we  can  always  define  an  average 
reduced  sensitive  time  lag  fm  and  the  total  extent  of  spread  Af  thus: 


—  §(Tm«x  ”1" 

At  -  Tjhij  Tmle 


....(2.08.01) 


Let  f  (t)  be  the  fractional  amount  of  the  propellant  having  a  sensitive  time 
lag  lying  between  and  f.  Then  the  fractional  amount  of  propellant 
having  a  sensitive  time  lag  lying  between  f  and  f  -f  df  is  given  by 
(df/df)  df  =  df,  and  we  have 

. .  .  .  r«*df.  .  _ 


f  —  1  j  ^  (’min)  —  ® 


:  df  =  1 


.(2.08.02) 


Since  f  is  a  monotonicallv  increasing  funedon  of  f  only,  we  can  also  con¬ 
sider  f  as  a  funedon  of  f  only.  From  equation  (1.11.15),  we  find  that  the 
rate  at  which  the  propellant  elements,  having  steady  state  pressure  sensitive 
time  lag  lying  between  f  and  f  df,  are  burnt  is 


dmt  =  thf  (z  —  t)  .  ( 1  —  0f 
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where  1  —  drjdz  is  evaluated  from  equation  (1.11.13)  or,  in  dimensionless 
form,  from  equation  (2.01.06)  with  the  value  of  f  corresponding  to  this 
group  of  propellant  elements. 

Let  us  com!  !er  the  simplest  case  of  intrinsic  instability,  m{  —  const. 
The  algebraic  complication  of  the  feeding  system  can  be  dealt  with,  but  is 
not  considered  to  be  essential  for  tire  present  purpose.  The  fractional 
variation  of  the  rate  of  burnt  gas  generation  for  all  the  propellant  elements, 
covering  the  entire  range  of  variation  of  the  sensitive  time  lag,  is  thus 


or  from  equations  (2.01.06)  and  (2.08.02) 

Mb~  «  |W)  -  ?(=  —  *)  dfj 

The  equation  of  mass  balance  in  the  combustion  chamber  corresponding 
to  equation  (2.03.01)  with  corrected  reference  time  (1  -f  b)0a  is 

U  +  (I  “  n)]  (f  =  -n  JV(2  -  f)  df  .... (2.08.03) 

For  solutions  of  the  exponential  type,  95(2)  ^  exp  (sz),  we  have  the  char¬ 
acteristic  equation 

s  +  (l-n)+nj  c-'WdC^O  ....(2.08.04) 
which  will  be  rewritten  as 

s  (1  —  a)  ~f"  Cne~,f'  =  0  ....  (2.08.05) 

where  C  and  fe  are  defined  by 

C  €*«•  =  £  e-^f)  df  ....  (2.08.06) 


...,(2.08.05) 


....(2.08.06) 


By  comparison  of  equation  (2.08.05)  with  equation  (2.03.05),  we  see  that 
re  stands  for  the  effective  mean  time  lag,  that  is,  the  time  lag  of  an  equivalent 
system  in  which  the  time  lag  for  all  the  propellant  elements  would  be  the 
same.  The  modulus  C  of  the  complex  integral  defined  by  equation  (2.08.06) 
represents  a  magnification  or  contraction  factor  of  the  overall  effect,  of  the 
time  lag  spread,  on  the  variation  of  the  burning  rate.  In  general,  both  C 
and  ?e  are  functions  of  A  and  Q.  For  neutral  oscillations  with  A  =  0 
and  s  =  ico,  it  is  clear  from  equations  (2.08.06)  and  (2.08.02)  that 

C  =  fexp  [— ieo{f(f)  -  f „}]  df  <  Pdf=  1  ....  (2.08.07) 

I  Jo  (  Jo 

C  is  equal  to  unity  when  the  time  lags  for  all  the  propellant  elements  are 
the  same.  When  the  time  lags  are  different  for  different  elements,  C  is  less 
than  unity. 
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The  critical  values  ot  the  effective  time  lag  dr  and  the  frequency  of  the 
neutral  oscillation  to,  are  obtained  from  equation  (2.08.05)  with  s  =  ico 
and  fe  =  8e  given  as: 

at  =  [(2 n  -  1)  -  (1  -  CVJ* 

cos  wde  —  cos  (2tt8JT)  =  — (1  —  n)jCn  • . . . .  (2.08.08) 

8 ,  =  [tt  -  cos-1  (1  -  «)H/[(2n  -  1)  -  (1  -  C2)n*]‘ 

Since  the  effect  of  the  spread  of  time  lag  appears  through  the  reduction 
of  the  magnitude  of  C  from  unity  to  some  value  less  than  unity,  equations 
(2.08.08)  show  that  the  critical  frequency  v)  of  neutral  oscillation  is  de¬ 
creased  and  the  critical  time  lag  8e  is  increased.  In  addition,  we  see  that 
for  real  <w  and  8t,  n  must  be  greater  than  1/(1  +  C)  which  is  greater  than 
This  means  that  intrinsic  instability  is  not  possible  unless  »>i/(14-C)>£. 
Therefore,  the  effect  of  the  spread  of  time  lag  is  stabilizing  and  the  stabilizing 
effect  appears  as  an  increase  of  the  minimum  value  of  the  interaction  index, 
nmln,  compatible  with  intrinsic  instability,  and  also  as  a  decrease  of  the 
unstable  range  of  the  time  lag. 

Equations  (2.08.08)  also  indicate  that  the  decrease  of  to  and  the  increase 
of  8e  are  larger  if  the  magnitude  ofG  is  smaller.  In  other  words,  the  stabilizing 
effect  of  time  lag  spread  is  larger  for  smaller  C.  It  should  be  noticed,  how¬ 
ever,  that  C  depends  not  only  on  the  distribution  and  the  extent  of  time  lag 
spread,  but  also  on  the  frequency  of  the  particular  mode  of  oscillation  under 
consideration.  The  stabilizing  effect  of  a  given  time  lag  spread  varies 
when  the  frequency  of  the  oscillation  varies. 

In  practical  systems,  the  distribution  of  the  amount  of  propellant  elements 
having  their  time  lags  in  a  given  range  has  never  been  determined.  It 
probably  depends  to  a  great  extent  on  the  particular  injection  system,  the 
propellant  combination  and  oh  many  other  factors.  It  is  not  very  likely 
that  df/df  would  be  a  constant,  in  which  case  there  would  be  equal  amounts 
of  propellant  in  each  elementary  time  lag  range.  It  is  more  likely  that  there 
is  a  larger  fraction  of  the  propellant  elements  in  the  neighbourhood  of  some 
mean  value  than  near  the  extremes  of  the  entire  range  1  he  function  df/df 
is  not  necessarily  symmetric  about  f  m.  But  if  it  is  symmetric,  it  is  simple 
to  show  that  for  neutral  oscillations  of  frequency  to 

fe  =  T„ 

ru*  ...,.(2.08.09) 

C  =  2  J  cos[<w(f  —  f  m)]  df 

that  is,  the  effective  time  lag  ft  is  the  same  as  the  mean  time  lag  fm.  For 
other  distributions  fe  would  be  slightly  different  from  f m,  and  the  difference 
would  also  depend  on  the  frequency  of  oscillation  in  addition  to  the  time 
lag  distribution.  For  illustrative  purposes,  the  expressions  for  C  for  the 
following  two  simple  cases  are  given  as: 

df  1  _  sin  eoAf/2 

(i)  —  =  —  =  constant:  C,  = - A  _,0  - 

w  df  Af  1  o>At/2 

,..v  df  ;r  ir(r  —  fj „  _  coswAf/2_ 

{K)df  =  2AfCOS  Af  »  C2  ~  1  -  (wAf/vr)2 
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EFFECTS  OF  NON-UNIFORMITY  OF  TIME  LAG 

Both  C,  and  C-  are  equal  to  unity  when  <oAt  =  0  and  oscillate  when  m  At 
increases.  The  amplitude  of  the  oscillation  decreases  with  increasing 
—  2ttAt /T,  linearly  in  the  case  of  Cx  and  quadratically  in  the  case 
of  C».  Thus,  when  the  actual  extent  of  the  time  lag  spread  contain  more 
than  one  period  of  oscillation.  toAf  >  2*r,  the  stabilizing  effect  is 
considerably  larger  than  that  whm  <oAf  <  2tt.  In  Section  2.03  it  is  shown 

-  _ ~ A 


Figure  25.  Effect  of  spread-  j 

ing  the  time  lag  on  the  critical  I 

values  in  systems  uritk  constant  *S|N 
injection  rate  for  different  values  I  ** 

of  the  interaction  index  n 


that  the  only  interesting  critical  time  lag,  in  determining  the  intrinsic 
stability  of  a  system,  is  the  one  corresponding  to  h  =  0  or  aid  <jt  m  which 
case  toAf  <  2-n  because  Af  is  always  le-s  than  2fm.  Accordingly  it  is 
sufficient  to  restrict  our  discussion  of  the  effects  of  time  lag  spread  on-the 
intrinsic  stability  of  a  system  to  the  lowest  value  of  <5  with  h  =  0. 

Sample  calculations,  for  the  intrinsic  stability  boundary  of  the  system, 
with  time  lag  varying  between  0  and  fmaX=  2f,„  and  with  distribution 
according  to  the  second  type  of  equation  (2.03.10)  are  earned  out  based 
upon  equations  (2.08.08)  and  (2.08.10)  with  C  =  Cs  and  Ar/2rm  —  1.  The 
results  are  given  in  Figure  25.  The  dotted  curves  give  the  corresponding 
neutral  curves  for  the  case  without  time  lag  spread.  The  previous  quali¬ 
tative  discussions  on  the  decrease  of  critical  frequency  and  the  increase  of 

critical  time  lag  for  neutral  oscillations  are  verified. 

In  this  section  we  have  only  discussed  the  effect  of  time  lag  spreqd  on 
intrinsic  instability.  It  is  expected,  however,  that  the  qualitative  effect  of 
the  time  lag  spread  will  be  substantially  the  same  for  systems  with  variation 
of  injection  rate,  both  for  the  monopropcllant  and  for  the  bipropellant  case. 
The  detailed  picture  is,  of  course,  considerably  more  complicated. 
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2.09.  Effect  of  Temperature  Variation  due  to 
Pressure  Oscillations 

It  has  been  assumed  that  the  temperature  of  the  burnt  gas  in  the  combustion 
chamber  is  not  affected  by  the  pressure  oscillations,  so  that  Tg  —  Tt 
vanishes  for  the  monopropellant  case  and  is  a  function  only  of  the  mixture 
ratio  for  the  bipropellant  case.  In  actual  conditions,  even  if  we  assume 
,‘hat  the  adiabatic  flame  temperature  or  the  stagnation  temperature  of  the 
burnt  gas  is  independent  of  the  small  variation  of  pressure  under  which 
the  burnt  gas  is  generated,  after  the  generation,  the  static  temperature  of  the 
burnt  gas  will  change  with  local  static  pressure.  If,  in  addition,  the  dissipative 
action  of  viscosity  and  conductivity  is  neglected,  the  instantaneous  tem¬ 
perature  of  the  gas  can  be  determined  by  the  instantaneous  gas  pressure 
through  the  equation  of  the  isentropic  change  of  state.  Thus  the  fractional 
devia'  .on  of  the  gas  temperature  Tg(z)  from  the  adiabatic  flame  temperature 
Tg  at  the  instant  z  is  directly  related  to  the  fractional  deviation  of  the  gas 
pressure  p(z)  from  the  pressure  p(z  —  z 0)  under  which  the  burnt  gas  element 
was  generated  at  the  instant  z  —  z^: 


T,(z)  -  fa 

5T“ 


y-l  P(  g)  -  />(3  -  2p)  _  y  —  I 
Y  ‘  P(z~z o)  7 


[(p{£)  —  <p(z  —  a^)] 

_ (2.09.01) 


The  different  burnt  gas  elements  in  the  combustion  chamber  at  a  given 
instant  z  arc  generated  at  different  previous  instants.  Gaseous  elements 
near  the  chamber  exit  may  have  been  in  the  chamber  for  a  period  almost 
equal  to  the  residence  time,  that  is,  r+>  lf  while  elements  near  the  injector 
end  may  have  just  been  generated  or  may  have  spent  a  small  fraction  of 
the  average  residence  time  09  in  the  chamber,  that  is  1.  Therefore, 
when  the  pressure  in  the  combustion  chamber  oscillates  with  relatively 
low  frequency,  and  the  gas  pressure  can  be  considered  as  practically  uniform 
fat  any  instant,  the  temperature  of  the  burnt  gas  in  the  chamber  is  not 
uniform  at  any  instant  so  that  the  density  of  the  burnt  gas  is  not  uniform. 
In  order  to  determine  the  mass  of  burnt  gas  stored  in  the  combustion 
chamber  and  then  the  rate  of  mass  accumulation  in  the  chamber,  we  must 
know  the  temperature  distribution  at  any  instant.  Equation  (2.09.01) 
indicates  that  this  is  possible  only  if  we  have  additional  information  con¬ 
cerning  the  distribution  of  combustion  and  the  flow  conditions  in  the 
combustion  chamber. 

The  treatment  of  the  general  case  vtill  be  given  in  Chapter  3.  In  this 
section  we  shall  only  illustrate  the  effect  of  this  temperature  variation  by 
considering  the  following  idealized  configuration,  in  which  all  the  pro¬ 
pellant  elements  are  transformed  into  burnt  gas  near  the  injector  end  and 
the  residence  time  of  all  the  elements  is  the  same  as  the  average  gas 
residence  time  0,.  In  this  case,  the  axial  velocity  of  the  burnt  gas  is  constant 
throughout  the  chamber.  The  variable  of  a  given  gas  element  is  thus 
equal  to  the  fractional  axial  distance  from  the  injector  end,  or  to  the  frac¬ 
tional  chamber  volume  upstream  of  the  axial  station  of  the  corresponding 
element.  Thus,  in  the  evaluation  of  the  mass  stored  in  the  chamber  volume, 
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the  integration  over  the  chamber  volume  with  the  differential  variable 
d VjV  can  be  replaced  by  integration  with  the  differential  variable  d z0, 
with  0<z0<l. 

The  rate  of  mass  accumulation  as  given  by  equation  (2.07.08)  can  be 
evaluated  with  the  help  of  equation  (2.09.01)  and  the  fact  that  dVjV  =  dz0. 
For  the  monopropellant  case,  we  have 

The  fractional  variation  of  the  mass  ejection  rate,  as  derived  from  equation 
(2.07.05)  under  the  assumption  of  quasi-steady  flow,  is 


y  —  1 

fle{z)  =<p - -  i<p(z)  -  <p{z  -  1)] 


....(2.09.03) 


The  fractional  variation  of  the  rate  of  burnt  gas  generation  fib  is  not  affected 
by  the  temperature  variation  explicitly  because  the  index  n  of  interaction  is 
supposed  to  include  the  effect  of  temperature  variation.  Thus  the  equation 
of  mass  balance  in  the  combustion  chamber  for  the  analysis  of  intrinsic 
instability  is 

y  S  +  y~W  &  ~  ^  “  l)3  +  V  =  »[fl»  “  <KZ  ~  t)3  .  • .  .(2.09.04) 

The  characteristic  equation  for  the  neutral  solution  of  exponential  type, 
<p(z)  /'-exp  (sz),  is 

7  +  U-^]  +  (l~n)  =  -P  e-™  ....(2.09.05 

The  following  two  real  equations  can  be  obtained  by  equating  the  moduli 
and  the  arguments  of  both  sides  of  equation  (2.09.05) 

»  =  ^  +  ?1^r(1-cosa»)  I 


1  +>“2 J-  (I  -cosw)]  | 


cod  —  tt  —  tan-1 


o)  .  y  —  I  . 

-  +  ~ —  sm  o) 

y  2y _ 

y  —  1 

i  —  »  +  ~^2y~  ^  ~  C0S  “) 


.(2.09.06) 


In  the  first  of  equations  (2.09.06)  we  see  that  when  e«  =  0,  n  is  equal  to  \ 
and  that  this  is  die  minimum  value  of  n  compatible  with  any  real  solutions 
of  o>  and  d.  This  means  that  intrinsic  instability  is  impossible  if  n  is  less 
than  \  jus;  as  in  the  case  investigated  in  Section  2.03  where  the  temperature 
oscillation  of  the  burnt  gas  elements  is  neglected. 
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For  small  values  of  u>  where  cos  «o  cs;  1  and  sin  co  Ci  co  the  critical  values 
of  to  and  6  can  be  easily  solved  from  equations  (2.09.06)  for  given  values  of  n 
slightly  greater  than 


')» 

6  =  [”  ~  C0!“  (Mr)]  <2”  -  '>'Mr 


....(2.09.07) 


Figure  26.  Effect  of  gas 
temperature  oscillation  on 
the  critical  values  in  J)i- 
terns  with  constant  injection 
rate  for  different  values  of 
the  interaction  index  n 


Comparing  equations  (2.09.07)  and  equations  (2.03.10)  we  see  that  for  a 
given  value  of  h  which  is  only  slightly  greater  than  |,  the  critical  value  of  o> 
is  increased  and  that  of  d  decreased  by  the  multiplying  factor  2 y/(y  +1) 
and  (y  -f-  l)/2y  respectively  when  the  temperature  variation  of  a  given  burnt 
gas  element  is  taken  into  consideration.  For  most  of  the  combustion  gases  at 
high  temperature,  the  value  of  y  is  only  slightly  larger  than  unity  and  the 
correction  factor  2 yj(y  +  1)  is  not  very  much  different  from  unity.  This 
correction  is  therefore  not  likely  to  be  of  great  importance  especially  when 
we  are  interested  primarily  in  the  qualitative  trend  of  the  results. 

When  n  is  significantly  larger  than  \,  (o  is  not  small  and  the  critical  values 
of  at  and  6  must  be  determined  from  equations  (2.09.06).  For  illustrative 
purposes,  the  results  when  y  =  1*20  are  given  in  Figure  26  as  solid  curves. 
The  corresponding  results  when  the  temperature  variation  of  the  gas 
elements  is  neglected  are  also  plotted  as  dotted  curves  for  comparison. 
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It  is  clearly  seen  that  the  effect  of  the  temperature  variation  of  the  gas 
elements  is  to  decrease  6  and  increase  o>  for  given  n  and  that  the  minimum 
value  of  n  compatible  with  any  neutral  or  unstable  oscillations  is  not  affected. 
The  qualitative  trends  are  consistent  with  those  as  obtained  from  equations 
(2.09.07). 

For  more  complicated  monopropellant  systems  in  which  the  injection 
rate  responds  to  pressure  oscillations  in  the  chamber  or  for  bipropellant 
systems,  the  qualitative  trend  of  die  effect  of  the  temperature  variation  of  a 
given  burnt  gas  element  is  not  expected  to  differ  fundamentally. 
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ANALYSIS  OF  SCREAMING 
(LONGITUDINAL  HIGH  FREQUENCY 
INSTABILITY) 


Superscript  * 
Superscripts  (0),  w 

Superscript ' 
Subscript  0 

Subscript  a 
Subscript , 


List  of  Symeols 

indicates  that  the  quantity  is  dimensional 
indicate  the  solutions  obtained  from  the  Oth  or  first 
iteration 

indicates  a  small  perturbation 

indicates  the  quantity  evaluated  at  the  stagnation  region 
near  the  injector  end 

indicates  the  iscntropic  stagnation  value  of  the  quantity 
indicates  the  quantity  pertaining  to  unbumt  (mostly  in 
liquid  phase)  propellant  element 
Subscripts  r  and  {  indicate  respectively  the  real  part  and  the  imaginary 
part  of  the  quantity,  if  not  otherwise  stated 

—  over  a  quantity  indicates  mean  or  steady  state  value 

-  over  a  quantity  indicates  the  quantity  pertaining  to  the 
case  with  large  <o 

x*  axial  distance  from  injector  end 

L  axial  length  of  the  combustion  chamber  from  injector 

end  to  entrance  of  de  Laval  nozzle 
dimensionless  distance  from  injector  end 
speed  of  sound  in  stagnant  burnt  gas  at  injector  end 
characteristic  time  required  for  sound  wave  to  travel  the 
chamber  length  L  in  stagnant  burnt  gas 
mean  axial  velocity  of  burnt  gas  at  each  transverse 
section 


x  =  x*IL 

cf 

eK  =  lk 

«* 


vSh 

HI 

« 

a 

!l 

a 

dimensionless  axial  velocity  of  burnt  gas 

«? 

mean  axial  velocity  of  unburnt  propellant  elements  at 

each  transverse  section 

1 

«i = «*/** 

dimensionless  axial  velocity  of  unburnt  propellant 

- 

elements 

# 

ii 

steady  state  value  of  u 

M 

Mach  number  of  flow  of  burnt  gas  entering  nozzle 

l* 

time 

t  =  t*'0K 

dimensionless  time 

. 

P * 

pressure  of  burnt  gas 

Pi 

pressure  of  burnt  gas  in  stagnation  region  near  injector 

j&jgi 

end 

3s':.. 


1$ 


-  S. 
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P=P*IP*o 

dimensionless  pressure  of  burnt  gas 

p* 

density  of  burnt  gas 

Pi 

density  of  unburnt  propellant  element 

P*o 

density  of  burnt  gas  in  stagnation  region  near  injector  end 

p  =  p*lpl 

dimensionless  density  of  burnt  gas 

P  =  pflpo 

dimensionless  density  of  unbumt  propellant  element 

T* 

temperature  of  burnt  gas 

x  0 

temperature  of  burnt  gas  in  stagnation  region  near 
injector  end 

K 

* 

II 

6i 

dimensionless  temperature  of  burnt  gas 

h* 

enthalpy  of  burnt  gas 

K 

enthalpy  of  unbumt  propellant  element 

h~(y—  ljc*~)h* 
h. 


p 

w* 

w  =  w*jp*c* 
Wi  —  PlouU> 

k* 

k  —  k*0K 

P' 

P 

h' 

«' 

Pi 

w' 

<P 

a 

v 

V 
£ 

9 

V 

A* 

Q* 

A  =  A*0W 
Q  =  Q*0k 
0) 


dimensionless  enthalpy  of  burnt  gas 

dimensionless  enthalpy  of  unbumt  propellant  element 

instantaneous  rate  of  burnt  gas  generation  in  the 
chamber  volume  from  the  injector  end  x*  —  0  to  a-* 
dimensionless  rate  of  burnt  gas  generation  before  a* 
dimensionless  injection  rate 

drag  coefficient  of  the  motion  of  the  unbumt  propellant 

element,  —  drag/velocity  of  unbumt  element  relative  to 

surrounding  gas 

dimensionless  drag  coefficient 

perturbation  of  burnt  gas  pressure 

perturbation  of  burnt  gas  density 

perturbation  of  burnt  gas  enthalpy 

perturbation  of  burnt  gas  velocity 

perturbation  of  velocity  of  unbumt  propellant  element 

perturbation  of  density  of  unbumt  propellant  element 

perturbation  of  rate  of  burnt  gas  generation  before  a 

time  independent  part  of  p' 

time  independent  part  of  p 

time  independent  part  of  «' 

time  independent  part  of  uj 

time  independent  part  of  p't 

time  independent  part  of  w 

adiabatic  index  of  burnt  gas  —  ratio  of  specific  heats 

dimensional  amplification  coefficient 

dimensional  angular  frequency 

dimensionless  amplification  coefficient 

dimensionless  angular  frequency 

critical  value  or  neutral  angular  frequency 
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s  =  A  +  iQ  a  complex  quantity  which  is  the  Laplace  transformation 
variable  and  is  the  root  of  the  characteristic  equation 
for  oscillations  with  exponential  time  dependence  exp  (st) 
a  =  a,  +  *«<  specific  acoustic  admittance  ratio  of  de  Laval  nozzle 

ft  =  mlux  reduced  angular  frequency 

B  =  (1  afi)/(l  ~  oui)  a  parameter  of  boundary  value  at  nozzle  entrance 
x  —  1 

tp  axial  position  of  concentrated  combustion  front  from 

injector  end  as  a  fraction  of  combustion  chamber  length 
t?  =  t*  -j-  r*  dimensional  total  time  lag  from  instant  of  injection  to 
instant  of  combustion  of  a  given  propellant  element 
rf  dimensional  insensitive  part  of  total  time  lag 

t*  dimensional  sensitive  part  of  total  time  lag 

T<  =  rf  -j-  t  =  rf/Ow  dimensionless  total  time  lag 

=  rf/dK  dimensionless  insensitiv-*  part  of  total  time  lag 

t  =  r *f6w  dimensionless  sensitive  part  of  total  time  lag 

d  critical  value  of  sensitive  time  lag  r  corresponding  to 


rf  —  rf  -j-  r* 


f  —  I*  h  df  insensitive  space  lag,  that  is  axial  distance  travelled  by 

vo  an  unbumt  propellant  element  during  its  insensitive 

time  lag 

l  integers  indicating  the  number  of  half  wavelengths 

contained  approximately  in  the  combustion  chamber 
length  with  /  =  1,  2,  3...  corresponding  to  the  funda¬ 
mental,  second,  third,  acoustic  mode  respectively 
m  integers  indicating  the  number  of  oscillating  periods 

contained  approximately  in  the  sensitive  time  lag 
Xr  +  *Xi  a  complex  function  defined  in  equation  (3.04.02) 

X,  Y,  W,  Z,  E,  F  functions  of  different  perturbations  and  mean  quantities 
defined  in  equations  (3.07.08)  and  (3.07.09) 

Q  time  independent  part  of  burning  rate  perturbation  due 

to  timewise  condensation  and  rarefaction  under  vari¬ 
ation  of  sensitive  time  lag  [as  defined  in  equation 
(3.08.17)3 

S’  entropy  perturbation  of  burnt  gas 

U,  V  functions  defined  in  equations  (3.09.16) 

f*  da 

k  =  j  cos  tux'  dx'  function  defined  in  equation  (3.1 1.03) 

E  —  ny(l  —  e-*®4)  function  defined  in  equation  (3,1 1.04) 

A,  B,  C,  D  functions  defined  in  equations  (3.1 1.06)  and  (3.1 1.07) 

J,J  functions  defined  in  equations  (3.11.09) 

Av  Bv  Cv  j D,;  Av  Bv  Cv  functions  defined  in  equations  (3.1 1. 1 8) 
r,  A  functions  defined  in  equations  (3.1 1.19) 
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dimensionless  sensitive  part  of  total  time  lag 

critical  value  of  sensitive  time  lag  r  corresponding  to 
neutral  oscillation 


Xr  +  'Xi 
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C  magnification  factor  due  to  effect  of  spreading  the 

sensitive  time  lag  defined  in  equation  (3.05.03) 
rt  effective  sensitive  time  lag  defined  in  equation  (3.05.03) 

6e  critical  value  of  fe  for  neutral  oscillation 

0(  )  order  of  magnitude  of  quantity  in  parentheses 

3.01.  Systems  with  Concentrated  Combustion 
As  already  explained  in  Chapter  1,  when  the  frequency  of  gas  oscillation 
in  the  combustion  chamber  is  sufficiently  high,  the  wavelength  of  standing 
oscillations  may  be  comparable  to  the  length  of  the  combustion  chamber 
and  the  gas  pressure  inside  the  combustion  chamber  is  not  uniform  at  any 
instant  in  unsteady  state  operation.  In  this  case,  not  only  the  time  interval 
but  also  the  spatial  range,  in  which  each  propellant  element  senses  pressure 
oscillations,  are  important  parameters  in  determining  the  contribution  of 
this  propellant  element  to  the  variation  of  the  burning  rate.  Therefore,  , 
both  the  time  lag  and  the  space  lag  of  each  propellant  element  must  be 
known  for  the  analysis  cf  high  frequency  oscillations.  The  spatial  range,  in 
which  each  propellant  element  senses  pressure  variations,  is  determined  by 
the  total  space  lag  and  the  velocity  of  the  unbumt  propellant  element  uuring 
the  sensitive  time  lag.  Both  the  time  lag  and  the  space  lag  are  in  general 
different  for  different  propellant  elements.  For  the  analysis  of  longitudinal 
oscillations  in  a  combustion  chamber  of  length  L  and  of  uniform  cross 
sectional  area,  w’e  shall  consider  the  gas  flow  as  one  dimensional,  and  the 
only  spatial  coordinate  which  needs  to  be  considered  is  the  axial  distance, 
x *,  from  the  injector  end. 

As  a  result,  the  only  relevant  characteristic  time  of  such  longitudinal 
oscillations  is  the  wave  propagation  time,  which  is  required  for  a  sound  wave 
to  travel  from  the  injector  end,  x*  =  0,  to  the  combustion  chamber  exit, 
x*  =  L,  in  steady  state  operation.  Owing  to  the  heterogeneous  state  in  the 
rocket  chamber  even  in  steady  state  operation,  the  actual  wave  propagation 
time  is  not  well  defined.  Therefore,  we  select  the  characteristic  wave  propa¬ 
gation  time  0n-  as  the  time  required  for  a  sound  wave  to  travel  a  distance  L 
(=  length  of  combustion  chamber)  under  conditions  corresponding  to  the 
stagnant  burnt  gas  near  the  injector  face.  In  ordinary  combustion  chambers, 
where  the  velocity  of  mean  mass  motion  is  small  compared  to  the  speed  of 
sound,  20, r  will  be  approximately  equal  to  the  time  required  for  a  sound 
wave  to  travel  the  length  of  the  combustion  chamber  back  and  forth.  Let  us 
call  r*  the  speed  of  sound  in  the  stagnant  burnt  gas,  then  0n-  —  L/c*.  We 
shall  also  express  the  velocity  u*  of  mass  motion  as  a  fraction  of  c*  and 
write  u  =  u*jc*.  Likewise,  the  pressure,  density,  and  temperature  of  the 
burnt  gas  at  stagnant  condition  will  be  taken  as  reference  quantities.  Thus, 
the  dimensionless  time,  velocity,  length,  gas  pressure,  density,  and  tem¬ 
perature  arc  defined  as: 

t*  u*  x *  p*  p*  .  m  T* 

/  =  «  =  -*-,  *  =  — P  =  -i,  P  —  ~~i  and  T  ~  — 

"tc  c0  *'  Po  Po  -*0 

....(3.01.01) 

We  shall  first  consider  the  simplest  case  in  which  all  the  propellant 
elements  have  the  same  sensitive  time  lag  and  the  same  total  space  lag; 
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accordingly  they  bum  ax  the  same  axial  position  in  steady  state  operation. 
In  such  an  ideal  system,  all  the  propellant  elements  injected  into  the  com¬ 
bustion  chamber  at  a  given  instant  move  downstream  through  the  burnt  gas 
that  was  generated  previously  and  was  recirculated  back  to  the  injector 
end. 

No  gas  is  formed  from  these  elements  till  they  reach  the  position  x  =  y>, 
corresponding  to  the  total  space  lag  where  all  the  propellant  elements  are 
transformed  into  burnt  gases  simultaneously  and  instantaneously.  The  burnt 
gases  move  downstream  toward  the  exit  of  the  combustion  chamber,  x  — l, 
without  further  chemical  reactions.  In  steady  state  operation,  the  burnt 
gas  upstream  of  the  concentrated  combustion  front  at  x  =-•  tp  has  no  mean 
axial  velocity,  though  there  is  an  active  recirculating  motion  of  the  burnt  gas 
in  this  region.  At  the  combustion  front  x  =  y>,  the  mean  axial  velocity  of 
the  burnt  gas  changes  discontinuously  to  a  finite  value  u  because  of  the 
sources  of  burnt  gases  concentrated  on  this  front.  Both  the  burnt  gases 
upstream  and  downstream  of  the  combustion  front  are  in  active  recirculating 
or  turbulent  motion.  They  differ  only  in  the  respect  that  the  downstream 
burnt  gas  possesses  a  mean  axial  motion  while  the  upstream  burnt  gas  does 
not. 

Since  burnt  gases  in  both  regions  are  generated  from  the  same  pro¬ 
pellant  under  similar  conditions,  the  stagnation  temperature,  pressure,  and 
density  of  the  burnt  gases  in  both  regions  are  essentially  the  same.  Thus, 
the  concentrated  combustion  front  in  steady  state  is  only  a  discontinuity 
of  mean  axial  velocity  while  the  temperature,  pressure,  and  density  are 
approximately  the  same  across  the  combustion  front.  This  is  an  important 
difference  between  the  combustion  front  that  we  are  considering  here  and 
the  usual  flame  front,  in  which  heat  is  added  to  an  existing  flow  of  cold  gas 
with  the  consequence  that  the  flame  front  is  a  discontinuity  of  the  mean  flow 
velocity,  the  gas  density,  and  the  temperature. 

The  burnt  gas  generated  from  the  combustion  front  at  a  given  instant 
mixes  with  the  previously  generated  burnt  gas  and  moves  downstream  in 
the  cylindrical  duct  with  a  constant  velocity  a,  till  it  enters  the  nozzle 
where  the  gas  is  accelerated  in  the  converging  portion,  goes  through  the 
sonic  velocity  at  the  throat,  and  leaves  the  nozzle  at  supersonic  velocity 
through  the  diverging  section.  The  £'ometry  of  the  de  Laval  nozzle 
determines,  in  steady  state  operation,  the  Mach  number  M  of  the  gas  flow 
entering  the  nozzle.  This  Mach  number  M  of  the  flow  entering  the  nozzle 
is  usually  sufficiently  small  (sec  Section  3.06)  so  that  Af*<^  1  and  the 
dimensionless  mean  gas  velocity  a  is  approximately  equal  to  A/.  Under 
this  assumption,  the  dimensionless  pressure,  density,  and  temperature  of 
the  burnt  gas  in  steady  state  operation  are  practically  unity  throughout  the 
combustion  chamber  (p  —  1,  p—  1,  T  =  1),  and  the  flow  of  burnt  gas  in 
the  region  upstream  of  the  concentrated  combustion  front  can  be  con¬ 
sidered  as  isentropic  if  fluid  friction  and  heat  transfer  arc  neglected.  The 
same  assumption  will  be  made  without  further  discussion  for  the  region 
downstream  of  the  combustion  front.  A  detailed  discussion  of  these  assump¬ 
tions  will  be  given  in  later  sections  in  connection  with  systems  with  arbitrary 
combustion  distribution.  AVith  these  assumptions  the  unsteady  flow  of 
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the  burnt  gas  in  each  of  the  two  uniform  flow  regions  is  governed  by  the 
following  equations: 


dp*  d 

^ =0 


-f-  p*U* 


....(3.01.02) 


P*iPo*  =  KP*tPo*Y  J 

Expressed  in  terms  of  the  dimensionless  quantities  defined  in  equations 
(3.01.01),  equations  (3.01.02)  can  be  written  in  the  following  form: 


fit  +  (/>“)*  =  o 
put  -f  puux  =  -l-p* 


....(3.01.03) 


pp~v  =  1  j 

where  subscripts  denote  partial  differentiation  with  respect  to  the  variable 
indicated. 

For  the  analysis  of  the  stability  of  small  oscillations  in  the  system,  we 
shall  consider  the  unsteady  gas  flow,  as  consisting  of  a  small  perturbation 
superposed  on  the  steady  state  flow,  with  the  perturbations  assumed  to  be 
so  small  that  the  squares  or  the  products  of  these  perturbations  can  be 
neglected  as  compared  to  terms  linear  in  these  perturbations.  Thus 
substituting 

p  —  1  *t-  p',  p~\-\-p'  and  ti  —  u  •+•  a' 

into  *quations  (3.01.03)  under  the  approximation  that  Af*  ~  1 ,  we 

obtain  the  following  linearized  equations  for  the  perturbations  of  pressure, 
density  and  velocity: 

ft  +  *P*  -i-  «'*  =  0 

ft'  +  m*  +  p*  =  0  ....  (3.01.04) 

P’  =  yp 

Equations  (3.01.04)  are  simply  the  wave  equations  governing  the  propa¬ 
gation  of  small  disturbances  in  a  one  dimensional  uniform  flow  field  with 
constant  flow  velocity  «.  The  general  solution  of  these  wave  equations  is 
well  known  and  is  given  as: 


«'  =  K(l  —  at*)  +  u'/\l  —  as) 

P  —  X-P'  —  ur{t  -  ape)  -  u'(i  —  ape) 


- (3.01.05) 


where  «'  and  u'  arc  arbitrary  functions  defining  the  downstream  propa¬ 
gating  and  the  upstream  propagating  velocity  disturbances;  l/ar  =  l  u 
and  \ja,  —  —(1  —  u)  are  the  speeds  of  propagation  of  the  downstream 
and  the  upstream  moving  waves  respectively  relative  to  the  wall  of  the 
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combustion  chamber.  This  general  solution,  as  given  by  equations  (3.01.05), 
applies  equally  well  in  the  flow  region  1,  bounded  by  0  <  x  <  y>  where 
«  =  0,  and  in  the  flow  region  2,  bounded  by  ip  <  .v  <  1  where  u  ~  M. 
The  solution  in  region  1  must  satisfy  the  boundary  condition  at  the  injector 
end,  x  =  0,  namely  that  both  the  mean  flow  velocity  and  the  velocity  dis¬ 
turbances  must  vanish  at  any  instant.  The  solution  in  region  2  must  satisfy 
the  boundary  condition  at  the  combustion  chamber  exit,  x  —  1,  that  the 
ratio  of  the  fractional  velocity  perturbation  to  the  fractional  density  perturba¬ 
tion  must  be  equal  to  the  nozzle  specific  admittance  ratio  determined  in 
Appendix  B.  Moreover,  solutions  in  regions  1  and  2  must  be  properly  related 
so  that  the  boundajy  conditions  at  the  concentrated  combustion  front  can  be 
satisfied.  With  all  these  boundary’  conditions,  the  functions  u'r  and  u,  can  be 
determined  for  a  given  initial  disturbance.  The  solution  of  such  an  initial 
value  problem  is,  however,  not  necessary  since  we  are  interested  primarily  in 
the  stability  of  small  arbitrary  disturbances  in  the  system.  We  shall  therefore 
restrict  our  investigation  to  the  stability  of  the  solutions  of  exponential  type: 


uT  =  cT  exp  [s(l  —  <yr)] 
=  c.  exp  0(1  —  <yr)] 


....(3.01.06) 


where  s  —  A  -f-  iS2  is  a  complex  c  instant.  For  simplicity,  let  us  write  the 
perturbations  as: 


u‘  —  v(x)  exp  (st) 
p  =  a(x)  exp  (st) 

P‘  =  ?(*)  (st) 

v(x)  =  cT  exp  I— v*3  -f  C,  exp  [— a/x] 

- —  —  a(x)  —  cr  exp  [—a^x]  —  c,  exp  [—a/*] 
}' 


....(3.01.07) 


....(3.01.08) 


Let  subscript  x  denote  solutions  in  region  1  and  subscript  2  denote  solutions 
in  region  2.  Then  the  boundary  condition  at  x  =  0  gives 


C*K  =  -1 

The  boundary’  condition  at  x  =  1  gives 


1  -4-  oct? 

-L-exu^-a,)] 

1  —  OJt 


..(3.01.09) 


.(3.01.10) 


whcie  «  =  a,  -f-  ixt  is  the  nozzle  specific  admittance  ratio.  For  convenience 
let  »«s  define 

B  =  (1.  +  ottt)/(l  ~  a«)  ....(3.01.11) 

'Ihus  the  solutions  in  region  1  and  region  2  arc  given  as 

Fi(x)  =  f|.  exp  (  s^atx) ( 1  exp  [  •  -(3.01.12a) 
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=  -S  exp  (-^x){l  +  exp  [-JjK,  -  a#J)x]} 


_ (3.01.I2b) 


**(*)  =  cH  exp  (-^.v){l  -  B  exp  [st(aft  -  a,t)(  1  —  *)]}  1 


9t(x) 

y 


-  Oi\X) 

=  ~cH  exp  (~j2a/x){l  -1-  3  exp  |>s(flri  -  a,,)  (1  -  *)]} 


....(3.01.13) 


These  two  sets  of  solutions  are  to  be  matched  at  the  concentrated  com¬ 
bustion  front  x  =  ip.  A s  discussed  previously,  the  concentrated  combustion 
front  is  not  a  discontinuity  of  pressure,  density,  or  temperature  of  the  burnt 
gas,  but  is  only  a  discontinuity  of  flow  velocity.  Hence  the  boundary 
condition  at  the  concentrated  combustion  front  consists  of  two  parts: 

(/)  The  steady  state  value,  as  well  as  the  small  perturbations  of  pressure 
and  density  are  continuous  at  any  instant  across  the  concentrated  com¬ 
bustion  front*.  That  is 

p2  ==  Pit  and  p*  =  p[  at  x  =  y> 

These  are  equivalent  to  the  conditions: 

<Pt  —  <Pi  =  V  ) 

az  —  al  —  a  Vatx  =  y  ..,.(3.01.14) 

st  —  h~s  J 

(2)  The  fractional  increase  of  the  difference  of  mass  flow  rates  across  the 
concentrated  combustion  front  is  equal  to  the  fractional  increase  of  the 
burning  rate  at  the  concentrated  combustion  front. 

The  fractional  increase  of  the  difference  of  the  mass  flow  rate  is 


ih  +  p't)  («  +  “t)  ~  (Pi  +  PiKl  _  et  r  ,  Vj  —  *’il 

pa  Jx_r  L  “  Jx=r 

...,(3.01.15) 

To  avoid  the  complications  of  the  feeding  system  let  us  consider  the  case 
where  the  injection  rate  is  kept  constant  regardless  of  the  pressure  oscillations 
in  the  combustion  chamber.  The  instantaneous  burning  rate  8rftb  of  each 
individual  propellant  element  having  steady  state  sensitive  time  lag  lying 
between  f  and  f  +  df  is  given  by  equations  (1.11.13)  and  (1.11.18).  In  the 
present  case  where  all  elements  have  the  same  sensitive  time  lag,  for  each 
element  can  be  replaced  by  the  total  variation  of  the  burning  rate  mb  —  ihb  of 
all  the  elements.  Thus  the  fractional  increase  of  the  total  burning  rate  is 

ftb  —  (mb  —  \)l$t  =  —drjdt  —  n[p'{y,l)  —  p'(£,t  —  •?)]  - (3.01.16) 


*  This  is  due  to  the  fact  that  the  combustion  front  in  a  rocket  is  a  mass  source  where 
burnt  gas  is  at  essentially  the  same  temperature  as  the  previously  burnt  gas  in  both  sides  of 
the  combustion  front.  This  situation  should  be  carefully  distinguished  from  the  flame  front 
where  heat  is  added  to  the  flow  of  the  cold  gas  upstream  of  the  flame  without  substantial 
mass  addition. 
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where  ip  is  the  total  space  lag  defining  the  position  of  the  combustion  front 
and  £  is  the  insensitive  space  lag  corresponding  to  the  position  of  the  pro¬ 
pellant  element  which  bums  at  the  instant  t  and  became  sensitive  at  the 
instant  /  —  f.  Thus  with  u,  designating  the  axial  velocity  of  the  propellant 
element 

Since  a,  is  of  the  order  of  M  or  less,  ip  —  £  =  O  (M) .  f.  Therefore,  if  the 
sensitive  time  lag  is  of  the  order  of  unity  in  the  dimensionless  form,  i.e.  if 
t*  =0  (0W),  then  ip  —  £  =  O  (Af).  Accordingly,  |  zz  ip  and  equation 
(3.01.16)  becomes 

/i6  =  n  e*  cp(y>)  [1  -  e-*']  ....  (3.01 . 1 7) 


Under  this  approximation  S  —  y>>  the  position  of  the  concentrated  com¬ 
bustion  front  ip  will  not  oscillate  because  ip  —  £  is  the  only  variable  part  of 
the  total  space  lag.  Equating  ftb  from  equation  (3.01.17)  to  the  fractional 
increase  of  the  difference  of  mass  flow  rate,  from  equation  (3.01.15)  we 
obtain  the  following  boundary  condition  at  x  =  ip 

v2  —  v2  +  «(1  —  yn)a  +  ur/na  exp  ( — st)  —  0  ^  . .  (3.01.18) 

Substituting  o2(ip)  and  a2(ip)  from  equations  (3.01.12)  2nd  (3.01.13) 
into  equation  (3.01.14),  we  have 


C*  _  1  +  exp  [  s(ar  —  a,)ip ] 

cti  1  -f  B  exp  [s{ar  -  a,)(l  -  y>)] 


....(3.01.19) 


Combining  equations  (3.01.12),  (3.01.13),  (3.01.14)  and  (3.01.19)  with 
equation  (3.01.18)  we  obtain  the  following  characteristic  equation  for  the 
determination  of  the  complex  quantity  s  =  A  -f  iQ 


1  —  B  exp  [2s(l  —  ip)}  1  —  exp  (—2 sip) 

1  B  exp  [2r(l  -f-  ip]\  1  -f  exp  (—2 sip) 

=  a[(l  —  yri)  -{-  yn  exp  ( — Jf)]  - (3.01.20) 

where  aT  —  a,  —  1/(1  +  a)  +  1/(1  —  a)  =  2/(1  —  a*)  has  been  taken  equal 
to  2  under  the  approximation  M2  ~  a*<^  1.  By  replacing  s  by  A  -f 
and  letting  A  =  0  in  equation  (3.01.20),  we  can  obtain  two  real  equatior  s 
after  separating  the  real  and  the  imaginary  parts  of  the  resulting  equation. 
The  stability  boundary  for  high  frequency  oscillations  in  such  a  system  with 
concentrated  combustion  can  then  be  obtained  bv  eliminating  Q  from  the 
two  real  equations. 

3.02.  High  Frequency  Instability  in  Systems  with  Combustion 
Concentrated  at  the  Injector  End  and  Short  Nozzle 
Consider  first  the  simplest  case  where  the  combustion  chamber  is  very 
long,  so  that  all  the  combustion  is  practically  completed  in  the  neighbourhood 
of  the  injector  end,  and  the  length  of  the  subsonic  portion  of  the  nozzle  is  much 
smaller  than  the  length  of  the  combustion  chamber.  For  this  case  ip  ~0 
and  the  nozzle  flow  can  be  reasonably  expected  to  be  quasi-steady  with 
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a  =  (y  —  l)/2.  Thus  let  yj  =  0,  B  —  {1  +  $(y  -  1)M}/{1  -  \{y~  l)M}, 
s  =  ico  and  f  —  d  in  equation  (3.01.20),  where  to  and  d  are  the  critical  value 
of  the  dimensionless  frequency  of  oscillation  and  the  sensitive  time  lag  cor¬ 
responding  to  neutral  oscillations.  The  following  two  real  equations  are 
obtained  by  separating  the  real  and  imaginary  parts  in  equation  (3.01.20) 
after  neglecting  A/2  as  compared  with  unity. 


y  —  1 

yn  cos  tod  —  —(1  —  yn)  —  x - = — 

'  f  2  cos*  a i 


yn  sin  tod  = 


tan  to 


...(3.02.01) 


\V  'lit  r  yn  is  of  the  order  of  unity,  tan  eo  must  be  of  the  order  of  Af,  and 
cos2  a>  \  approximately  imity.  Approximate  solutions  for  to  and  d  are  thus: 

J  -....(3.02.02) 

4  =  i{(2 m  +  !)t =F  [|- sin-  (^  -  l)] J 

where  both  m  and  /  are  positive  integers,  0,  1,  2,  etc.  /  indicates  the  number 
of  half-wavelengths  that  arc  contained  approximately  in  the  combustion 
chamber  length.  In  other  words,  the  value  of  l  designates  the  order  of  the 
successive  higher  modes  of  oscillation  with  frequencies  corresponding  to  the 
/th  acoustic  mode  in  an  organ  pipe  of  length  L,  closed  at  both  ends,  m  indi¬ 
cates  the  number  of  oscillation  periods  that  are  contained  in  the  critical 
sensitive  time  lag  and  therefore  designates  the  successive  higher  unstable 
ranges  of  values  of  the  time  lag  f .  The  lowest  frequency  of  neutral  oscillation 
is  obtained  when  /  —  0  where 

<u  =ynu  [l  -  (i  -  j*  •  *  •  * (3.02.03) 

This  frequency  is  based  upon  the  characteristic  time  0K  ==  Lcq.  The  gas 
residence  time  used  as  reference  time  for  the  low  frequency  analysis  is 
0„  =  £/«*  =  OJu.  This  lowest  frequency  expressed  in  cycles  per  gas 
residence  time  0S  is  therefore 


H-^)T 


which  coincides  with  the  result  given  in  equation  (2.03.10)  when  y  =  1. 
This  last  restriction  y  =  1  is  due  to  the  assumption  made  in  the  low  frequency 
analysis  that  the  gas  temperature  is  constant  regardless  of  the  pressure 
oscillations,  strictly  correct  only  when  y  —  1.  The  product  tod  represents  the 
phase  shift  of  the  oscillation  d  .ring  the  time  lag  and  is  independent  of  the 
characteristic  time.  The  second  equation  of  (3.02.02)  with  m  —  0  and  the 
upper  sign  is  easily  seen  to  reduce  to  the  second  equation  (2.03.10)  when 
y=l.  The  solutions  when  /  =  0  are  therefore  identified  to  be  the  low 
frequency  result  and  will  be  discarded  in  the  analysis  for  high  frequency 
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oscillation.  The  fundamental  mode  of  high  frequency  oscillation  is  thus 
taken  to  be  the  one  with  /  =  1 . 

Either  by  determining  the  sign  of  A  when  <t)  =  In  or  by  determining  the 
sign  of  dA/dQ  on  the  stability  boundary,  the  unstable  ranges  of  frequencies 
are  found  as 

fa_y™[i_(i-2^1)  j‘<a 

+  ....(3.02.04) 

and  the  unstable  ranges  of  the  time  lag  as 

<2m  +  i>”-[f-sin~'(!^r-1)] 


(2m  -f  1)tt-  + 

[2  sm"‘  (V  ')] 

1,  r  +  iy 

for  —  ynu 

.  V  2yn)\ 

Short  ,Kz2/e 


Figure  27.  Unstable  ranges  of  the  sensitive  time  lag  rfor  the  fundamental  (/  =  1)  and  the 
second  modes  corresponding  to  different  values  of  the  interaction  index  n  ( short  nozzle,  entrance 
Mach  number  M  =  0-213).  {By  courtesy  of  the  American  Rocket  Society) 

where  /  =  1,  2,  3, . . .  and  m  —  0,  1,  2,  3, - From  equation  (3.02.04) 

with  Z  —  1,  2  . . .  and  when  yn  is  of  the  order  of  unity,  we  see  that  the 
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frequencies  of  the  unstable  oscillations  are  always  close  to  the  natural  (organ 
pipe)  frequencies  which  under  the  present  dimensionless  scheme  arc  hr. 
It  is  clear  from  equations  (3.02.0 1)-(3.02.05)  that  in  order  to  have  real 
solutions  of  the  stability  boundary,  the  interaction  index  n  must  be  suffi¬ 
ciently  large  so  that 

«^(y+i)/4?  or  «mm  =  (y  +  l)/4y  - (3.02.06) 

Under  the  present  approximations,  the  minimum  value  of  n  compatible  with 
unstable  oscillation  is  thus  slightly  less  than  one  half  because  the  value  of 
y  of  the  combustion  gases  is  always  slightly  larger  than  unity.  From  a  more 
careful  analysis  in  later  sections,  it  will  be  shown  that  this  minimum  value 
of  n  is  actually  one  half. 

When  n  is  equal  to  this  minimum  value  {y  -f-  l)/4y,  we  have 

ft)  =  hr  and  tod  =  (2m  +  l)n  _ (3.02,07) 

with  vanishing  unstable  ranges  of  Q  and  f.  When  n  increases  from  this 
«mln,  both  unstable  ranges  of  Q  and  t  increase.  When  n  becomes  very  large, 
almost  any  values  of  f  fall  in  the  unstable  range.  The  unstable  ranges  of 
f  for  m  —  0,  1  and  2  and  /  =  1  and  2  are  plotted  versus  n  in  Figure  27  when 
y  =  1  -20  and  M  —  0-213, 


3.03.  Systems  wrr^i  Combustion  Concentrated  at  an 
Arbitrary  Axial  Location  and  Short  Nozzle 
Consider  next  the  more  general  case  where  the  combustion  chamber  is 
much  longer  than  the  subsonic  portion  of  the  nozzle,  so  that  the  nozzle 
flow  is  approximately  quasi-steady,  but  the  insensitive  time  lag  is  sufficiently 
large  so  that  the  space  lag  is  not  negligibly  small  compared  with  the 
combustion  chamber  length.  Then  the  two  real  equations  obtained  by 
separating  the  real  and  the  imaginary  parts  of  equation  (3.01.20)  become 


yn  cos  tod  =  (1  —  yn)  — 


y  — 1 

2  cos8  (1  —  xp)to 


yn  sin  tod  — 


sin  ct)/u 

cos  ipto  cos  (1  —  y>)to 


....(3.03.01) 


For  real  values  of  co,  cos2  (1  —  \p)o)  is  always  less  than,  or  at  most  equal  to, 
unity;  thus  the  following  inequality  must  be  satisfied  in  order  to  have  real 
solutions  for  the  frequency  to  of  neutral  oscillation: 


a8  {y[y»  -f  n  —  1]  —  [(y  —  l)/2]2}  cos2  tpto  ^  sin8  to  ^  0  _ (3.03.02) 


When  n  is  equal  to  «mln  =  (y  +  1  )/4y,  the  inequality  (3.03.02)  shows  that 
the  only  possible  values  of  to  are  given  by  sin  to  —  0  and  the  non-zero  values 
of  to  must  be  hr.  Then  equations  (3.03.01)  indicate  that  the  only  possible 
value  of  tp  is  given  by  cos5(l  —  ip)h  =1  or  \p  =  0,  1//,  2//,  etc.,  and  the 
only  possible  vatues  of  the  critical  time  lag  d  are  given  by  cos  tod  —  —  1 , 
with  the  consequence  that  there  is  no  unstable  range  of  the  time  lag  f.  In 
other  words,  when  n  =  «min  ==  (y  -f  1 )  /4y,  neutral  oscillation  of  the  Ith  mode 
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can  occur  only  when  both  th .  jombustion  is  concentrated  at  an  antinodal 
position  of  the  /th  mode  of  pressure  oscillation  and  the  time  lag  has  the 
optimum  value  in  coordinating  the  pressure  oscillation  and  the  resulting 
burning  rate  oscillation.  For  any  other  combustion  distribution,  the  /th 
mode  of  oscillations  is  stable  with  n  =  =  {y  -f  l)/4y  and  must  be 

damped  out  eventually,  even  with  optimum  timing.  This  fact  indicates  that 
the  combustion  distribution  which  is  most  capable  of  exciting  unstable 
oscillations  of  the  /th  mode  is  the  one  with  combustion  concentrated  at  the 
antinodal  positions  of  the  /th  mode  of  ptessure  oscillation.  This  is  physically 
reasonable  because  under  the  approximation  of  y  —  the  propellant 
elements,  during  the  sensitive  time  lag,  sense  only  the  pressure  variations  at 
the  combustion  front.  Thus  when  the  combustion  front  is  at  the  antinodal 
positions  of  the  /th  mode  of  pressure  oscillation,  all  the  propellant  elements 
can  sense  the  maximum  amount  of  the  variations  of  the  pressure  and  other 
associated  properties.  Accordingly,  the  system  is  most  liable  to  instability 
of  the  /th  mode. 

With  combustion  concentrated  at  the  antinodal  position  of  the  /th  mode, 
if  the  magnitude  of  the  interaction  index  n  increases  from  the  minimum 
value  nmln,  the  magnitude  of  the  variation  of  the  burning  rate  is  greater  than 
that  required  to  maintain  neutral  oscillations  of  the  /th  mode  with  optimum 
timing.  Consequently,  it  can  be  expected  that  when  n  is  greater  than 
(y  +  l)/4y>  neutral  and  unstable  oscillations  can  be  obtained  when  both 
of  the  following  conditions  are  fulfilled:  the  dimensionless  sensitive  time  lag 
is  contained  in  certain  finite  ranges  about  any  of  the  optimum  values 
given  by  cos  lird  —  —  1,  and  the  combustion  is  concentrated  in  certain  finite 
ranges  in  the  neighbourhood  of  the  antinodes  of  the  /th  mode  of  oscillation. 
Furthermore,  when  n  is  greater  than  {y  -f  l)/4y  but  not  much  larger  than 
unity,  the  inequalities  (3.03.02)  show  that  any  neutral  oscillation  will  have  a 
frequency  to  not  significantly  different  from  l-n  .as  explained  previously. 
Thus,  there  must  be  some  position  of  the  combustion  front  between  0  and  1 
that  will  make  cos  xpoo  —  cos  {xpUir  -f-  0(u,  }  =  0.  For  these  values  of  ip, 
which  are  somewhere  in  the  neighbourhood  of  1/2/,  3/2/,  etc.,  the  only 
possible  real  value  of  to  compatible  with  inequality  (3.03.02)  is  tutt.  How* 
ever,  the  simultaneous  vanishing  of  cos  tpco  and  sin  to  makes  cos  ( 1  —  tp)to 
equal  to  zero  which  is  incompatible  with  the  first  equation  (3.03.01)  because 
|  yn  cos  wdj  ^  yrt  is  always  finite.  This  fact  indicates  that  when  xp  takes 
some  value  in  the  neighbourhood  of  1/2/,  3/2/,  etc.,  no  neutral  oscillation 
can  exist;  in  other  words,  the  /th  mode  b  always  stable  when  combustion 
b  concentrated  in  the  neighbourhood  of  the  node  of  pressure  oscillation. 
Thb  again  can  be  expected  on  purely  physical  grounds  becau. around  a 
pressure  node,  the  propellant  elements  cannot  sense  any  pressure  variations. 
Therefore  for  a  given  value  of  n  >  {y  -f  l)/4y,  unstable  and  neutral  oscilla¬ 
tions  of  a  given  mode  are  possible  when  combustion  is  concentrated  at  some 
axial  position  in  the  neighbourhood  of  a  pressure  antinode;  and  oscillations 
of  a  given  mode  are  always  stable  when  combustion  is  concentrated  around 
a  pressure  node.  The  stable  region  about  a  node  is  separated  from  the 
regions  of  possible  instability  about  the  neighbouring  antinodes  by  critical 
values  of  tp  which  we  call  ipt.  'ITiesc  positions  ipc  of  the  combustion  front  are 
characterized  by  the  fact  that  both  the  two  critical  values  of  the  frequencies 

88 


COMBUSTION  AT  AN  ARBITRARY  AXIAL  LOCATION  3.03 

(o  and  the  two  critical  values  of  the  time  lag  8  coincide  so  that  there  cannot 
be  any  unstable  oscillations  of  the  given  mode,  and  only  neutral  or  stable 
oscillation  is  possible  at  the  given  value  of  n.  Thus,  the  values  of  xpe  cor¬ 
responding  to  a  given  value  of  n  can  be  determined  by  putting  sin  to  —  0 
in  equations  (3.03.01)  as 

~']»°  ■■  •  -P-03-03) 

For  the  fundamental  mode  there  is  only  one  node  at  xp  =  £  and  there  are 
two  values  of  xpc  symmetric  with  respect  to  For  the  /th  mode,  there  arc 
21  values  of  xpc  defining  /  stable  regions  about  /  nodes.  Calculated  results 
are  plotted  as  shown  in  Figure  28  for  /  =  1,  2  and  3,  and  y  =  1*20.  For  a 


Figure  28.  Critical  ralues  tpt,  dividing  the  unstable  range  and  the  stable  range  of  the fractional 
axial  position  tp  of  the  concentrated  combustion  front  corresponding  to  different  rabies  of  the 
interaction  index  n  (y  is  measured  from  the  injector  face  as  a  fraction  of  the  chamber  length). 
(By  courtesy  of  the  American  Rochet  Society) 


given  value  of  it,  this  plot  gives  the  value  xpe  which  separates  the  region  in 
which  a  concentrated  combustion  front  is  always  stable  for  any  values  of  f , 
from  the  region  in  which  a  concentrated  combustion  front  can  possibly 
become  unstable  when  f  is  in  the  proper,  range  of  values.  From  another 
point  of  view',  this  curve  gives  the  minimum  value  of  it,  i.e.  it,nin,  compatible 
with  unstable  oscillations  of  the  given  mode  when  combustion  is  concen¬ 
trated  at  the  position  xp  =  y(.  Figure  2S  shows  that  when  the  combustion 
is  concentrated  at  the  node  of  the  /th  mode  of  pressure  oscillation,  that  is 
xp  —  1/2/,  3/2/,  etc.,  itn, |n  is  infinitely  large;  therefore  the  /th  mode  of 
oscillation  is  always  stable  for  any  large  but  finite  values  of  the  interaction 
index.  If  the  combustion  is  concentrated  at  the  antinodal  positions  xp  =  0, 
1//,  2//,  etc.,  the  magnitude  of  n  required  to  excite  unstable  oscillation  is  the 
smallest  compared  to  other  positions;  and  therefore,  such  positions  are  the 
most  undesirable  positions  for  the  combustion  front  if  a  stable  system  is 
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desired.  Since  the  injector  end  is  an  antinode  of  all  modes  of  pressure 
oscillations,  the  configuration  with  combustion  concentrated  at  the  injector 
end  is  the  most  undesirable  one  from  the  stability  considerations  alone.  This 
qualitative  conclusion,  however,  does  not  help  us  very  much  in  selecting 
the  most  desirable  position  for  the  concentrated  combustion  front,  because 


Figure  29.  Unstable  ranges  of  the  sensitive  time  lag  r  for  the  first  three  modes  when  the 
combustion  is  concentrated  at  different  fractional  axial  positions  rpfrr  n  —  0-833  ( short  nozzle). 

{By  courtesy  of  the  American  Rocket  Society) 

the  nodal  position  of  a  given  mode  will  be  the  antinodal  positions  for  other 
modes.  For  example,  the  node  of  the  fundamental  mode,  y>  —  is  the 
antinode  of  the  second  mode.  Thus,  while  the  configuration  with  com¬ 
bustion  concentrated  at  the  middle  of  the  chamber  will  guarantee  the 
stability  of  the  fundamental  mode,  it  is  most  liable  to  cause  an  unstable 
oscillation  of  the  second  mode.  An  important  modification  of  these  results 

90 


SYSTEMS  WITH  CONCENTRATED  COMBUSTION  AND  LONG  NOZZLE  3,04 

will  be  shown  in  the  next  section,  due  to  the  presence  of  a  nozzle  which  has 
its  subsonic  part  not  negligibly  short  as  compared  to  combustion  chamber 
length,  in  which  crse  the  quasi-steady  state  condition  of  the  nozzle  flow 
cannot  be  applied. 

The  critical  values  to  and  S  can  be  obtained  from  equation  (3.03.01) 
with  a  numerical  iteration  procedure  which  converges  very  rapidly.  The 
unstable  ranges  of  the  time  lag  f  for  oscillation  of  the  first  few  high  frequency 
modes  are  plotted  against  the  position  y>  of  the  concentrated  combustion 
front  as  shown  in  Figure  29  with  y  =  1*20,  M  —  0*213  and  n  —  Ijy  =  0*833. 
We  observe  that  the  regions  of  instability  of  the  various  modes  have  a 
tendency  to  cover  all  the  available  area.  That  is,  a  system  with  any  values 
of  f  and  yi  would  encounter  some  unstable  mode  of  oscillation.  If  such  were 
the  actual  case,  it  would  be  hardly  possible  to  design  a  rocket  with  concen¬ 
trated  combustion  and  n  >  n^,  stable  for  all  high  frequency  modes. 
It  will  be  shown  in  the  next  section  how  the  possibility  for  the  higher  modes 
to  become  unstable  is  significantly  reduced  by  the  presence  of  a  nozzle. 

3.04.  Systems  with  Concentrated  Combustion 
and  Ixino  Nozzle 


In  practical  cases,  the  subsonic  portion  of  the  nozzle  is  not  too  short,  usually 
\  or  $  of  the  combustion  chamber  length.  For  such  a  nozzle,  and  for  the 


n  — — 


Figure  30.  Lowest  unstable  ranges  of  the  sensitive  time  lag  f  for  the  first 
three  modes  corresponding  to  different  values  of  the  interaction  index  n. 

{By  courtesy  of  the  American  Rocket  Society ) 

frequency  range  under  consideration,  the  nozzle  flow  is  significantly  dif¬ 
ferent  from  the  quasi-steady  conditions.  The  nozzle  specific  admittance  ratio 
a  =  (» ’/w)/(d/p)  is  in  general  found  to  be  a  complex  function  of  the  frequency 
of  oscillation  and  of  the  geometry  of  the  nozzle  as  shown  in  Appendix  B. 
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For  a  special  shape  of  nozzle  with  linear  steady  state  velocity  distribution 
in  the  subsonic  portion,  the  real  and  imaginary  parts  of  the  specific  admit¬ 
tance  ratio  a  =  <*,(/?)  +  *ot,(/3)  are  given  in  Figures  59  and  60  as  a  function 
of  the  reduced  frequency  fi,  and  the  Mach  number  of  the  gas  entering  the 
nozzle  M.  The  parameter  fi  is  the  ratio  of  the  angular  frequency  of  the 
oscillation  to  the  dimensionless  velocity  gradient  fix  in  the  subsonic  portion  of 
the  nozzie  in  s  ;ady  state  operation.  Thus  fi = tojux = co/(Ub/[{2/ (y  + 1  )}*  —  fi] 
with  indicating  the  length  of  the  subsonic  portion  of  the  nozzle  as  a 
fraction  of  the  combustion  chamber  length.  The  complex  quantity 
B  =  (1  -j-  afi)/(!  —  afi)  as  defined  in  equation  (3.01.11)  can  be  calculated 
for  given  frequencies  to,  and  given  entering  Mach  number  M  when  the 
steady  state  velocity  gradient  ux  in  the  subsonic  portion  of  the  nozzle  is 
known.  The  following  calculation  is  performed  with  fix  =  rr.  This  value 
corresponds  to  an  l,ub  in  the  neighbourhood  of  1/3.  With  this  value  of  fiz, 
we  have  to  =  fin  so  that  integral  values  of  fi  correspond  to  the  pure  acoustic 
modes  in  an  organ  pipe  with  closed  ends. 

For  determination  of  the  stability  bout,  'ary  rewrite  equation  (3.01.20)  as 


where 


yn  exp  [— itob]  =  Xr  +  **,  +  (y«  —  1)  - (3.04.01) 


1  —  B  exp  [2ift>(  1  —  y)] 
1  +  B  exp  [2ift>(l  —  y)  j 


—  tanh  itoip  j 


[cos2  (1  —  ip) to  -f  (a;  +  a^M2  sin2  (1  —  ip)to  —  tx(M  sin  2(1  —  y)w] 
(1/w)  sin  to  cos  (1  —  ip)  to 

—  (a*  4-  a?)Af  cos  to  sin  (1  —  ip)to  -f  a,-  cos  (2  —  ip)to 
cos  ycw[cos*  (1  —  ip)to 

(a2  4"  a/) A/2 sin2  (1  —  ip)to  —  a;Af  sin  2(i  —  y)co] 

....(3.04.02) 


For  given  values  of  fi  and  ip  ■with  y  =  1*20,  yT  4-  i%t  can  be  calculated  for 
each  value  of  to.  Equating  the  moduli  of  the  two  sides  of  equation  (3.04.01) 
and  solving  for  n  we  find 

»  =  (1  ~  Xr)l2y  +  *!/{2y(l  -  *)}  .... (3.04.03) 

The  corresponding  critical  values  of  the  time  lag  are  found  by  equating  the 
imaginary  parts  of  equation  (3.04.01)  as 

d  =  (1/ft*)  sin-1  [Zilyn]  =  (! /to)  cos-1  [1  —  yr/yn]  _ (3.04.04) 

where  the  value  of  the  inverse  circular  function  is  taken  in  the  quadrant 
consistent  with  both  of  the  two  equalities  in  equation  (3.04.04). 

The  unstable  ranges  of  f,  when  Af  =  0-213  and  when  the  combustion  is 
concentrated  at  the  injector  end,  have  been  determined  for  different  values 
of  n.  The  results  are  plotted  as  shown  in  Figure  30  along  with  the  results 
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obtained  in  the  previous  section  for  a  very  short  nozzle.  It  is  seen  that  the 
minimum  value  of  n  compatible  with  unstable  oscillations  of  a  given  mode 
is  significantly  increased  from  the  value  (y  -j-  l)/4y  pertaining  to  all  modes 
in  the  case  of  a  very  short  nozzle.  Even  more  significant  is  the  fact  that 
when  the  finite  length  of  the  nozzle  is  considered,  tt^  increases  for  higher 
modes  of  oscillation.  The  minimum  values  of  n  compatible  with  unstable 


Figure  31.  Minimum  values  of  the  interaction  index,  nw  in,  compatible 
with  unstable  oscillations  as  a  function  of  the  reduced  angul-.r  frequency  /J 
(By  courtesy  of  the  American  Rocket  Society ) 

oscillations  of  the  first  few  modes,  when  combustion  is  concentrated  at  the 
position  y,  have  been  plotted  for  comparison  in  Figure  28.  The  values  used 
in  the  computations  are  y  =  1*20  and  M  —  0-213.  The  absolute  minimum 
value  nmln  for  arbitrary  location  of-the  concentrated  combustion  front  is 
plotted  in  Figure  31  against  the  reduced  frequency  parameter  /I  For  y  =  1-20 
and  two  values  of  the  Mach  number  M  =  0-213  and  0-301.  The  stabilizing 
elTect  of  the  length  of  the  nozzle  is  clearly  seen  to  be  increasing  for  higher 
modes  of  oscillations,  and  the  damping  effect  of  a  long  nozzle  is  much 
larger  than  that  obtained  from  a  very  short  nozzle. 

The  critical  values  f  =  6  and  y  are  plotted  in  Figure  32  for  the  case 
y  =  1-20,  n  =  1/y  =  0-833  and  M  =  0-213.  The  unstable  ranges  of  time 
lag  f  are  shown  as  shaded  regions.  For  comparison,  the  dotted  curves 
indicating  the  stability  boundary-  of  Figure  29  are  also  included.  Fjrom 
Figure  32  it  is  clear  that  while  the  result,  with  a  very-  short  nozzle,  shows 
definite  unstable  regions  for  all  higher  modes  of  oscillation,  the  result  with 
a  conventional  nozzle  shows  that  only  the  fundamental  mode  can  possibly 
become  unstable  when  the  combustion  is  concentrated  near  the  two  ends 
of  the  combustion  chamber.  More  specifically  a  system  using  a  propellant 
combination  with  n  =  0-833  is  intrinsically  unconditionally  stable  if  the 
combustion  front  is  located  in  the  region  from  28--78  per  cent  of  the  com¬ 
bustion  chamber  length.  Either  from  Figure  28  or  based  upon  physical 
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grounds,  the  unconditionally  stable  range  of  positions  of  the  concentrated 
combustion  front  is  expected  to  increase  if  the  value  of  n  of  the  propellant 
combination  is  less  than  0-833.  Thus,  unconditional  stability  can  be 
obtained  when  the  combustion  front  is  situated  in  a  region  from  28-78  per 
cent  of  the  chamber  length  if  the  n  of  the  propellant  combination  is  less 


( Stability  boundaries  for  modes  higher  than  the  second  for  short  nozzle  are  not  reproduced  in 
this  figure.)  {By  courtesy  of  the  American  Rocket  Society) 


than  0-833.  On  the  other  hand,  if  the  n  of  the  propellant  combination  is 
larger  than  0-833,  the  stable  region  will  decrease;  and  with  sufficiently 
large  rt,  unstable  regions  for  the  second  mode,  and  eventually  the  successive 
higher  inodes,  may  appear.  In  Figure  33  the  stability  boundary  d/y>  and 
the  unstable  regions  of  f/tp  are  shown  with  n  =  1  -00.  For  this  value  of  n, 
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small  unstable  regions  for  the  second  mode  are  obtained  near  each  of  the 
three  values  y>  >  0,  ip  ~  £  and  ip<  1  respectively.  Thus  either  the  funda¬ 
mental  mode  or  the  second  mode  can  become  unstable  when  both  the 
combustion  is  concentrated  in  a  certain  region  and  the  time  lag  is  in  the 


Figure  33.  Effect  of  the  nozzle  geometry  on  the  unstable  ranges  of  the  sensitive  time  lag  t, 
when  the  combustion  is  concentrated  at  different  fractional  axial  positions  rp  far  n  =  1-00. 
(i Stability  boundaries  for  modes  higher  than  the  third  for  short  nozzle  are  not  reproduced  in 
this  figure.)  (By  courtesy  of  the  American  Rocket  Society ) 


proper  range.  Both  modes  can  become  unstable  simultaneously  (for 
example,  with  xp  Cd.  0  and  f  ~  0-6).  The  dotted  curves  again  outline  the 
unstable  regions  of  Figure  29  for  the  purpose  of  comparison.  The  strong 
stabilizing  effect  of  the  nozzle  toward  higher  modes  of  oscillation  is  demon¬ 
strated  to  be  of  great  importance. 

The  following  qualitative  conclusions  concerning  the  stability  behaviour 
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of  liquid  rockets  with  all  propellant  elements  having  the  same  total  space 
lag  and  the  same  sensitive  time  lag  are  therefore  obtained. 

( 1 )  The  minimum  value  of  nmlB  compatible  with  unstable  oscillation 
of  a  given  frequency  increases  when  the  concentrated  combustion  front  is 
shifted  away  from  the  nearest  antinode  of  the  pressure  oscillation  of  that 
mode,  and  becomes  very  big  when  the  neighbouring  node  of  pressure 
oscillation  of  that  mode  is  approached.  This  means  that  the  oscillation  of  a 
given  frequency  is  most  unstable  when  combustion  is  concentrated  at  an 
antinode  and  becomes  completely  stable  when  combustion  is  concentrated 
at  a  node.  Since  the  injector  end  is  an  antinode  of  all  modes  of  oscillation, 
any  mode  of  oscillation  is  most  likely  to  become  unstable  when  the  com¬ 
bustion  is  concentrated  at  the  injector  end.  Under  this  configuration  the 
minimum  value  of  n  compatible  with  unstable  oscillations  of  the  fundamental 
mode  is  smaller  than  the  values  of  «min  of  any  other  higher  mode. 

(2)  For  a  system  with  a  fixed  value  of  n  of  the  given  propellant  com¬ 
bination,  a  given  mode  of  oscillation  is  always  stable  when  combustion  is 
concentrated  in  any  of  the  discrete  stable  regions  about  the  nodes  of  that 
m  xle  of  pressure  oscillations.  The  extent  of  such  stable  regions  increases  for 
higher  modes  of  oscillations,  and  these  stable  regions  cover  the  whole  length 
of  the  combustion  chamber  axis  when  the  value  of  of  that  mode  becomes 
greater  than  the  value  of  n  of  the  given  propellant  combination. 

(3)  Rockets  with  a  longer  subsonic  portion  of  the  nozzle  as  compared 
with  the  combustion  chamber  length  are  more  stable  than  rockets  with  a 
shorter  subsonic  part.  A  nozzle  with  a  negligibly  short  subsonic  part,  as 
compared  with  the  combustion  chamber  length,  is  the  nozzle  configuration 
that  is  most  likely  to  exhibit  unstable  combustion. 

{4)  If  combustion  is  mostly  concentrated  in  a  region  the  width  of  which  is 
only  a  small  fraction  of  the  combustion  chamber  length,  the  stability 
behaviour  of  the  fundamental  and  the  next  few  higher  modes  of  oscillations 
can  be  satisfactorily  analysed  by  using  the  simplified  model  of  a  concentrated 
combustion  front.  If  the  combustion  is  distributed  so  that  the  combustion 
zone  covers  a  considerable  portion  of  both  the  stable  and  unstable  region, 
of  y>  of  a  given  mode  of  oscillation,  there  is  no  obvious  position  that  can  be 
attributed  to  the  concentrated  combustion  front  in  order  to  analyse  approxi¬ 
mately  the  stability  behaviour  of  this  mode  with  the  simplified  model. 
Since  the  number  of  pressure  nodes  increases  for  higher  modes  of  oscilla¬ 
tion,  the  extent  of  vach  stable  or  each  unstable  region  of  tp  decreases. 
The  simplified  model  is  therefore  not  quite  satisfactory  for  the  analysis  of 
the  stability  of  the  higher  modes  of  oscillations  even  if  the  combustion  zone 
is  narrow.  Fortunately,  the  stabilizing  effect  of  the  nozzle  increases  with 
the  higher  modes  of  oscillation  and  we  can  expect  these  higher  modes  to 
be  stable  under  ordinary  circumstances.  Therefore,  we  are  interested  only 
in  the  fundamental  mode  and  the  next  fewr  higher  modes  of  oscillation 
and  the  simplified  model  of  concentrated  combustion  gives  a  very  con¬ 
venient  idea  of  the  high  frequency  stability  behaviour  of  systems  with  com¬ 
bustion  distributed  over  a  sufficiently  narrow  region.  On  the  other  hand, 
if  the  combustion  is  distributed  over  a  considerable  portion  of  the  com¬ 
bustion  chamber  axis,  the  simplified  model  of  a  concentrated  combustion 
front  is  not  suitable  and  a  more  careful  formulation  is  necessary. 
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3.05.  Effect  of  Time  Lag  Spread  on  Systems 
with  Concentrated  Combustion 

It  has  been  assumed  in  the  previous  sections  that  all  the  propellant  elements 
have  the  same  sensitive  time  lag  in  addition  to  the  same  total  space  lag. 
Both  assumptions,  of  course,  represent  only  ideal  limiting  cases.  In  the 
following  sections,  we  shall  discuss  the  effect  of  lifting  these  assumptions, 
one  at  a  time,  in  order  to  obtain  a  more  realistic  result.  Let  us  first  consider 
the  case  where  the  space  lags  of  all  propellant  elements  are  the  same 
but  the  sensitive  time  lags  of  different  propellant  elements  are  different. 
Since  the  unburnt  propellant  elements  are  assumed  to  occupy  negligible 
volume,  the  steady  state  flow  of  the  burnt  gas  on  either  side  of  the  concen¬ 
trated  combustion  front  is  not  affected  by  the  spread  of  the  sensitive  time 
lag.  The  solutions  for  small  perturbations  as  given  by  equations  (3.01.12) 
and  (3.01.13)  are  still  valid  in  each  of  the  two  regions.  The  effect  of  the 
spread  of  time  lag  appears  only  in  the  boundary  condition  at  x~  =  xp  where 
the  t'  .o  solutions  in  regions  (1)  and  (2)  are  to  be  matched. 

The  first  part  of  the  boundary  condition  at  the  concentrated  combustion 
front  is  still  given  by  the  continuity  of  the  pressure  and  the  density  of  burnt 
gas  at  any  instant  across  the  combustion  front  as  shown  in  equation  (3.01 .14). 
The  second  part  of  the  boundary  condition  at  x  —  .rp  relates  the  instan¬ 
taneous  velocity  discontinuity  to  the  local  burning  rate.  The  spread  of 
the  time  lag  changes  the  burning  rate  and  therefore  the  velocity  discon¬ 
tinuity.  Let  us  denote  the  fractional  amount  of  the  propellant  elements 
having  dimensionless  sensitive  time  lag  less  than  or  equal  to  f  by  f  (f)  with 
f  (fmin)  —  0  and  f  (fmttX)  =  1.  As  shown  in  Section  2.08,  we  can  define 


and 


”m  —  ^max  4"  ^min)/2 
=  ^loax  Tjujj, 


The  fractional  burning  rate  perturbation  is 


/*<> 


=  n  e*'  f  {<p(rp)  -  f[$(t  -  ?)]  e"*}  df  ....  (3.05.01) 

V0 


where  both  l  and  f  are  now  non-dimensionalized  by  the  use  of  the  wave 
propagation  time  d,0,  and  |(t  —  f)  means  that  £  must  be  evaluated  at  the 

instant  /  —  f.  Since  by  definition  I  df 1 ,  we  can  rewrite  equation 

Jo 

(3.05.01)  for  isentropic  small  use* Hattons  with  rp(\p)  —  yd{tp)  ^  0  as 

,ub  =  y„  e-**  a{y>)  [1  —  C  e_,f«]  - (3.05.02) 


with 


Ce',fr  = 


p  <?[£(/ -f)j 
l0  o(y>) 


e~**df 


_ (3.05.03) 


The  constants  C  and  ?f  have  the  physical  meaning  explained  in  Section  2.08. 
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With  equation  (3.05.02)  the  second  part  of  the  boundary  condition  at  the 
concentrated  combustion  front  becomes 

v2  ~  vx  +  5(1  —  yn)a  +  t'tynaC  exp  {—sre)  =0  _ (3.05.04) 


The  characteristic  equation  for  the  determination  of  the  complex  quantity 
s  =  A  iQ  becomes 


(1  —  yn)  +  ynC  exp  {—s  fe) 


_  1  H  -  B  exp  [2i(l  -y)J 
—  it  1  +  B  exp  [2j(1  —  ip)] 


tanh  sw 


w 


=  Xr  +  hi 


_ (3.05.05) 


which  is  the  same  as  equation  (3.01.15)  except  that  the  factor  C  exp  (— sfe) 
replaces  exp  (— if). 

With  the  simplifying  assumption  £  ~ip  already  used  in  previous  sections, 
equation  (3.05,03)  becomes  identical  with  equation  (2.08.06)  and  thus,  for 
neutral  oscillations  where  s  =  ion, 


C  = 


g-io^-rJdf 


<  1 


Jf  in  addition  df/df  is  symmetric  with  respect  to  fm,  we  have 


=  rm 

ri 

C  —  2  I  cos  [ft>(?  -  f  J]  df  ....  (3.05.06) 

Jo 

The  critical  values  n  and  de  can  be  determined  from  equations  (3.05.05) 
and  (3.05.06)  with  known  types  of  distribution  of  time  lag.  To  illustrate 
the  effect  of  the  spread  of  time  lag,  let  us  consider  first  the  case  where  the 
extent  of  time  lag  spread  —  Af  is  sufficiently  small,  so  that  C  will  be  sub¬ 
stantially  constant  for  a  given  mode  of  oscillation  regardless  of  the  small 
variations  of  an,  and  the  magnitude  of  C  will  be  slightly  less  than  unity. 
For  these  cases,  the  determination  of  the  stability  bou  idary  is  especially 
simple. 

By  separating  the  real  and  imaginary  parts  of  equation  (3.05.05)  we  have 
for  neutral  oscillations 


ynC  cos  mbe  =  yn —  (1  —  yr) 
ynC  sin  cody  =  —% 


}-  ....(3.05.07) 


Both  yr  and  y(  are  given  explicitly  in  equation  (3.04.02)  as  known  functions 
of  to  for  a  given  rocket.  The  critical  values  of  n  and  6{  corresponding  to 
neutral  oscillation  of  frequency  to  can  then  be  calculated  from 


«  = 


(I  -  Xr)  -  [(1  -  XJ'C*  -  (1  -  C*)*,'!1! 


2y(l  -C3) 
de  =  (1/to)  sin-1f^,/(y«C)] 
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increasing  monotonically  when  C  decreases  from  unity.  When  the  magni¬ 
tude  of  C  is  too  much  smaller  than  unity,  the  curve  is  shown  dotted  because 
the  approximation  of  constant  C  is  no  longer  valid  even  for  small  variations 
of  to.  Qualitatively  the  stabilizing  effect  of  spreading  the  time  lag  increases 
with  decreasing  C. 


Figure  37.  Effect  of  the  timewise  spread  of  the 
sensitive  time  lag  on  the  minimum  value  of  the 
interaction  index,  nmla.  compatible  with  unstable 
oscillations  with  combustion  concentrated  at  an 
arbitrary  axial  position.  A  smaller  value  of  C 
indicates  a  larger  spread  of  the  sensitive  lime  lag; 

C  —  1  indicates  no  spread 


Figure  38  Figure  39 

Figure  38.  Critical  values  of  the  interaction  index  n  required  to  maintain  neutral  oscillation 
of  reduced  frequency  (l  of  the  fundamental  mode  with  combustion  spatially  concentrated  at  the 
fractional  axial  position  y  and  for  the  maximum  amount  of  sensitive  time  lag  spread 

Figure  39.  Critical  values  of  the  effective  sensitive  time  lag  d,  corresponding  to  neutral 
oscillations  of  reduced  frequency  of  the  fundamental  mode  with  combustion  spatially 
concentrated  at  the  fractional  axial  position  y  and  for  the  maximum  amount  of  smsitiie  time 

lag  spread 
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Next  consider  the  case  when  the  extent  of  time  lag  spread  is  no  longer 
small  so  that  the  variation  of  C  with  to  must  be  taken  into  account.  Con¬ 
sider  the  following  example  where  the  distribution  function  is  specified  as 

df  7 t  (  r  —  f 

df  ~  2Af COS  \  Af-^ )  -...(3.05.09) 


which  is  symmetric  with  respect  to  fm  and  is  maximum  at  fm.  Equation 
(3.05.06)  gives 


Figure  40.  Effect  of  the  large  timewise  spread  of  sensitive  time  lag  on  the  critical  values  <5, 
for  the  lowest  unstable  ranges  of  the  fundamental  mode  as  a  function  of  the  fractional  axial 
position  if  of  Ike  concentrated  combustion,  n  =  1-00 


Thus  C  is  a  function  of  the  angular  displacement  of  the  oscillation  during 
the  extent  of  the  time  lag  spread.  The  critical  values  «  and  8e  corresponding 
to  frequency  to  of  neutral  oscillations  have  to  be  determined  from  equations 
(3.05.G7)  and  (3.05.10)  simultaneously.  The  critical  values  n  and  8e  for  the 
largest  possible  extent  of  spread,  Af  =  2fm  with  fmin  —  0,  and  fn)3X  =  2fm, 
are  shown  in  Figures  38  and  39  and  the  unstable  ranges  of  fe  for  Ar/2f  m  =  1 , 
f,  and  J  are  shown  in  Figure  40  for  n  =  1.  The  effect  of  spreading  the 
time  lag  is  again  shown  to  be  stabilizing  and  the  stabilizing  effect  increases 
with  increasing  fractional  extent  of  spread.  It  should  be  noticed,  however, 
that  the  stabilizing  effect  is  rather  small  if  Ar/2f  m  <  |  which  will  probably 
include  a  large  number  of  practical  situations. 

The  previous  results  are  obtained  only  under  the  assumption  that  the 
sensitive  space  lag  is  negligibly  small  compared  to  the  total  space  lag, 
so  »hat  f  cz  ip  and  the  oscillations  of  the  position  of  the  concentrated 
combustion  front  are  i:eglected.  If  £  is  not  taken  to  be  equal  to  yt,  then 
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C  exp  (—if,)  is  defined  by  equation  (3.05.03)  not  by  equation  (3.05.06).  It 
is  obviously  seen  that  the  previous  formulation  is  not  adequate  for  a  certain 
mode  of  oscillation  when  the  combustion  front  is  in  the  neighbourhood  of  a 
pressure  node  of  this  mode.  The  modification  of  the  results  is,  however, 
shown23  to  be  non-essential.  The  effect  of  the  fact  that  £  <  tp  is  that  the 
stable  region  about  each  node  is  shifted  slightly  downstream.  The  effect 
of  spreading  the  time  lag  is  still  stabilizing. 


3.06.  Formulation  for  Systems  with  Distributed  Combustion 
The  analysis  for  systems  with  concentrated  combustion  shows  that  the 
position  of  the  concentrated  combustion  front  is  quite  important  in  deter¬ 
mining  the  stability  of  the  system.  It  is  therefore  necessary  to  analyse  the 
stability  behaviour  of  systems  with  combustion  distributed  arbitrarily 
along  the  combustion  chamber  axis.  The  analysis  of  systems  with  concen¬ 
trated  combustion  is  mathematically  simple  because  the  gas  flow  on  both 
sides  of  the  concentrated  combustion  front  is  uniform  and  the  propagation 
of  pressure  disturbances  in  such  a  uniform  flow  field  can  be  easily  determined 
from  the  simple  wave  equation  as  the  ordinary  acoustical  solution  when 
both  the  Mach  number  of  the  gas  flow  is  small  and  the  entropy  perturbations 
are  neglected.  In  the  case  of  distributed  combustion  the  flow  field  is  no  longer 
uniform  and  there  are  mass,  momentum,  and  energy  sources  throughout 
the  combustion  chamber.  It  is  evident  that  the  equations  governing  the 
motion  will  be  different  from  those  of  a  simple  wave  at  all  points  where 
such  sources  are  present. 

A  particular  treatment  of  this  problem  has  been  previously  published  by 
the  authors  with  the  restrictive  assumption  that  the  combustion  is  uniformly 
distributed  in  the  axial  direction  and  with  a  few  other  simplifying  assump¬ 
tions.  In  the  rest  of  this  chapter  the  problem  has  been  treated  for  the  most 
general  distribution  of  combustion  and  without  making  use  of  the  aforesaid 
simplifying  assumptions.  As  a  result  the  equations  are  considerably  more 
involved  and  a  different  method  of  solution,  which  proves  to  be  quite  general 
and  powerful,  has  to  be  used.  The  equation  can  be  formulated  without 
difficulty  for  the  model  discussed  at  Section  1.03.  For  this  model  the  whole 
flow  is  divided  into  two  phases:  a  flow  of  burnt  gases,  with  a  rate  p*u*  per 
unit  area;  and  a  flow  of  liquid  propellants  (in  droplets),  with  a  rate  p*u*. 
Here  p*  and  u*  are  the  actual  density  and  velocity  of  the  gaseous  phase, 
u *  is  the  velocity  of  the  liquid  phase  supposed  uniform  for  a  given  section, 
and  p*  the  mass  of  droplets  per  unit  volume  of  gas.  The  volume  of  the 
droplets  is  neglected.  The  equation  of  mass  conversion  can  be  expressed 
by  writing  that  the  rate  of  mass  accumulation  between  sections  x*  and 
x*  -j-  d.v*  plus  the  outgoing  flow  of  mass  is  zero,  that  is, 

(p*  +  Pi)  +  (P*«*  +  P*UT)  =  o 


This  can  also  be  written  as 

dp*  d  dp*  9  ,  *  ».  dw* 

dt*  ^  dx* {p  u }  ”  dt*  dx* }  ~  dx* 


....  (3.06.01) 


where  t*  and  x*  are  the  physical  time  and  space  variables  and  the  quantity 
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w*  represents  the  instantaneous  rate  with  which  burnt  gases  are  produced 
in  the  whole  volume  between  x*  —  0  (injector  face)  and  x*. 

Similarly  the  conservation  of  momentum  states  that  for  the  element 
between  x*  and  x*  -f  dx*  the  rate  of  accumulation  of  momentum  plus  the 
outgoing  flow  of  momentum  must  be  equal  to  the  total  force  acting  on  the 
boundaries  of  the  element.  Neglecting  friction  on  the  walls  we  can  write 


( p*u *  +  pfu*)  +  A  (p*U*2  +  p?U* 


*2\ 

/ 


dp* 


....(3.06.02) 


The  conservation  of  energy  can  be  expressed  by  writing  that  the  rate  of 
increase  of  the  total  stagnation  energy  content  of  the  element  under  con¬ 
sideration,  plus  the  outgoing  flow  of  total  stagnation  enthalpy,  must  balance 
the  energy  introduced  into  the  element  through  the  boundaries.  Neglecting 
heat  exchanges  through  the  walls  the  last-mentioned  energy  is  zero. 
Therefore  we  can  write 


[p*e*  +  pHV  +  K2)]  +  [p*“*V  +  pfu*{h*p  +  {«**)]  =  o 

....(3.06.03) 

Here  c*  —  e*  -f-  (|«*2)  and  h*  =  h*  -(-  iu*2  represent  the  stagnation 
interval  energy  and  the  stagnation  enthalpy  for  the  gaseous  phase.  For  the 
liquid  phase,  the  internal  energy  and  the  enthalpy  are  very  nearly  the  same; 
the  corresponding  common  value  h*  is  intended  to  include  the  chemical 
energy  of  the  propellants.  In  writing  the  preceding  equations,  it  has  been 
assumed  that  die  velocity  and  heat  content  of  the  droplets  are  the  same  for 
all  droplets  at  any  given  station  and  that,  in  accordance  with  the  one¬ 
dimensional  treatment,  the  droplets  are  uniformly  distributed  over  the 
section. 

The  four  equations  (3.06.01),  (3.06.02)  and  (3.06.03)  contain  eight 
unknowns  p*,  u*,  p*,  T*  (of  which  e*  and  h*  are  functions),  w*,  pf,  ufy 
and  h*.  The  four  additional  equations  needed  are  easily  located. 

First,  we  have  the  equation  of  state  for  the  gas  phase 

p*  —  p*RT*  ....(3.06.04) 

The  second  equation  expresses  the  functional  relationship  between  the 
burning  rate  w*  and  the  other  variables.  Such  a  relationship  will  be 
obtained  later,  based  on  the  assumptions  of  Section  1.11. 

A  third  equation  is  obtained  from  the  dynamic  behaviour  of  the  droplets. 
Assuming  that  the  force  exerted  by  the  gases  on  the  droplets  is  inversely 
proportional  to  the  Reynolds  number  one  can  write 

^j“  *=  +  «*  =  k* («*  —  »?)  ••••  (3.06.05) 


where  the  acceleration  of  the  droplet  has  been  obtained  following  the 
droplet  path.  The  coefficient  k*  depend.',  on  various  parameters,  including 
the  diameter  of  the  droplets,  and  therefore  should  be  variable  when  the 
droplets  arc  losing  weight  by  evaporation  and  combustion.  Here, 
however,  we  shall  overlook  this  variation  and  assume  for  k*  a  convenient 
constant  value. 
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3.U0 


The  fourth  equation  could  be  obtained  from  the  heat  balance  of  the 
droplets.  This  would  give  us  an  equation  for  h*,  or  for  the  temperature  of 
the  droplets.  The  droplets  are  actually  picking  up  heat  and  increasing 
their  h*  in  the  initial  part  of  their  journey;  they  release  it  again  when 
they  bum.  The  extent  of  increase  of  h*  is,  however,  seriously  limited  by 
the  presence  of  evaporation.  In  order  to  avoid  additional  complications  in 
our  problem,  and  to  take  into  account  the  fact  that  while  h*  is  increasing, 
the  kinetic  energy  of  the  droplets  is  decreasing,  we  shall  replace  the  heat 
balance  equation  by  the  simpler  relation 


h*  +  iu*2  =  const.  =  h*0=-.  |u*2 


....(3.06.06) 


It  can  be  shown  that  reasonable  deviations  from  this  constancy  would  only 
introduce  higher  order  effects  in  the  following  developments. 

We  can  now  proceed  to  the  non-dimensionalization  of  the  preceding 
equation.  This  can  be  done  by  using  the  reference  values  p*,  p*,  T*  and 
c 0  =  (yRT*)*  as  in  Section  3.01,  which  are  the  pressure,  density,  and 
temperature  of  the  gas  and  the  sound  velocity  in  the  gas  at  the  injector 
face  (x*  =  0),  and  by  choosing  as  representative  length  the  length  of  the 
combustion  chamber  L.  We  take  therefore 


x*  c*t «■ 

x  =  T;i==-17’p 


r.  0  _£f 

pr  p~pV  n*  pl~Pt 


f0 


«/ 

<0 


w 


w 


y  —  i 


Poc*  yRT J 


*h*>  h* 


1 


yRT* 


*  •• p 


..(3.06.07) 


where  y  is  the  adiabatic  index  for  the  gases,  assumed  to  be  constant  together 
with  the  specific  heats  within  the  range  of  variation  of  T*.  This  assumption 
allows  us  to  write  in  this  range 


Ah  —  d T  and  Ah  =  AT 


....(3.06.08) 


independently  of  the  behaviour  of  the  specific  heats  out  of  this  range. 
The  non-dimensional  equations  can  be  written  as 


di  + 


dp 

dt 

d(p“) 

dt 


d(pu) 

dx 

d(/w*) 

dx 


dw  _ 
dx  ~ 

_ \dp_ 
y  dx 

y  —  1  dp 
y  dt 

P  =  pT 

du,  du, 

1l  +  utT^k(u-ul) 


(dh,  ,  to,\ 

p(lT  +  “a;)  = 


h,  +  \{y  -  i)“?  =  K 


T* 


dpt 

dt 

d(piui) 

dx 

_ (3.06.01a) 

ss-Tv' 

d(ptu 

dt 

i )  diptf) 

dx 

_ (3.06.02a) 

r.  '^C 

dw 

ill 

~(h. 

-Wa? 

....  (3.06.03a) 

- (3.06.04a) 

i 

....  (3.06.05a) 

_ (3.06.06a) 
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where  we  have  introduced  the  two  quantities  k  ■—  ( Ljc*)k *  and  hp  — 
{(y  —  1  )/{yRT*)}  (h*a  +  i u*~).  In  the  derivation  of  equation  (3.06.03a) 
from  (3.06.03),  use  has  been  made  of  the  relation  p*e*  —  p*/i*  —  p*, 
the  two  equations  (3.06.01  J  and  of  equation  (3.06.06).  If  the  flow  is  steady 
the  corresponding  relations  are  immediately  obtained  from  the  preceding 
equations  by  suppressing  the  time  derivations,  and  integrating  with  the 
following  boundary  conditions:  at  x  =  0,  u  =  0,  p  =  1,  /»  =  1,  5P  =  1, 
=  h^,  —  wa  hp  —  Here  w(  represents  the  known  injection  rate 

per  unit  area  of  chamber  divided  by  Indicating  the  steady  state 

quantities  with  a  sr^erposed  bar  we  find: 


pu  =  w;  pfii  =  w{  —  w  - (3.06.09) 

P—  i  -  y(p«2  4-  pm  —  pi0%)  —  1  -  y[»(«  -  «i)  +  wt{*i  -  «(„)] 

_ ( t.06. 10) 

h  =  h  +  \{y-  1  )fi*  =  hPm  =  fi  =  pT  ....  (3.06.1 1) 

ut  dujdx  =  k(u  —  ut)  ....  (3.06. 1 2) 

The  first  equation  (3.06.11)  can  be  rewritten,  using  equation  (3.06.08),  as 

T  =  1  -\{y—  l)i?  ....  (3.06.1  la) 


This  system  can  be  easily  solved  if  instead  of  prescribing  the  burning  rate, 
i.e.  starting  from  a  known  w(x),  we  assume  a  known  u{x).  In  this  case  the 
integration  of  equation  (3.06.12)  provides  u,(x);  T(x)  is  provided  by 
equation  (3.06.1  la)  and  f>,  p  and  w  are  found  from  the  preceding  equation  as 


. _ l _ ^  1  ~  ~ 

p  1  —  f(y  —  »)«*  «  1  -f  |(y  +  l)fi*  —  Yiai 


....(3.06.13) 


If  the  combustion  must  be  complete  at  the  end  of  the  chamber  (.v  =  1), 
where  the  velocity  takes  the  prescribed  valu»*  uv  from  the  last  of  equations 
(3.06.13)  we  obtain 

.  _  _ _ “t _ 

Wl  Wi  1  +  i(y  +  l)«t  -y&i\ 


This  relation  can  be  inserted  in  equations  (3.06.13)  to  obtain  p,  p  and  w 
in  terms  of  u(x)  and  ut(x)  only. 

Let  us  discuss  now  the  order  of  magnitude  of  the  fundamental  quantities 
involved.  The  velocity  iit  in  the  final  section  of  the  chamber  is  connected 
with  the  Mach  number  M  and  depends  on  the  area  ratio  of  the  nozzle. 
For  a  throatless  motor,  M=l.  For  ordinary  motors,  however,  M  is  generally 
around  0*1.  Therefore,  excluding  the  case  of  a  tubular  motor  we  shall 
consider  M  as  a  small  quantity  and  we  shall  compare  the  magnitude  of  the 
other  quantifies  with  M.  For  such  small  values  of  M  we  have  very  closely 
iq  =  M.  The  sound  velocity  in  the  burnt  gases  of  a  rocket  is  generally 
around  3000  f/s.  Thus  the  velocity  it*  ;s  around  300  f/s.  The  injection 
velocity  u*  is  generally  below  this  value  even  for  high  injection  pressures. 
Immediately  after  injection  «  —  u,  is  negative  so  that  equation  (3.06.12) 
shows  that  u(  decreases.  In  the  same  time  u  increases,  until  at  a  certain 
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station  u  becomes  equal  to  fi,.  After  this  station  S  stays  larger  than  ut  and  fi, 
increases  again,  though  lagging  behind  fif.  We  conclude  that  fi,  is  always 
smaller  than,  or  equal  to,  the  larger  of  the  two  quantities  «,o  and  uv  and 
therefore  in  general  is  of  the  same  order  as  M;  in  mathematical  form  both 
it  and  ut  are  O(M).  Consider  now  the  quantity  k.  In  the  simplest  case 
where  u  =  0  the  integration  of  equation  (3.06.12)  gives  a,  =  uto  —  kx. 
The  velocity  of  the  droplets  is  therefore  reduced  to  zero  at  a  finite  distance 
*0  =  uijkt  which  might  be  called  ‘penetration*.  For  the  usual  densities  of 
the  burnt  gases  in  a  rocket  chamber  the  penetration  is  of  the  order  of  a  few 
inches.  On  the  safe  side,  let  us  assume  that  the  penetration  is  equal  to  half 
the  length  of  the  chamber,  i.e.  a0  =  £  and  k  —  2 ult.-  Thus  k  is  probably 
larger  than  ii,a  but  of  the  same  order,  that  is  k  is  of  O  (M).  As  a  result  of  the 
order  of  magnitude  of  u  and  ul  we  see  from  equations  (3.06.11a)  and  (3.06.13) 
that  the  deviations  of  f,  p  and  p  from  unity  and  of  w  from  u  are  0(M2). 
Up  to  terms  of  this  order  we  can  therefore  write 


P=p=f=  1; 


.(3.06.14) 


The  practical  equality  of  w  and  i2  has  the  consequence  that  the  description 
of  a  combustion  process  in  steady  state  can  be  obtained  equally  well  by 
prescribing  the  rate  of  burning  or  the  velocity  distribution. 

Within  the  approximation  (3.06.14),  the  second  equation  (3.06.09)  can 
be  written 

pfit  =  tll  —  u  ....  (3.06.15) 

3.07.  Perturbation  Equations  with  Arbitrarily 
Distributed  Combustion 

We  can  now  proceed  to  obtain  the  perturbation  equations  corresponding 
to  equations  (3.06.01a)-(3.06.06a).  We  consider  each  of  the  dependent 
variables  as  the  sum  of  the  steady  state  value  plus  a  perturbation,  so  small 
that  the  terms  higher  than  those  linear  in  these  perturbations  can  be 
neglected.  We  indicate  with  a  prime  these  perturbations  and  as  before  we 
investigate  the  stability  of  solutions  of  the  exponential  type: 

=  ....(3.07.01) 


where  the  denominators  are  independent  of  time.  The  exponent  s  —  A  iQ 
is  generally  complex.  Our  purpose,  as  in  the  preceding  sections,  is  to 
determine  the  conditions  under  which  the  solution  is  stable,  neutral  or 
unstable,  that  is  A  ^  0,  or  simply  to  determine  the  stability  boundary, 
where  A  —  0,  and  the  unstable  side  of  the  boundary.  At  neutral  conditions, 
tb'-  denominators  of  (3.07.01)  represent  the  complex  amplitudes  of  oscilla¬ 
tion  of  the  corresponding  quantities.  The  perturbations  arc  therefore 
given  as  complex  quantities  of  which  only  the  real  part  has  a  physical 
meaning.  The  alternate  interpretation  of  these  complex  perturbations  as 
rotating  vectors  in  the  complex  plane  allows  us  to  consider  their  complex 
amplitudes  as  fixed  vectors;  it  is  clear  that  the  angle  between  any  'wo 

|  If  the  diameter  of  the  droplets  is  decreasing  from  evaporation,  k  increases  steadily  and 
becomes  infinite  at  the  end.  In  this  case  u,  finally  catches  up  with  «. 
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vectors  represents  the  phase  angle  between  the  corresponding  oscillating 
quantities.  Letting  p  =  p  -f-  p',  u  —  u  +  etc,  in  equations  (3.06.01a), 
(3.06.02a)  and  (3.06.03).  subtracting  the  corresponding  steady  state  equa¬ 
tions  and  neglecting  terms  other  than  those  linear  in  the  perturbations  we 
obtain,  after  introduction  of  equations  (3.07.01)  and  suppression  of  the 
factor  exp  ( st ), 

d  ,  .  dq  d  . 


d  dq 

so  +  —  (pv  +  uo)  =  — 


(p,V  +  ....(3.07.02) 


s(pv  -j-  ua)  -j-  —  (2 puv  +  u2o) 


31  dy 
y  d* 


-  s(plV  +  u,0  -  -  (2 p,ulV  +  uf0  ....  (3.07.03) 


From  the  energy-  equation  (3.06.03a)  replacing  h,  =  h,  -f  K  —  hPm  +  K 
(Vcause  of  equation  (3.06.10)),  we  obtain 

(dh'_dh'\_y-\dp'  dw 

P  V  ?'  dx )  y  dt  *  dx 
or 

!(*--- Tlp')=~rx(^ 

We  can  introduce  in  this  equation  A'  =  h'  -f  (y  —  1  )uu,  that  is,  since  by 
equation  (3.06.08)  h'  =  T'  and  by  equation  (3.06.04a)  pT’  —  p‘  —  Tp\ 
we  can  substitute 

pK  =  P'  —  Tp  +  (y  —  i)p«“' 

The  result  is 

1/  (y  “  Tp>)  =  ~(y  ~  vp*  %  -  Yx  WP  “  Tp>  +  Oa8*'}] 

Replacing  from  equation  (3.07.01)  we  obtain  the  energy*  equation  in  the 
following  form 

»  \  d 

s  [y  ~  +  ^  ~ =~<&  W*  “  ?<T  +  (y  ~  1)p5y}] 

....(3.07.04) 

Tlie  equation  of  state  (3.06.04a)  has  already  been  used  to  eliminate  T’  and 
is  not  needed  any  more.  Similarly,  equation  (3.06.06a)  need  not  be  used 
further.  The  equation  (3.06.05a)  representing  the  motion  of  the  droplets 
gives 


s'^  +  ('  + 3; +*)’'=*•■ 


This  first  order  equadon  for  17  can  easily  be  integrated.  However,  a  simple 
approximate  solution,  valid  under  the  present  circumstances,  can  be 
given  by  observing  that  k  is  O(Af),  and  therefore  from  equation  (3.06.12) 
du> 

also  is  O  (M)  while  on  the  other  hand  the  modulus  of  s  is  around  a 
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multiple  of  it  for  nearly  neutral  oscillations  in  the  high  frequency  range  as 
will  be  shown  later.  Therefore,  the  predominant  term  of  the  left  member 
of  the  equation  is  srj  and  one  can  write  approximately 

rj  =  kjs  .v  ....(3.07.05) 

This  approximate  solution  satisfies  the  boundary  condition  (3.07.06) 
given  in  the  next  paragraph.  We  see  that  the  fluctuations  of  droplet  velocity 
are,  for  small  k,  considerably  damped  with  respect  to  those  of  the  gas 
velocity,  and  for  neutral  oscillations,  s  —  ii»,  y  follows  v  with  a  90°  phase 
shift.  Equations  (3.07.02)-(3.07.05),  together  with  the  equation,  still  to  be 
derived,  for  the  burning  rate,  are  in  principle  suflkient  to  '•olve  our  problem 
under  appropriate  boundary  conditions.  It  is  interesting  to  observe  that 
the  only  traces  left  of  the  equations  (3.06.05)  or  (3.06.05a)  governing  the 
motion  of  the  droplets  are  in  the  relation  u,(x)  and  in  the  equation  (3.07.05), 
that  is  in  a  form  much  less  restrictive  than  the  original  equation  of  motion 
(3.06.05),  particularly  if  k  is  considered,  in  general,  as  an  empirical  factor 
correlating  the  two  velocity  fluctuations,  and  capable  of  taking  complex 
values. 

Let  us  now  write  the  ;o  -ditions  at  the  injector  end,  x  =  0.  Here 
u(x,  *)  =  0  at  each  instant,  so  that  u'(0,  t)  ==  0.  If  the  injection  velocity 
and  the  injection  rate  are  supposed  to  be  unaffected  by  changes  in  the 
chamber  conditions  (a  logical  assumption  for  sufficiently  high  frequencies) 
we  have  uj( 0,  /)  =  0  and  p' 1 0,  t)  =  0.  Similarly  ui(0,  /)  =  tD(0)  —  0  and 
therefore  u;'(0,  t)  —  0.  Hence  from  equations  (3.07.01)  we  have 

*0  =  Co  =  Vo  =  9o  =  0  - (3.07.06) 

At  the  nozzle  end  we  assume  complete  combustion,  which  means  that 
for  *—!,/>,  and  p't  are  0  every  instant.  The  terms  deriving  from  the 
motion  of  the  droplets  in  equations  (3.07.02)  and  (3.07.03)  disappear; 
dq/dr  vanishes  and  the  two  ni'i  lining  equations  become  those  of  the 
adiabatic  motion  of  a  gas.  Evidently,  equation  (3.07.05)  becomes  meaning¬ 
less.  At  x  =  1  it  is  therefore  necessary  only  to  prescribe  the  behaviour 
of  the  de  Laval  nozzle  in  the  presence  of  oscillations,  as  in  previous 
sections;  this  is  done  by  equating  the  ratio  of  the  fractional  variations  of 
velocity  and  density  to  the  specific  nozzle  admittance  ratio  (Appendix  B). 

Equations  (3.07.02)-(3.07.04)  are  quite  involved.  We  shall  now  put 
them  in  a  different  form  which  allows  a  simple  iterative  approach  to  the 
solution.  It  is  immediately  checked  by  direct  substitution  and  with  the 
help  of  equation  (3,07.04)  that  equations  (3.07.02)  and  (3.07.03)  are 
exactly  equivalent  to  the  following  two  equations : 


d  /  v 

\  w 

v  dY 

' 

Mi 

d*  W( 

ii 

■It 

+ 

.  ....(3.07.07) 

ss 

1  d  / 

m\  v 

rr  dW' 

y  cU  \< 

7  +*-  = 

Vo/  ?o 

—sZ  — j — 
cu 

109 


3.07  ANALYSIS  OF  SCREAMING  (LONGITUDINAL  HIGH  FREQUENCY  INSTABILITY) 

where: 

*-«r -«*£  +  <  i-r>i 

q  (p  v  _  o  v 

- u  4-  (1  —  p) w( i  —  f) (y  —  1  )p«2  — 

rr-  m  v  r/  m  '  7  no  w  '*  m 


T’o 


n 
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n 


a  v  7i  C 

Z  —  u - (1  —  p) - f-  pi - {-  ilf  — 

v,  n  <Fo  <p« 

11'=  2pu - f-  2 ppi,  —  -j-  52 - f-  ajf  — 

<ro  n  n  <po 

Equations  (3.07.07)  can  be  rewritten  as: 


±  la.  _  r 

d.v  \f0 


Um  +  W)+sk-r)—«r  +  Z)  =  -lF 


. . .  (3.07.08) 


...(3.07.09) 


It  is  directly  checked  that  these  equations  are  equivalent  to  the  two 
following  integral  equations,  obtainable  by  solving  die  non-homogeneous 
linear  system  (3.07.09)  as  if  X,  E  and  F  were  known  functions  of  *: 


-r  W  ---  C\  sirh  sx  +  C*  cosh  sx 

m  1  2 

—  j  f  \_F{x')  cosh  s{x  —  x')  -f  E{x)  sinh  s(x  —  *')]  d.v' 
Jo 
v 

- Y  —  —  C,  cosh  sx  —  Cn  sinh  « 

<Po  1  ,  2 

+  sj  \F(x')  sinh  j(a-  —  x')  -f-  E(x')  cosh  s(x  —  a')]  d.v' 


.(3.07.10) 


On  the  left-hand  side,  the  different  quantities  are  evaluated  at  station  x; 
but  we  can  now  introduce  the  boundary  conditions  (3.07.06)  at  x  =  0, 
after  observing  that  from  these  conditions  and  from  5(0)  —  0  we  derive 
17(0}  =  0  and  7(0)  =  0. 

The  arbitrary  constants  Ct  and  C2  can  be  rompi>  '.cly  eliminated  if  we 
prescribe  the  value  of  <p{ 0)  =  <p0.  Equations  (3.07.10)  become: 


—  —  cosh  sx  —  y  W 
To 

—  s  f  [ yF{x' )  cosh  r(.v  —  a')  yE{x')  sinh  s{x  —  .v')]  d.v' 
Jo 
yv 

—  =  —sinh  sx  -f-  yY 
To 

r  s  |  [vF{xr)  sinh  s(x  —  .v')  -  -  yE(x')  cosh  six  —  .v')]  civ' 
Jo 


.(3.07.11) 
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These  two  integral  equations  together  with  equations  (3.07.04)  and  (3.07.05), 
plus  the  equation  for  the  burning  rate  to  be  derived  in  Section  3.08,  will 
be  used  for  the  solution  of  our  problem. 


3.08.  The  Burning  Rate 

In  Section  1.11  we  have  formulated  certain  relations  concerning  the  time 
iag  and  its  variations.  These  relations  were  written  in  terms  of  dimensional 
quantities.  However,  it  is  immediately  verified  that  the  introduction  of  the 
non-dimensional  quantities  defined  by  (3.06.07)  leaves  the  equations  in 
exactly  the  same  form.  It  is  also  apparent  that  the  rate  function,  f,  can  be 
multiplied,  by  any  arbitrary  factor  if  Ea  is  also  multiplied  by  the  same 
factor,  so  that  we  do  not  have  to  give  explicitly  the  factors  of  non-dimensionali- 
zation  off  and  Ea,  provided  they  are  equal.  Therefore,  we  can  utilize  directly 
the  relations  of  Section  1.11  as  if  they  had  been  written  originally  in  terms  of 
non-dimensional  variables.  Particularly  simple  relations  were  derived  for 
uniform  steady  state  conditions  in  the  chamber.  If,  in  accordance  with 
discussion  of  Section  3.06,  quantities  of  0(M2)  can  be  neglected  with 
respect  to  unity,  the  state  of  the  gas  can  be  considered  uniform,  the  dimen¬ 
sionless  steady  state  values  of  pressure,  density  and  temperature  being 
equal  to  unity  [equations  (3.06.14)].  However,  we  can  observe  that  all 
of  the  following  developments  of  this  section  and  of  those  following  can  in 
principle  be  repeated  for  non-uniform  conditions. 

Consider  the  fraction  of  the  injected  propellants  burning  in  steady  state 
between  stations  x  and  x  +  dx.  We  assume  for  the  moment  that  the  time 
lag  f  (x'l  is  the  same  for  all  the  elements  of  the  fraction  considered,  though  it 
can  be  different  for  fractions  burning  at  different  stations  x.  The  burning 
rate  of  the  fraction  considered  is,  by  definition. 


dzri(.v) 

~d7~ 


dx 


In  non-steady  operation  the  same  fraction  burns  between  stations  x  and 
x  -f  d.v  and,  again,  by  definition,  its  burning  rate  is 


dritt,  = 


dw(x,  I) 
dx 


8x 


If  the  rate  of  injection  is  constant  we  can  apply  equation  (1.11.18)  and 
obtain 


dw(x,  t) 
dx 


ax  = 


....(3.08.01) 


Integrating  over  all  fractions  burning  in  steady  state  between  0  and  x,  and  in 
non-stcadv  state  >  ;tween  0  and  x(x,  t),  and  noticing  that  u>(0)  =  u>(0,  i)  =  0 
we  obtain 


w(x,  t )  =r.  w(x) 


dr  dit’(x') 

Jo  d7"d7~ 


d.v' 


_ (3.0°  .02) 


Under  the  integral,  drjdl  is  given  by  equation  (1.11.13)  computed  at 
time  t  and  st  ition  x',  that  is  by 

dr/dl  =  — »{p'(x',  t)  —  />'[£(*')•  t  —  •?(*')]}  - (3,08.03) 
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|(x)  being  the  station  where,  in  steady  state,  an  element  burning  •  i  station  x 
enters  the  sensitive  phase.  Of  course,  f  and  f  are  related  by 


f*  & 

JL  *«(*')  ~"T( 


....(3.08.04) 


so  that  when  u.(x)  is  known,  it  is  equivalent  to  assigning  f(x)  or  f(x).  From 
equation  (3.08.02)  we  can  find  the  perturbation  of  the  burning  rate 

C1  dr  dzD 

«/(x,/)  =  w(x,t)  —  w(x)  =  u>(x)  —  u>(x)  —  J  dr'  _ (3.08.05) 

It  is  now  necessary  to  evaluate  x(x,  t).  At  evety  instant,  the  relation  between 
the  station  £  (x,  t)  where  an  element  enters  the  sensitive  phase  and  the 
insensitive  time  lag  rf  is  given  by 


P  dx'  __ 

Jn  U,(x’)  ~  r< 


....(3.08.06) 


where  the  velocity  a,  has  to  be  evaluated  at  the  station  x'  and  at  the  time 
z'(x')  when  the  element  considered  was  at  station  x': 

«,(*')  =  Mx'>  '  V)]  =  «,(*')  +  ti[[x\  t'(x')]  ....  (3.08.07) 

Hence  in  terms  of  the  spatial  variable  equation  (1.1 1.05)  can  be  written 
as: 

C:  dx’  f*  dx'  t*  dx'  f1  dx' 

Jo  ««(*')  "  Jo  «,(*')  ”  Jo  «,(*')  +  i  a, (4  •  •  •  • (  } 

Neglecting  terms  of  higher  order  in  the  perturbations  we  can  write 

r*  dx '  j-j 

Ji  Mx')  Mi) 

Thus  after  introdm  -ion  of  equation  (3.08.07),  equation  (3.08.08)  becomes 

1-1  =  Mi)  f  dv’  •  •  •  •  (3-08.09) 

Jo  uf(x  ) 

when  the  dependence  of  u[  on  x’  has  to  be  considered  as  indicated  in 
equation  (3.08.07).  Similarly  in  terms  of  the  spatial  variable,  equation 
(1.11.09)  becomes  for  uniform  conditions  [F(.y')  =  const.,  p(x')  ==  1]: 

Ji  M/j f  (/)  =  E°  =  M?) F  {x,)  =fi  MP]  *  *  *  *  (3*08*10) 

From  equation  (1.11.02),  we  have 

f(.t')  =  f[x',  i'(x')J  =  f[l  +  np’{x\  /'(*')}]  . . .  .(3.08.11) 

The  integration  on  the  right-hand  side  of  equation  (3.08.10)  can  be  split 
into  the  imegi  ons  from  £  to  £,  from  £  to  x  and  from  x  to  x.  Neglecting 
higher  order  terms  we  1  uve: 

f f  dx'  £  —  |  C1  dx'  x  —  x 

J?  Mx ')  ~  M.i)  ’  Jx  Mx ')  ~  Mx) 


....(3.08.12) 
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and  finally,  making  use  of  equations  (3.08.12),  (3.08.11),  (3.08.09)  and 
(3.08.07),  equation  (3.08.10)  gives 

*  -  *  -  «.M  f  f  Spi  <•*'  -  ”  P  d»'l  •  •  ■ .  (3.08.13) 

U 0  Uf(x  )  Jf  ut{x  )  J 

In  this  expression  one  can  clearly  distinguish  between  the  effect  of  time  lag 
changes,  represented  by  the  second  integral,  and  the  effect  of  the  velocity 
changes,  represented  by  the  first  integral,  which  constitutes  a  purely  kine¬ 
matic  phenomenon. 

It  is  clear  that  since  we  are  limited  to  terms  of  first  order  in  the  perturba¬ 
tions,  the  right-hand  side  of  equation  (3.08.13)  can  be  written  with  x  and  f 
instead  of  x  and  £.  We  can  now  complete  the  evaluation  of  equation 
(3.C8.05) ;  since,  by  neglecting  higher  order  quantities,  we  can  write 

iv{x)  —  w{x)  —  (x  -  x)  — gj- 

Taking  x  —  x  from  equation  (3.08.13),  this  relation  can  be  inserted  into 
equation  (3.08.05)  together  with  equation  (3.08.03)  and  we  obtain  finally 

*'*,  o  = » £  [/>'(*',  t)  -  p’liw,  t  -  f  (a-')]]  dv' 

....(3.08,4) 

d*  l  Js(I)  «,(*')  Jo  tf(x  )  I  V  ' 

Here  we  have  everywhere  replaced  x  by  x,  and  £(x)  or  |(x)  by  £(x),  the 
resulting  changes  being  negligible  because  they  are  of  higher  order  in  the 
perturbations.  Also,  according  to  equation  (3.06,3),  w  has  been  replaced 
by  «. 

The  time  t‘(x‘)  is  related  to  x'  by  the  relation 


j  »r 


and  since  it  is  only  used  in  the  computation  of  the  perturbations  it  can  be 
replaced  by  the  corresponding  steady  state  expression 


p  dx” 


(3.08,5) 


The  expression  (3.08,4)  for  w  just  obtained  consists  of  a  first  term,  which  is 
o-  ginated  directly  by  the  time  variations  of  the  local  burning  rate,  and  will 
thv-.efore  be  called  »he  timewise  contribution  to  the  variation  of  the  total 
burning  rate  up  to  station  x,  and  of  two  additional  terms  which  are  due  to 
the  displacement  of  the  location  where  a  given  element  burns  and  will  be 
called  the  spacewisc  contribution. 

It  will  be  seen  in  Section  3.09  that  the  timewise  contribution  is  of  an 
order  of  magnitude  larger  than  the  spaccwise  contribution  and  therefore 
represents  the  more  important  contribution  of  the  two.  This  result  justifies 
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the  previous  developments  of  this  chapter  for  systems  with  concentrated 
combustion.  Observe  also  that  the  same  timewise  contribution  is  the  only 
one  present  in  the  low  frequency  case. 

For  a  solution  of  the  exponential  type,  replacing  from  equations  (3.07.01), 
making  use  of  equations  (3.07.05)  and  (3.08.15)  and  cancelling  the  common 
factor  exp  ( st ),  we  obtain  from  equation  (3.08.14) 


Jhx)  Vo 


_  k  I**  K£)  dx’\  ....  (3.08.16) 

s  Jo  q>0  ttf(x')  J 

where  the  first  term  represents  the  timewise  contribution,  and  the  second  two 
terms  the  spacewise  contribution  to  the  burning  rate  variation.  The 
quantity 

....(3.08.17) 

Jo  L  <p0  n  J  dv 

plays  an  important  role  in  the  following  developments. 

For  practical  purposes  we  are  interested  primarily  in  the  determination  of 
the  stability  boundary’,  that  is  s  =  u»*.  For  brevity  in  writing,  we  shall,  how¬ 
ever,  still  use  $  in  the  following  development  with  the.  understanding  that 
s  is  equal  to  ia>.  By  analysing  the  order  of  magnitude  of  the  terms,  we  shaU 
first  show  that  equations  (3.08.16)  and  (3.08.17)  can  be  simplified  when 
the  maximum  local  values  of  dujdx  are  of  order  unity,  and  when  r(x)  is  of 
order  unity  (that  is  t *  is  of  the  same  order  as  the  wave  propagation  time  0V). 
Let  us  assume  that 


dA  ....(3.08.16) 


9>  a  v  1  dtp  1  dv 
— ,  — ,  — ,  —  — —  -r-  are  0\!) 
<Fo  %  f0  d.v  <pndx 


.(3.08.18) 


an  assumption  that  will  be  checked  later  to  be  true  when  m  is  not  too  largej. 
If  t(x)  is  0(1),  equation  (3.08.04)  shows  easily  that 
.X  —  £{x)  =  «,(*)? (x)  -f  0(A P) 

so  that  x  —  £  is  O(.Vf).  Thus,  because  of  (3.08.18),  <p{£)lfo  differs  from 
fp(x)l<p, o  by  a  quantity  of  0(Af)§.  Hence  equation  (3.08.17)  can  be  written 
as 

Q(x )  =  r  [1  -  dx‘  ....  (3.08.19) 

Jo  <Po  dx 

Since  exp  [— rr(x)]  ~  —exp  [~mmt(x)]  is  always  O(i)  the  whole  integral 
is  of  the  same  order  as  «(x),  that  is  O(M),  no  matter  how  large  da(x)/ux 
may  be  locally. 

The  second  term  of  equation  (3.08.16)  can  be  obtained  by  observing  that 
since,  x  —  xf  ^  x  —  £  is  0{M),  <F(x')j<f0  difiers  from  y(x)/V0  bv  a  quantity 

t  at  will  indicate  the  vaiuc  of  the  reduced  frequency  Q  for  neutral  condition,  that  is  at 
the  stability  boundary.  _ 

J  The  case  oflargc  to  and  the  corresponding  modifications  is  alio  discussed  in  the  following 
section. 

§  For  large  to  this  formula  has  to  be  modified,  as  shown  at  Section  3.13. 
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of  0(M)%  so  that  the  value  of  the  integral  is  of  0(1)  and  can  be  expanded 
in  the  form 


1  <p(x 


Wo 


)  r 

-  1  —  e  »  *  «i<-0 


+  o (M)  =  I  ^  [1  _  e-**>]  +  O (M) 
s  Wo 


....  (3.08.20) 

Integration  by  parts  of  the  integral  in  the  third  term  with  v(0)  =  0  leads  to 
1 


sut(x) 


—  (l-e''l»w)|0(ll)  ....(3.08.21) 

Wo  J-  \  ! 


The  barred  quantity  in  square  brackets  represents  a  proper  mean  value  of 
the  corresponding  expression.  Since 


)_  1 

dv 

1  uU{  V 

/  Wo 

di~ 

ut  dr  tp0 

is  0(1) 


because  of  the  relations  (3.08.18)  and  because,  from  equation  (3.06.11), 
dti,/cLv  is  O(M) ;  and  since  for  s  =  tto  also  the  exponential  in  parentheses 
in  equation  (3.08.21)  is  0(1),  we  conclude  that  the  value  of  the  third 
integral  is  0(1  j\l)  and  can  be  expressed  as 


-j  >±40(1) 

ru,(x)  <p0 


....  (3.08.22) 


Replacing  into  equation  (3.08.16)  the  expressions  (3.08.20)  and  (3.08.22) 
for  the  two  integrals,  and  recalling  that  k  is  O(Af)  and  that  da(.v)/Av  is  at 
most  0(1)  wc  cbtain 

2^  =  »«(,) 

Wo  '  s  "  ’  d*  Wo 


....(3.08.23) 


k  da  (x)  r(x) 
s1  dx  <p0 

with  Q(x)  given  by  equation  (3.08.19).  The  only  terms  retained  are  at 
most  O (M)  if  n  is  0(1).  We  can  conclude  that  under  the  present  assump¬ 
tions  q{x)l<f0  is  0(A/),  though  d  Qjdx,  and  therefore  dql<p0dx,  is  locally  of 
the  same  order  as  da/d.v  and  therefore  can  be  0(1). 


3.09.  Solution  by  Iteration  for  Moderate  to 
We  are  now  going  to  examine  the  order  of  magnitude  of  the  terms  of 
equations  (3.07. 11)  for  the  case  of  neutral  oscillations  s  =  km.  Let  us 
first  consider  the  integral  terms.  They  can  be  reduced  to  the  following 
integrals: 

I  *  ysF{  x')  dr';  T  ysE(x)  «=**-•*’>  dv'  ....  (3.09.01) 

Jo  Jo 

From  equations  (3.07.08)  and  (3.07.09)  we  have: 

ysF  =  ys  £  ysB  ysp,  -f  ysu,  ^  +  0{AP)  ....  (3.09.02) 

to  Vo  to  Vo 

ysE  =  (3  -  y)su  ~  +  2 yspfi,  ~  +ysuf~  +  O^l/2) 

Wo  Wo  Wo 
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where  all  the  terms  not  written  explicitly  are  definitely  of  0(Mi)  because  of 
the  assumptions  (3.08.18)  and  because  of  the  results  of  Section  3.06  about  the 
order  of  magnitude  of  the  steady  state  quantities.  Let  us  first  consider 
the  contribution  to  the  integrals  (3.09.01)  due  to  ysql<p0.  This  contribution 
can  be  split  into  three  terms  by  the  use  of  equation  (3.08.23),  the  integrands 
being  all  of  O(Af).  The  second  of  these  three  terms  can  be  written  as 

«y  f  «|  £  n  -  e~‘1  d[«‘W)] 

Jo  To 

The  modulus  of  this  integrand  is  at  most  equal  to  the  product  of  the  maxi  ¬ 
mum  modulus  of 


u.  —  (1  -  e-*?)  e±«*-*> 

<Po 

which  for  s  —  iio  is  of  the  same  order  as  ut,  that  is  O(M),  times  the  variation 
of  a,  which  is  also  O (Af).  Thus  this  second  term  is  0(Mi).  The  same 
result  is  derived  for  the  third  term,  which  can  be  written  as 


7 

s  Jo  To 

because  both  the  integral  and  k  are  O (M)  (see  Section  3.06).  Hence  all 
contributions  to  the  integrals  (3.09.01)  from  (3.08.23)  are  0(A/2)  except 
the  one  due  to  the  first  term,  so  that  the  spacewise  contribution  to  the 
burning  rate  can  be  completely  neglected  in  the  following  development, 
and  only  the  timewise  contribution  retained.  For  to  =  0(1)  it  is  clear 
*  that  the  integral  in  equation  (3.09.04)  is  O(Af) ;  when  to  is  large,  that  is, 
when  |sj  is  large,  one  can  integrate  by  paris  so  that  this  first  term  can  be 
written 

f  yj  —  e±*(*~*')  dx'  =  ttys  f  Q{x')  c±*z~x'>  dx' 

Jo  To  Jo 

=  [  Q(x)  -  j*~  e±*x_x'>  dx'j 

=  Tvy  {<2W  -  (1  -  e-*f)  e±*<*“x'> d[a(x')]} 

....(3.09.04) 


which  is  O(M)  no  matter  how  large  d«/dr  is  locally,  and  how  large  to  is. 
Thus  we  conclude,  in  general,  that  for  n  of  OH),  the  expression  (3.09.04) 
is  O(iVf). 

Consider  next  in  the  integrals  (3.09.01)  the  contribution  due  to  the  term 
in  (ip  —  a)  I  To  of  equation  (3.09.02).  Rewrite  equation  (3.07.04)  in  the 
form 
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and  integrate  this  linear  equation  to  obtain 

5L  _  f  1  +  {y  _  I)jB  L  =  1=1  1  fV)  d  (c‘/*  t) 

To  To  To  y  “Jo  To  \  / 


....(3.09.06) 

An  alternate  form  of  this  expression  is 

Li  _  f  •  .  |„E  +  L  fV/^d  Ifcai) 

}'  To  To  y  l  To  "Jo  L  To  J I 

....  (3.09.07) 


The  expression  (3.09.06)  represents  the  time  independent  factor  of  the 
stagnation  enthalpy  perturbation,  ph't  e~*'/To  (as  is  immediately  checked 
from  Section  3.07),  and  the  expression  (3.09.07),  the  time  independent 
factor  of  the  entropy  perturbation,  f> S'  e_*7cjTo-  F°r  neutral  oscillations, 
s  =  ito;  both  quantities,  and  therefore  h‘Jrp0  and  S'/To  can  be  0(1)  as  car; 
be  checked  from  equations  (3.09.06)  and  (3.09.07).  Therefore  the  quantity 
(q)  —  To)lq>0  ~  (<p  —  c)/To,  representing  the  temperature  perturbation, 
is  also  of  O  ( 1 ) ,  a  result  consistent  with  the  assu.  lptions  (3.03. 1 3) .  Neglec  ting 
terms  of  0(M2),  equation  (3.09.05)  becomes 


q>  —  a  y  —  1  /  <p  _  yr\  I  d  f"  Zt- -  y*\" 

To  ”  y  \To  ~ *  To/  *  &  L  \  To  ‘  V  “to/. 


From  this  expression  we  find  that 


ys  f  u  — - e d-t'  —  (y  —  \)s  f  u  —  e-***  ***  d.x'  -f-  0(M*1 

Jo  To  Jo  To 


since  the  value  of 


_ (3.09.08) 


d 


l  \  To  y  To/J 


is  evidently  of  O (M*).  We  see  also  that  the  value  of  the  integral  (3.09.08) 
is  of  O(Af).  An  interesting  observation  is  that,  as  equation  (3.09.08)  shows, 
within  terms  of  O(M),  the  value  of  the  integral  can  be  determined  using 
the  isentropic  relation  a  =  <pjy,  despite  the  fact  that  the  entropy  variation 
itself  can  be  of  0(1).  This  shows  that  some  sort  of  compensating  effect 
depresses  the  order  of  the  integral 


Jo  V/To  To/ 


e-*1  dx' 


from  O (M)  to  0(A f8). 
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The  contribution  to  the  integrals  (3.09.01)  of  the  third  term  of  the 
expression  (3.09.02)  can  be  written,  using  equation  (3.07.05),  as 

ys  j  ptl-  e±«*-*'>  dx'  =  k  f  p,  ^  e±«e-*'>  dx'  +  0(M3)  ....  (3.09.09) 
Jo  <Po  Jo  Vo 

and  it  of  O(M).  The  contribution  of  the  fourth  term  of  equation  (3.09.02) 
can  be  evaluated  as  follows.  Let  us  first  determine  the  order  of  magnitude 
of  £/q> 0.  Equation  (3.07.02)  can  be  rewritten  as 


d_ 

dx 


s 

+  V' 


I 

<Fo 


JL  dq 

f0dx 


+  O(M) 


_ (3.09.10) 


because  of  equation  (3.07.05)  and  assumptions  (3.08.18).  The  solution  of 
this  equation  satisfying  the  boundary  condition  (3.07.06)  can  be  put  in 
the  form 


.  i 

su 


which  shows  that  «j(£/9?0)  is  at  most  O(M),  because  (1/Vo)  (dq/dx)  is  at  most 
0(1).  Thus  neglecting  the  contribution  of  the  term  O (Af)  in  equation 
(3.09.10)  we  can  write 


y  f  su,  —  dx'  =  —  y  f  u,  d  -- 

Jo  Jo  L  n 

-r [*&'**-**  [»«(<•> =  <***> 


....(3.09.11) 


since  it  is  immediately  recognized  that  both  integrals  are  at  most  0(A/2). 
Finally  it  is  immediately  checked  that  of  the  contributions  from  the  various 
terms  of  the  expression  (3.99.03)  only  the  first  one  is  O(Af) : 


(3- 


u  —  c±,iz  dx' 
<Po 


u  —  d  [e=*<x-,’M 
Po 


=  0{M)  ....(3.09.12) 


and  die  others  are  all  0(A P) : 


«-)—)  c^-^'d-v'  =  O  (Af-) 
W 


....(3.09.13) 


The  results  represented  by  the  equations  (3.09.04),  (3.09.08),  (3.09.09), 
(3.09.11),  (3.09.12)  and  (3.09.13)  can  be  summarized  by  saying  that  for 
the  purpose  of  evaluating  the  integrals  (3.09.01).  and  therefore  those  of 
equations  (3.07.11)  within  terms  of  O(M),  the  expressions  '3.09.02)  and 
(3.09.03)  can  be  replaced  by  the  following: 


ysE  —  —  is  V 


ysF  —  s(ny  Q  —  U); 
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....(3.09.15) 

l/M-b.-lJ.-S-iftZ;  1 

*  '  *  v  ...  .(3.09.16) 

n«)=i(3-y)6^ 

Wo  J 

These  quantities,  and  the  corresponding  terms  of  the  integrals  (3.09.01) 
are  all  of  O(Af). 

In  the  preceding  analysis  we  did  not  take  into  account  the  effects  of  the 
magnitude  of  s  =  uo  except  for  equation  (3.09.04)  which  was  shown  to 
retain  the  same  order  of  magnitude  no  matter  how  large  co  is.  In  the  same 
manner  one  can  show  that  the  •  rders  of  magnitude  of  equations  (3.09.09), 
(3.09.1 1)  and  (3.09.13)  are  unchanged  no  matter  how  large  co  is.  However, 
the  same  is  not  true  for  equations  (3.09.08)  and  (3.09.12).  In  both  cases 
it  can  be  seen  that  the  integral  on  'he  left-hand  side  stays  of  0(M)  no 
matter  how  large  co  is,  and  therefore  the  whole  expression  is  O(coAf). 
Its  order  of  magnitude  depends  on  the  value  o;  if  co  is  0(1  /M),  for 
instance,  it  becomes  0(1),  and  keeps  increasing  for  increasing  co.  It  will 
be  seen  later  that  if  n  is  0(1),  co  must  be  close  to  In,  l  being  an  integer. 
We  conclude  that  if  M  —  01  and  /  =  1,  toM  is  around  C-3  and  can  still 
be  considered  of  O  (M)  ;  but  for  Z  ^  2  it  is  more  proper  consider  the 
quantities  (3.09.08)  and  (3.09.12)  to  be  of  0(l)f.  Thus  the  previous  results 
about  U  and  V  being  of  O (M)  apply  only  if  to  has  moderate  values.  It 
will  be  seen  in  Section  3.10  how  this  restriction  upon  the  validity  of  the 
iteration  procedure  that  follows  can  be  easily  eliminated. 

Following  the  same  lines  as  those  already  used  one  finds  that  equation 
(3.07.08)  gives: 


yY  =  7  5"  —  y&  ?  +  °(M*) 

ro  ro 

'yW  =  2ii^  +  0(M*) 

<Po 


...(3.09.17) 


and  that  these  two  quantities  are  also  of  0(A I).  Hence,  introducing  s  =  ho, 
with  (o  of  0(1)  at  most,  equations  (3.07.11)  can  be  written  as: 


(fl<p q  =  cos  (ox  -j-  O(M) 
yt'lfo  —  — ;  sin  cox  4-  O  (M) 


...(3.09.18) 


This  form  of  the  equations  suggests  the  following  iteration  procedure  valid 
for  moderate  values  of  co.  Neglect  first  the  terms  of  O (Af)  with  respect  to 
♦he  terms  of  0(1 ) ;  the  resulting  solution  of  zero  order: 

<pmly0  =  cos  cox;  7v<0>/9,o  —  — 1  sin  c ox  ....  (3.09.19) 


t  The  magnitude  of  the  expression  (3.09.08)  is  reduced  by  the  presence  of  the  factor 
(y  —  1),  which  for  rockets  can  be  considered  of  O (Af).  No  reduction  of  magnitude  exists 
for  the  expression  (3.09.12). 

119 


3.09  ANALYSIS  OF  SCREAMING  (LONGITUDINAL  HIGH  FREQUENCY  INSTABILITY) 

coincides  with  the  acoustic  solution  satisfying  the  condition  v  =  0  at  x  —  0. 
This  is  an  exact  solution  of  the  problem  when  M  =  0.  If  M  is  exactly  zero, 
there  is  no  combustion  and  we  can  replace  the  nozzle  at  x  —  1  with  a 
closed  end ;  so  that  at  x  =  1 ,  i»  must  again  be  zero.  The  phenomenon  is 
now  reduced  to  the  one  dimensional  oscillation  in  a  pipe  closed  at  both 
ends.  The  corresponding  eigenvalues  co  satisfy  the  equation  sin  co  =  0, 
so  that  they  take  the  values  co  =  l-n  (l  —  0,  1,2...)  characteristic  of  the 
organ  pipe  oscillations.  The  oscillations  are  always  neutral  at  these  well 
defined  frequencies. 

If  there  is  combustion  and  M  is  small  but  different  from  zero,  two  things 
happen.  Terms  of  O (Af)  are  added  in  equations  (3.09.18);  and  the 
boundary  condition  at  x  =  !,  instead  of  v  =  0,  will  be  given  by 

yv1j<p1  s=  a  _ (3.09.20) 

even  if  we  neglect  the  terms  of  O (M)  in  (3.09.18),  in  which  case  the  form 
of  the  solutions  is  still  given  by  (3.09.19). 

The  specific  admittance  ratio  of  the  nozzle,  a,  has  been  determined  for 
isentropi"  oscillations  in  Appendix  B,  and  has  already  been  used  at 
Section  3,04  for  the  case  of  concentrated  combustion.  The  change  of  the 
boundary  conditions  affects  the  values  of  co  for  neutral  oscillations.  Hence 
leaving  to  for  the  moment  as  the  unknown  eigenvalue  to  be  determined 
later,  we  can  compute  the  additional  terms  of  equation  (3.0°.  18)  by  using 
the  expressions  of  q>m/<p0  and  yvmj<pa  from  equations  (3.09.19)  of  the  0th 
iteration.  If  the  quantities: 

Cz  d  u 

Qm(x)  =  coscox'[l  —e~  *“"<*' >]  — ,  dx' 

k 

Um{x)  —  (y  —  1)«  cos  (ox  -f  —  />,  sin  cox 

F<0,(x)  =  (3  —  y)u  sin  c ox 

are  introduced  in  equations  (3.09.14),  and  then  in  equations  i3.07.10), 
together  with  the  0th  approximations  for  the  quantities  given  in  (3.09.17), 
one  obtains: 


....(3.09.21) 

....(3.09.22) 


<P 


(!) 


- —  —  cos  c ox  4-  i  2  u  sin  cox 
9>o 


-  <0,(*')}  cos  co(x  -  x') 

+  F<°>(x')  sin  co(x  —  x')]  dx'j 


pU> 

?0 


,(0) 


•vy'*'  _  q»' 

- - =  — » sin  tux  -j-  y - yu  cos  cox 


<Po 


-  u  j*[{nyQm(x')  -  C/<°>(x')}  sinco(x  -  x') 

-  k'W(x')  cos  co(x  -  x'))  dx' 


..(3.09.23) 


SOLUTION  BY  ITERATION  FOR  LARGE  0)  3.10 

The  expression  for  q<0)  is  obtained  from  equation  (3.08.23)  after  introducing 
the  relations  (3.09.19).  The  result  of  this  first  iteration  is  correct  up  to  terms 
of  O (M)  provided  co  is  not  too  large.  In  principle  it  would  be  possible  to 
proceed  further  with  additional  iterations;  however,  all  the  terms  of 
0(Mf-)  that  have  been  neglected  in  the  developments  of  this  section  should 
be  introduced,  and  the  result  would  become  very  involved.  The  corre¬ 
sponding  refinement  does  not  appear  to  be  justified  in  view  of  the  roughness 
of  certain  of  our  assumptions,  and  is  certainly  not  required  if  M  is  sufficiently 
small,  in  the  neighbourhood  of  0*1,  say. 


3.10.  Solution  by  Iteration  for  Large  o> 


The  procedure  outlined  in  the  previous  section  cannot  be  applied  if  to  is 
0(  1 IM)  or  larger.  It  is  possible,  however,  to  locate  the  terms  that  arc  respon¬ 
sible  for  the  inconvenience  and  introduce  the  necessary  alterations  so  that 
the  procedure  may  <  mverge  at  higher  to.  The  trouble  comes  from  the 
expressions  (3.09.0b)  and  (3.09.12),  that  is  from  the  second  ter:,  in  the 
right-hand  member  of  equation  (3.09.02)  and  the  first  term  in  the  right- 
hand  member  of  equation  (3.09.03).  If  we  rewrite  them  in  the  following 
way: 


YSu^zS  =  {y^l)seL  +  sii^iro 

To  To  To 


To  To  T0 


To  To  To 

it  is  possible  to  show  that  the  contribution  of  the  first  terms  of  these  two 
expressions  to  equations  (3.09.23)  is  of  0(sM);  the  contribution  of  the 
terms  in  2  — •  y  is  always  O(M)  no  matter  how  large  o>  is;  and  finally 
the  contribution  of  the  third  term  of  the  first  expression,  representing  the 
deviation  from  isentropic  conditions,  is  0(sAP).  This  suggests  that  in 
order  to  eliminate  terms  of  O (sM)  from  the  equations  (3.09.24)  we  start 
from  equation  (3.07.09)  modified  as  follows: 

~  (-  -  y)  +  s  (-?-+  w)  -  su  (-  -  y) 
d*  \To  1  Wo  /  \To  1 

=  r  (  W -X  -  u  —  +  &y)  =  sE 
\  To  / 


$■  (—  +  w')  +  j  (-  -  y)  -  su  (-2-  +  If) 

dv  \yn  J  \<p0  )  \y<pn  ) 


.(3.10.01) 


=  -S{ 


Y  +  Z  +  u 

YTo 


=  - 


sE 


The  homogeneous  equations  obtained  from  relations  (3.10.01)  by  putting 
E  —  E  —Y  =  IK  =  0  have  the  solution 

^  =  e'l»W  cosh  sx;  V—  =  -  e‘  *o  6  **  sinh  sx  ....  (3.10.02) 
To  To 

satisfying  at  x  =  0  the  conditions  <p(0)  =  (p0,  v{0)  —  0.  With  the  same 
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boundary  conditions  the  non-homogeneous  system  (3.10.01)  has,  for 
known  E  and  F,  the  solution : 

E-C-rir 

<Po  <Po  _ 


—  sc  J° “  dr'  f  c-’  i® r<dl"  [yF(x')  cosh  j(x  —  x ') 
Jo 

+  yE{x')  sinh  s(x  —  x')]  dx' 


....(3.10.03) 


4-  sc  i®  **  J  uir"  [yF(x')  sinh  s{x  —  x') 
-f  y£(x')  cosh  s(x  —  x')]  dx' 


analogous  to  the  system  (3.07.10).  Again  since  E  and  F  are  not  known  but 
contain  the  unknowns,  equations  (3.10.03)  can  be  considered  as  a  system  of 
integral  equations.  Using  the  same  techniques  tired  in  Section  3.09  we  can 
check  that  for  s  =  i(o  the  integrals  appearing  m  (3.10.03)  contain  either 
terms  of  an  order  of  magnitude  which  does  not  change  with  to  and  is  at 
most  O(.Vf),  or  terms  with  order  of  magnitude  increasing  with  to,  but  at 
most  0(toAf*).  Thus  we  can  say  that  with  to  up  to  0(1  /M)  equations 
(3.10.03)  can  be  written  as: 

£=f!!!  +  0(Af); 

?o  Vo  Vo  Vo 

and  we  can  apply  the  iteration  technique  previously  discussea.  The  zero 
order  iteration  is  now  given  by  equations  (3.10.02)  with  s  =  ito,  instead  of 
equations  (3.09.19).  We  can  see  that  the  only  difference  between  the  (wo  is  a 
phase  change,  the  amplitude  remaining  unchanged;  and  that  the  difference 

in  phase  is  equal  to  to  dx'  and  is  of  the  order  of  1  radian  if to  is  0(1/Af)f. 

The  first  iteration  is  obtained  by  introducing  into  equations  (3.10.03)  the 
values  of  1F<0),  El0},  Fw  computed  from  the  solutions  (3.10.02)  of  the 
0th  iteration: 


ioff  i  dr"  f  .  -q  _ 

- —  =  e  - 0  {cos  (ox  +  i2a 


sin  (ox 


-  ico  e-'“Jofidx'  [(^0.(0)  _  u< •»)  cos  to(x  -  x') 


-f-  Vm  sin  to(x  —  x')]  dx'} 


. .  .(3.10.04) 


«^.(1)  q(0>  Co  f*  u  As? 

- —  =  v  —  4-  c  J0 


yzr  + 

fo 


-i  sin  cox  —  yu  cos  cox 


-  co  JX  c~imioidx'  0)  _  (/CO))  sin _  *') 

—  F(0)  cos  co(x  —  x')]  dx'} 

| Tli is  phase  shift  is  substantially  an  effect  of  the  mear.  motion  of  the  gases  on  the  absolute 
velocity  of  wave  propagation. 
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SOLUTION  OF  THE  EIGENVALUE  PROBLEM  FOR  -  ==  CONSTANT  3.11 

where  >"<0),  lVi0)  have  been  obtained  again  from  equations  (3.09.17)  with 
$<°7y0>  ctc*  *he  quantities! : 


Czym(x')  du 

ir[,-c  ^a?*' 

«/*M  --P-y)«V-5 ft'— 

9?0  ««>  % 


+  « 


_  ^(0)  —  }'<5(0)  -j-  (y  —  1  )Kyr<0j 


(0) 


<Fo 


-2 *£- 
ffo 


. .  .(3.10.05) 


only  those  terms  have  been  retained  which,  after  the  integrations  of  equa¬ 
tions  (3.10.04),  produce  terms  of  O(Af)  or  O (wAJ4).  The  first  two  terms  of 
U{0)  and  the  first  of  Vi0)  correspond  to  those  of  equations  (3.09.22)  except 
for  the  fact  that  y  —  1  and  3  —  y  are  replaced  by  2  —  y.  Observe  that 
the  phase  shift  of  the  new  0th  iteration  is  cancelled  by  the  exponential 
factor  under  the  integral  sign  of  equations  (3.10.04)  so  that  these  terms 
result  in  the  same  expressions  (except  for  the  change  in  the  numerical 
factor)  for  both  iteration  procedures.  However,  the  additional  factors  of 
equations  (3.10.05)  are  new.  From  equation  (3.09.07)  we  obtain  the  value 
of  the  term 


—  yam  -f  (y  —  l)uyf<0) 

n 


Ail  new  terms  are  of  O(on\p)  and  become  important  only  when  to  is  0(1/M). 


3.11.  Solution  of  the  Eigenvalue  Problem  for  f  =  Constant 
The  stability  problem  can  be  stated  as  follows.  In  a  chamber  with  a  given 
nozzle,  for  which  we  know  the  specific  admittance  ratio  a  as  a  function  of 
the  frequency,  we  prescribe  a  given  combustion  law,  represented  by  a 
known  distribution  of  space  and  time  lags  and  by  a  value  of  the  interaction 
index  tt.  As  has  been  observed  while  discussing  equations  (3.06.13),  the 
steady  state  combustion  distribution  is  represented  by  the  distribution 
u(x).  Similarly  the  unsteady  effects  on  combustion  are  represented  by  the 
distribution  of  sensitive  time  lags  r(x)  and  by  the  interaction  index  n. 

Now  the  question  is:  for  given  a,  u(x),  ?(x)  and  n,  will  an  arbitrary 
perturbation  of  the  steady  state  conditions  be  amplified  or  damped?  Mathe¬ 
matically  the  answer  to  this  question  is  given,  as  in  previous  sections,  by 
analysing  the  sign  of  the  real  part  A  ofs  —  vl  -j-  iQ.  In  practice,  as  has  been 
stated  several  times,  we  need  only  determine  the  neutral  condition  under 
which  A  changes  its  sign.  If  a  and  u(x)  are  fixed,  these  neutral  conditions 
will  be  possible  only  when  a  certain  relation  involving  f(x)  and  n  is  satisfied; 
and  they  will  take  place  with  a  well  determined  critical  frequency  <o. 


t  This  formula  is  not  quite  exact  tinder  the  assumption  of  this  section.  The  changes  to 
tic  made  arc  indicated  in  Section  3.13.  They  have  not  been  introduced  to  avoid  the 
additional  complication  of  the  following  developments. 
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Equation  (3.00.20)  represents  such  a  functional  relationship  between  the 
three  quantities,  and  since  it  is  a  complex  relationship,  it  corresponds  to 
two  real  ones.  If  for  simplicity  we  assume  (as  we  will  in  the  rest  of  this 
section)  tliat  the  sensitive  time  lag  is  the  same  for  all  elements,  equation 
(3.09  20)  represents  two  equations  between  the  three  quantities  6,  n  and  o >, 
where  b  is  the  critical  value  of  the  constant  time  lag  f.  This  means  that 
for  a  given  value  of  n,  equation  (3.09.20)  will  determine  the  values  of  b  and 
(o  for  which  neutral  oscillations  can  be  obtained;  in  other  words  they 
represent  the  characteristic  equations  for  the  set  of  eigenvalues  b  and  to. 
However,  the  direct  solution  of  these  equations  would  require  laborious 
numerical  calculations  because  to  appears  in  a  very  involved  form,  and  it 
would  be  hard  to  find  the  qualitative  trends.  We  can  obtain  results  in  a 
much  faster  and  easier  way  by  reversing  the  procedure,  that  is  prescribing 
the  value  of  to  and  looking  for  the  eigenvalues  b  and  n  compatible  with 
neutral  oscillations  for  that  value  of  to. 

An  idea  of  the  ranges  of  to  that  will  be  particularly  interesting  can  be 
obtained  from  equation  (3.09.20)  after  neglecting  in  the  left-hand  side 
quantities  of  O(Af) ;  that  is  from  the  equation 

sinh  .t/cosh  s  =  ^(ot,  -f  ta/)t  _ (3.1 1.01) 

which  can  be  obtained  from  system  (3.09.19)  or  from  (3.10.02).  It  is  clear 
that  if  oq.  ^  0  this  equation  cannot  be  satisfied  for  A  —  0.  Let  us  therefore 
take  s  —  A  -\-  iQ,  and  split  equation  (3.1 1.01)  into  the  corresponding  two 
real  equations: 

sinh  A  cosh  A  _  sin  Q  cos  Q 

sinh2  A  -j-  cos2  Q  ~  sinh2  A  -f  cos2  Q  ~~ 

If  <xru1  and  cqfij  are  O(M)  these  equations  are  satisfied,  within  our  order 
of  approximation,  by: 

sinh  A  =  —  aqiq  tan  Q  =  — cqu, 

cosh  A  ~  1  cos*  1 

We  see  that  since  a,  is  positive  the  oscillation  must  always  be  damped, 
and  that  the  damping  is  related  only  to  the  value  of  <ifiv  while  eqiq  affects 
only  the  frequency',  which  is  given  by 

Q  =  lir  —  .an-1(a,«1)  ....  (3.1 1.02) 

One  can  show  that  if  a,a,  is  0(1)  but  xTS1  is  still  O(M),  the  frequency  is 
given  by  the  same  relation  (3.11.02)  and  the  damping  by 

sinh  A  =  — otTa1/(l  +  a?af) 

so  that  now  the  damping  is  affected  also  by  the  value  of  a,«j,  but  still  api, 
is  the  most  important  element  in  determining  its  order  of  magnitude.  If 
finally  both  oqiq  and  cqiq  are  0(1),  both  tan-12  and  tanh  A  become  0(1), 
depending  in  a  mixed  way  upon  <xrti1  and  atuv  We  conclude  that  though 
equation  (3.11.01),  obtained  from  equation  (3.09.20)  neglecting  the  effects 
of  combustion  and  the  other  terms  of  O(M),  does  not  provide  any  eigenvalue 


t  Note  5,  =  where  5,  is  to  be  found  in  the  graphs  of  Appendix  B. 
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for  neutral  oscillations,  it  provides,  however,  a  well  determined  value 
(3.11.02)  of  the  frequency  when  the  damping  A  is  of  0(M).  If  the  com¬ 
bustion  terms  generate  enough  energy  to  balance  the  damping  and  produce 
neutral  oscillations,  it  can  be  expected  that  the  frequency  will  stili  be 
around  the  value  given  by  equation  (3.11.02).  Another  important  result 
is  that  the  real  and  imaginary  parts  of  a  have  separate  and  well  defined 
functions  at  least  so  long  as  they  stay  of  0(1).  The  real  part  is  substantially 
responsible  for  damping,  and  the  imaginary  part  for  the  change  in  frequency 
with  respect  to  the  closed-end  organ-pipe  condition. 

Coming  back  to  the  determination  of  the  eigenvalues  n  and  6  for  given  to, 
let  us  discuss  first  the  case  of  moderate  co.  For  constant  6  the  value  of 
nyQw  which  appears  in  equation  (3.09.23)  can  be  written  as 


nyQ«»  =  2  j*%os  cox'  ~  dx'  =  SK(x,  co) 


where  the  quantity 


■Z  =  *y(l 


....(3.11.03) 


....(3.11.04) 


*s  now  the  only  quantity  appearing  in  the  equation  (3.09.20)  containing  the 
parameters  n  and  d  of  non-steady  combustion. 

As  already  stated  in  Section  3.07  we  suppose  that  the  combustion  is 
completed  at  x  =  1 .  From  this  assumption,  consistent  with  the  calculations 
of  Appendix  B  where  no  combustion  has  been  supposed  to  take  place  in 
the  nozzle,  it  follows  that  at  x  =  1,  dujdx  —  0,  so  that  the  last  two  terms  of 
equation  (3.08.23)  vanish.  Thus  applying  equations  (3.09.23)  at  x  —  1 
we  obtain: 


=  cos  w  +  *[2aj  sin  co  —  2C(o>)  +  d(co)] 


. .  .(3.11.05) 


- —  —  i  sin  eo  —  ySj  cos  co  +  £D(u>)  -f  B(io) 

<Po 

where  the  functions  A,  B  are  given  by: 

.<4(co)  =  co  f  [Um(x')  cosco(l  -  x')  -  V(0)(x')  sin  co(l  -  x')]  dx' 
Jo 

B{o>)  =  co  I  [{/< «(*')  sin  co(l  -  x')  -}-  F<°>(x')  cos  co(l  -  x')l  dx' 
Jo 

that  is,  after  using  relation  (3.09.22),  by: 

A  (co)  =  co  cos  co  I  u  dx'  —  (2  —  y)o>  I  »  cos  co(  1  —  2x')  dx' 

Jo  Jc 

k  fl 

-f  -  I  p,[sin  co  —  sin  co(  1  —  2* ')]  dx' 

1  ,,  , 

^  >•....  [3. 1 

B(w)  —  m  sin  co  I  adx' —  (2  —  y)col  «  sin  co(l  —  2x')  dx' 

Jo  Jo 

k  Cl 

—  „  I  p,[cos  o )  —  cos  co(  1  —  2x')]  dx' 

2  Jo 


....(3.11.06) 


3. 1 1  ANALYSIS  OF  SCREAMING  (LONCITUD1NAL  HIGH  FREQUENCY  INSTABILITY) 
and  the  quantities  C  and  D  are  given  by  the  following  equivalent  expressions: 

C(a>)  =  toj  K(x',  <«))  cos  «)(1  —  x')  the' 

CldK 

=  J„  a?  *>«(i -*')<■«' 

f1  da 

=  \  J  [sin  to  +  sin  «>(1  —  2x')]  dx' 

—  to  I  a  cos  to(l  —  2x')  dx' 

l - (3.11.07) 

Z)(ft>)  sss  K(  1,  to)  —  o)  j  K(x\  a)  sin  «)(1  —  x')  dx' 

Jo 

C'dK 

=  Jo^?c°sft,(l-x')dx' 

/"*  da 

=  ij  [cos  ft)  -f  COS  &»(1  —  2x')]  d"' 

=  tq  cos  co  —  ft)  j  a  sin  co(l  —  2*')  dx' 

Jo 

In  the  first  term  of  each  of  the  equations  (3.11.05)  we  recognize  the  term 
which  becomes  of  0(1)  where  co  is  0(1  jM),  while  the  remaining  terms  are 
at  most  of  0(M).  The  order  of  magnitude  of  A,  B,  C  and  D  is  O(Af)  if 
to  is  of  0(1) ;  but  if  ai  is  0(M)  the  order  of  magnitude  decreases  to  0(Af2) 
for  A  and  C  and  to  O(AP)  for  B,  the  order  of  magnitude  of  D  being 
unchanged. 

Replace  equations  (3.11.05)  in  (3.09.20)  with  a  =  ar -f  ix,  and  solve 
the  ensuing  equation  for  S.  The  result  is 


....(3.11.08) 


/r(ft))  =  (y  - {-  ar)ai  cos  co  —  2xyq  sin  co  —  B(to)  —  a,a j.4(co) 

/.(to)  =  sin  co  +  <xiu1  cos  co  -f  2xrir.  sin  co  +  a.filA{to) 

. (3.1  l.uy) 

Jr(co)  —  D(to)  —  oqiqCfe)) 

J,-(e))  =  cqaiC(ft)) 

From  equations  (3.11.08)  and  (3.11.04)  one  obtains  the  eigenvalues  «  and 
d  as: 


,  ,  1  /'  +  /f 

”'a>)  '2yVr  +  Vi 


....(3.11.10) 


d(co)  =^[(2m  +  1)^  —  2  tan-1  j  +  2tan~i:£j  ....(3.11.11) 

Before  we  discuss  these  results,  let  us  observe  that  if  oq  and  xf  were  of  0(1) 
some  terms,  being  of  0(Af*),  should  be  suppressed  from  the  system  (3.1 1.09). 
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However,  for  small  M,  both  a,  and  a*  can  become  large  for  sufficiently 
high  frequency.  This  is  shown  clearly  in  Figures  62  and  63  of  Appendix  B 
where  the  values  of  o qiq  and  afuv  computed  for  linear  velocity  distribution 
in  the  nozzle,  are  plotted  against  the  reduced  frequency  fi  defined  in  the 
appendix.  We  see  that  though  both  and  oqtq  decrease  when  M  de¬ 
creases,  they  decrease  quite  slowly  with  the  result  that  for  high  fi  and 
low  M  they  must  be  considered  as  of  0(1)  rather  than  of  O(Af). 

The  relation  between  the  reduced  frequencies  fi  and  to  is  obtained  from 
the  definitions  of  both  as 


fi  =  wlntblict  — “i)  - (3.1 1.12a) 

where  ltub  represents  the  length  of  the  convergent  part  of  the  nozzle  divided 
by  the  chamber  length,  and  ct  =  [2/(y  4-  1)]*  is  the  non-dimensional 
value  of  the  critical  velocity,  reached  at  the  throat  of  the  nozzle.  If,  for 
example,  (c/  —  &i)ll,ub  =  jr,  which  means  that  the  length  of  the  convergent 
part  of  the  nozzle  is  roughly  a  third  of  the  chamber  length,  and  if  at  is  not 
far  from  one  of  the  organ-pipe  eigenvalues  lir,  tire  corresponding  fi  is  around 
/,that  is,  around  unity  for  the  fundamental  mode,  around  two  for  the  second, 
and  so  on.  This  is,  however,  only  a  particular  case  and  a  change  in  l,ub 
affects  proportionately  the  values  of  fi.  The  examination  of  the  Figures  62 
and  63  shows  t*~  ’  t  if  we  confine  oursplves  to  values  of  M  around  0-1  and 
if  fi  goes  from  0  .  .>  O(Af),  then  ouq  is  0(M*)  and  eqfi,  goes  from  0  to  0(Af*). 
If  fi  is  around  unity  both  oqiq  and  o ttux  are  around  O(Af) ;  however,  oqiq 
stays  considerably  smaller  than  M  (say,  around  Af/2)  and  oqiq  stays  con¬ 
siderably  larger  than  M  (arovrnd  2 M).  With  increasing  fi,  aru1  tends  to 
stay  O (M)  up  to  fi  around  three,  and  becomes  0(1)  for  larger  fi  while 
already  at  fi  =  2,  « fil  changes  to  0(1)  and  tends  to  decrease  again  only 
for  much  larger  fi. 

With  these  orders  of  magnitude  in  mind,  let  us  examine  equations  (3.1 1.10) 
and  (3.1 1.1 1).  Suppose  first  "that  at  is  O(M),  then  we  obtain  immediately: 


Ir  =  yS1  +  O (M3)  ;  I{  =  at  +  0{Mi) ;  =  ux  +  0{AP) ;  Jt  =  0{M*) 


and  from  equations  (3.11.10)  and  (3.11.11),  neglecting  higher  order  terms, 
we  have: 


co  =  yut(2n  —  i)* 

cod  =  (2 m  -f-  l)7r  —  2  tan_i  (2 n  —  1)* 


1  ....(3.11.12b) 


These  results  can  be  compared  with  those  of  the  low  frequency  intrinsic 
instability,  equation  (2.03.10).  For  the  comparison,  the  reduced  frequency 
just  derived  has  to  be  multiplied  by  the  ratio  of  the  two  different  character¬ 
istic  times  used,  0J0K,  which  is  found  to  be  equal  to  1  ju;  no  change,  how¬ 
ever,  is  to  be  aoplied  tc  It  is  easily  checked  that  the  results  coincide, 
except  for  the  non-essential  numerical  factor  y  in  the  expression  of  the 
critical  frequency.  This  factor  arises  because,  in  the  low  frequency  part, 
the  oscillations  were  assumed  isothermal,  while  in  the  present  calculations 
no  predetermined  oscillation  behaviour  was  assumed.  The  present  result 
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shows  that  actually  the  situation  is  better  described  by  an  iseotropic  oscilla¬ 
tion,  and  equations  (3.11.12b)  are  to  be  considered  more  accurate  than  the 
previous  ones.  Except  for  the  slight  numerical  difference,  we  now  have  an 
indirect  check  of  our  basic  assumption  of  Chapter  2  that  the  wave  mecha¬ 
nism  can  be  neglected  at  low  frequencies  and  the  gas  can  be  assumed  to 
oscillate  as  a  whole.  Actual  calculations  for  increasing  values  of  to  would 
show  the  limits  of  validity  of  this  assumption. 

Suppose  next  that  to  is  0(1),  but  that  the  value  of  ^  is  below  three,  so  that 
<xrfi1  is  O(Af).  Equations  (3.1 1.09)  show  that  in  this  case  IT  is  O(Af),  Jr  is 
O(Af)  and  «/,  is  O(M)  and  /,.  is,  in  general,  of  0(1).  Thus  from  equation 
(3.11.10)  n  is  O (1/Af2).  If,  however,  tan  to  =  —ctfii  -f-  O(Af),  I{  becomes 
of  O(M).  In  the  denominator  of  (3. 1 1 . 1 0)  IiJ{  can  be  neglected  as  compared 
to  IrJr,  and  we  obtain 


both  terms  of  which  are  of  0(1).  If  we  now  take 

tanto  —  '-aqtq  -f  0(M2}  _ (3.11.13) 

7f  turns  out  to  be  of  0(Af*),  while  Ir  and  Jr  will  have  changed  their  values 
only  by  an  amount  of  0(Af*)  but  are  still  of  O(M).  Thus  in  the  ranges  of  to 
specified  by  equation  (3.11.13),  n  takes  a  minimum  value 

"mm  =  (I/2y)  (IrIJr)  ....(3.11.14) 

It  is  to  be  observed  that  only  the  smallest  positive  value  of  to  satisfying 
equation  (3.11.13),  that  is,  neglecting  terms  of  0(Af*),  only 

to  =  it  —  tan-^oyq)  ....  (3.1 1.15) 

can  be  considered  of  0(1).  This  coincides  with  the  first  value  (3.11.02).  As 
already  shown,  if  /„*,  is  about  one  third  of  L,  the  corresponding  value  of 
is  around  unity,  in  which  case  both  otjiq  and  oqiq  arc  O(M).  If,  however, 
the  length  of  the  nozzle  is  increased  both  cvq  and  a<u1  increase.  Corre¬ 
spondingly,  the  value  (3. 1 1. 1 5)  of  to  decreases,  but  the  decrease  is  limited  to 
a  maximum  amount  of  the  order  of  25°  because  the  maximum  value  of 
never  goes  much  above  04,  as  appears  clearly  from  Figure  63.  Thus 
starting  from  a  value  close  v-  180°,  to  would  first  decrease  rapidly,  reach  a 
minimum  around  155°  and  then  increase  again  slowly.  The  value  of  /? 
would  therefore  increase  at  first  slower  than  and  later  faster,  but  al- 
togeuier  it  is  bound  to  increase.  When  ft .  '.aches  values  around  and  above 
three,  a,%  which  has  been  sv  adily  increasing,  must  be  considered  to  be 
no  longer  of  O(M)  but  rather  of  0(1).  As  a  consequence  Ir  is  0(1)  instead 
of  O(Af),  while  JT  and  J,  are  both  O(M) ;  J(  is  0(1)  in  general  but  reduces 
to  0(Af)  if  to  is  around  the  value  (3.1 1.15).  It  is  immediately  deduced  that 
n  is  now  always  of  0(1/Af),  even  around  the  value  (3.11.15)  of  to  where, 
however,  it  still  takes  its  minimum  value.  Thus  with  increasing  ltub,  due  to 
the  increase  of  «ra1,  nmin  increases  steadily;  and  the  variation  of  n  from  i„ 
when  to  shifts  from  the  value  (3.1 1.15)  becomes  less  sharp;  in  other  words 
the  minimum  of  n  becomes  less  marked. 

Finally  let  us  examine  the  situation  for  higher  to,  up  to  O (1/A/).  One 
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can  treat  equations  (3.10.04)  applied  at  x  =  1  exactly  like  equations 
(3.1 1.0C),  and  again  solve  for  S  obtaining 

E  =  ..,.(3.11.16) 

with: 

/-(w)  —  (y  +  a,)^  cos  0)  —  2a, sin  a> 

—  B  —  OtfiyA  — 

4(a>)  —  sin  a>  +  *fii  cos  °>  +  StXjiif  sin  to 

—  Bt  +  aj 

«4(e>)  —  B  —  (tfilC-  — 

J»  =  X>!  4-  —  a, “A 

The  different  functions  appearing  in  these  expressions  are  given  by: 

A(o>)  —  —  (2  —  y)(D  j  a  cos  o(l  —  2x')  dx' 

4-"  J  /»,[sino,  —  sina>(l — 2x')]  dx' 

—  yea  j  cosa>(l  —  x')  dx'  J  J(o»,  x') 

X  cos  K(x'r  x*)]  dx' 

1,(0))  =  cd  J  a*[J(l  4-  3y)  sin  a) 

— J(7  —  3y)  sin  a,(l  —  2x')]  dx" 

—  yto  J  coso)  (1  —  *')  dx'  j"  A(u),  x*) 

X  sin  [a )/’(x',  x')]  dx' 

5(a>)  =  —  (2  —  y)co  j  u  sin  a)(l  —  2x')  dx' 

k  Cl 

—  -  j  Pi  [cos  o  —  cos  a,(l  —  2x')]  dx' 

—  yco  J  sin  a)(l  —  x')  dx'  J*  A(w,  x') 

X  cos  [o)jT(x',  x')]  dx' 

5,(o)  =  —to  J  a*[l(l  4-  3 y)  coso , 

—  i(7  -  3 y)  cos  a,(i  -  2x')]  dx' 

—  yto  J*  sin  o,(l  —  x')  dx'  J*  A(a>, 

X  sin  [«!>',  x')]  dx' 


1  ....(3.11.18) 


<*  ) 
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ft  r* 

C((jd)  =  a>  j  cos  co(l  —  x  )  Av'  I  cos  (ax" 

Jo  Jo 

X  cos  J  u  dxm  j  d*' 

C\(o))  =  (0  I  cos  w(l  —  .r#)  dx'  I  cos  (ox" 

Jo  Jo 

X  sin  j  1 1  dxm  j  ^  Ac" 

■0(g>)  =  J  cos  cox’  cos  |g>  J  a  Ac*j  At' 

—  G)  f  sin  co(l  —  *')  dx'  f  cos  cox 
Jo  Jo 

X  COSTCO  £udx”j^dx’ 

D^co)  =  J*  cos  cox’  sin  |e>  j  a  dx'j  ^  At' 
—  (o  j  sin  6)(1  —  x')  Ac'  J*  cos  cox’ 

x4j>)£- 


xsm\;'La*x  )d? ** 

Here  the  expressions  for  j P(x',  x")  and  A((o,  x")  are: 

.  ..  f*7l  A  .  - 


r(*'»  O  —  £  ( j  +  *)  *" 


— «mff*  a  dx"  d  „  i«f*  adxT' 

j,  x)—c  J°  j- »  [**(*  )  cos  (ox  e  J°  ] 


—  cos  (OX 


—  coil  sir 


....(3.11.18) 

conU 


....(3.11.19) 


~  cos  (ox  ~r~.  —  (ou  sin  (ox 

dx  J 

The  term  mu2,  in  the  second  expression  for  A,  can  be  neglected  because  its 
contribution  in  the  quantities  defined  in  equations  (3.11.18)  is  0(MZ). 
With  this  simplification,  A  and  r  are  real  functions,  and  so  are  all  the 
quantities  given  in  equations  (3,11.18)  and  (3.11.17).  The  terms  con¬ 
taining  A  and  J’  are  due  to  the  entropy  variation.  Observe  that  if  co  j*  a  da’' 
is  O(Af),  that  is,  if  a>  is  0(1),  the  quantities  Av  Bv  Cv  .;re  O(AP)  and  can 
therefore  be  neglected  in  equations  (3.11.17).  Also,  cos  ^eoj*  uAe"| 

can  be  replaced  by  1  and  the  quantities  A,  B,  C}  D  can  be  transformed  to 
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the  A,  B,  C  and  D  of  (3.11.06)  and  (3.11.07),  the  only  difference  being 
that  the  first  term  of  the  two  equations  (3.11.06),  which  represented  the 
cause  of  trouble  for  to  of  0(1  jM),  are  now  absent. 

All  the  quantities  given  in  equations  (3.11.18)  are  at  most  of  O (M) 
even  when  to  is  0(1/A/),  as  are  those  given  in  equations  (3.11.17).  Jr(to) 
and  «/j(to)  are  always  O(Af);  7r(to)  is  O (M)  if  (ttH1  is  O (M),  (ft  <  3),  and 
it  is  0(1)  if  ctrul  is  0(1),  (  ft  ^  3)  ;  and  I{(u>)  is  0(1)  in  general,  but  it  is 
O (M)  when  to  Is  in  a  range  of  O (M)  around  the  values 

*  to  --  hr  —  tan-1  (a fif)  ....  (3.1 1.20) 

Therefore,  proceeding  as  before,  we  find  that  if  /J  <  3,  n  is  0(1  jM)  for 
general  to,  but  takes  a  minimum  value  of  0(1)  when  to  is  around  the  values 
(3.11.20);  if  on  the  contrary'  ft  ^  3,  n  always  stays  of  0(1  jM).  These 
conclusions  coincide  with  those  of  the  previous  discussion  for  to  of  0(1), 
with  the  exception  that  n  never  becomes  0(1 /M2)  even  for  these  larger 
values  of  to. 


3.12.  Discussion  of  the  Results 

The  qualitative  results  of  the  previous  section  are  represented  schematically 
in  Figure  41 ,  where  n  is  represented  as  a  function  of  to  in  the  range  0  <  to  <  3  tt. 
It  is  supposed  that  in  all  this  range  ft  stays  below  three  so  that  apq  never 
becomes  of  0(1),  though  increasing  with  to.  Near  to  =  0  we  have  the 
portion  of  the  curve  corresponding  to  equation  (3.1 1.12a).  With  increasing 
to,  n  becomes  of  0(1  jM1)  reaches  a  maximum  and  decreases  again  to  a 
minimum  of  0(1)  for  /  =  I,  given  by  relation  (3.11.15).  Then  it  increases 
again,  reaches  a  new  maximum,  which  is  likely  to  be  lower  than  the  first 
one,  and  decreases  to  a  new  minimum  (higher  than  the  first)  for  1  =  2; 
there  are  other  minima  of  increasing  height  for  /  =  3,  4  and  so  on;  and 
other  maxima  of  decreasing  height  in  between.  Thus  the  curve  tends  to 
become  flatter,  with  less  sharp  m;nima  and  maxima,  as  co  increases. 

The  values  of  6,  equation  (3.11.11),  can  be  qualitatively  discussed  by 
observing  that  around  the  minimum  of  n  both  /,//,  and  Jf/Jr  are  O(M)  if 
<y  is  0(1)  and  if  oqiq,  apq  are  of  O(Af).  Thus  in  the  corresponding  ranges 
the  value  of  <5  will  be  close  to  the  value  obtained  by  neglecting  the  last  two 
terms  of  equation  (3.11.11),  that  is  close  to  the  rectangular  hyperbolae 
to6  =  (2m  -f-  l)w.  When  co  is  of  0(1  jM)  both  7,//r  and  J,/Jr  become  of 
0(1),  and  therefore  we  find  a  divergence  of  0(1)  of  (ad  from  (2m  +  l)ir, 
which  is  not  a  very  substantial  divergence.  If  <x1£1  is  0(1)  the  divergence 
takes  its  maximum  value  around  Jw.  Altogether  the  values  of  6  in  the 
ranges  around  n„lin  will  not  differ  too  much  from  those  of  the  hyperbolae, 
which  have  been  drawn  schematically  in  Figure  41.  With  the  help  of  this 
figure  it  is  easy  to  discuss  the  stability  characteristics  of  our  system.  Suppose 
we  know  the  interaction  index  n  proper  of  the  system,  we  can  draw  on  the 
figure  the  corresponding  horizontal  line.  This  has  been  done  in  ti»e  figure 
with  the  particular  value  n  =  1 .  There  are  5  intersections  with  the  curve 
n(o>),  one,  wv  near  co  =  0;  two,  co2,  co3  close  to  the  value  (3.11.15)  of 
o)(l  =  1) ;  two,  <o4,  o>h  close  to  the  value  (3.1 1.20)  with  l  •---  2.  For  higher 
values  of  l  no  intersection  is  found.  For  each  intersection  we  can  draw  a 
vertical  line  which  will  intersect  all  A  hyperbolae.  The  intersections  at 
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si  =  Wj  on  the  hyperbolae  are  cut  of  the  range  of  the  iigure.  They  cor¬ 
respond  to  equation  (3. 11.12b).  From  the  discussions  of  Chapter  2  we  know 
that  the  lowest  of  these  low  frequency  intersections  is  the  only  important 
one,  because  as  a  general  trend  the  system  with  larger  f  is  always  unstable, 
and  no  low  frequency  instability  can  be  present  in  a  system  with  smaller  r. 


\  timing 


w/X — *■ 

Figure  41.  Composite  schematic  diagram  of  the  stability  characteristics  of  a  liquid  propellant 
rocket  Solid  curves:  critical  values  of  the  interaction  index  n  corresponding  to  neutral  oscilla- 

.  ..  .  n  rt  v  n.ii.J _ _  ~2i .V-l  A  nf  ih*  cxtrttttr* 


rocket,  oolia  cunts:  cruwu  yj  —  "  v. '  f  T 

lions  of  different  modes  (l  -  1,  2,  3  . . .).  Dotted  oaves:  critical  values  6  of  the  sensitive 
time  lag  f  for  different  members  of  oscillation  periods  contained  in  t  (m  —  0,  1,  l .  .  .) 

If  however,  we  extend  our  considerations  to  the  high  frequency  range 
several  new  ranges  of  f  appear  where  instability  is  present.  Each  range  is 
bounded  by  the  two  intersections  corresponding  to  a  given  value  of  l  with 
a  given  b  hyperbola  (a  given  m) ;  for  instance  we  have  a  range  between 
and  co,  and  one  between  w4  and  cos  on  each  hyperbola.  Wc  have  a  value  ot 
$  (for  given  m )  and  of  co  at  each  intersection.  These  values  constitute,  tor 
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the  prescribed  n,  two  eigenvalues  of  our  system,  that  is,  the  values  compatible 
with  neutral  oscillations.  If  f  has  a  value  between  the  two  eigenvalues 
6  corresponding  to  a  given  value  of  /,  the  system  is  unstable,  only  self-ampli¬ 
fying  oscillations  are  possible,  with  a  frequency  contained  between  the  two 
corresponding  eigenvalues  of  m. 

We  see  that  the  spectrum  of  the  unstable  ranges  of  f  can  be  quite  compli¬ 
cated,  and  its  complexity  increases  with  the  number  of  intersections  of  the 
n(ft>)  curve  with  the  prescribed  value  of  n.  The  spectrum  of  the  unstable 
frequency  ranges  is,  however,  much  simpler  and  it  shows  that  high  frequency 
instability  is  always  connected  with  frequencies  close  to  the  organ-pipe 
frequencies  of  the  system,  but  generally  lower  than  the  corresponding 
organ-pipe  frequency  by  an  amount  determined  by  the  value  cf  of 
the  nozzle. 

As  has  been  mentioned  the  larger  the  number  of  ranges  of  instability  in  the 
at  spectrum,  the  larger  is  the  complexity  of  the  f  spectrum,  and  the  more 
difficult  it  is  to  obtain  stable  conditions.  Fortunately  due  to  the  increase 
of  arux  the  values  of  flml„  steadily  increase  with  <o,  so  that  for  l  sufficiently 
large  it  goes  out  of  the  range  in  which  n  can  be  expected  to  be,  and  no 
intersections  can  exist.  There  is  therefore  always  a  trend  toward  increased 
stability  for  higher  modes  of  organ-pipe  oscillation,  as  has  already  been 
found  in  the  case  of  concentrated  combustion.  If  one  wants  to  improve 
the  stability  characteristics  of  a  given  system  the  best  way  is  to  reduce 
the  number  of  intersections.  This  can  be  obtained  either  by  decreasing  the 
value  of  n,  characteristic  of  the  system,  or  increasing  the  level  of  the 
minima  of  the  curve  rt(to).  The  first  result  can  probably  be  reached 
through  modifications  in  the  injection  system  and  through  changes  in  the 
reactivity  of  the  propellants.  The  nature  of  the  required  modification  and 
its  effectiveness  is  still  to  be  investigated.  But  it  is  very  clear  how  the  second 
result  can  be  attained  acting  only  on  the  geometry  of  the  nozzle.  In  fact 
if  one  increases  ltubt  as  has  already  been  seen,  increases  at  most  up  to  a 
limited  maximum,  so  that  o>  decreases  by  an  amount  which  is  around  25° 
at  most.  At  the  same  time  OLtul  increases  steadily  with  /m&,  and  asymptoti¬ 
cally  reaches  a  maximum  value  close  to  1  for  infinite  length.  Hence  no 
matter  what  is  the  value  of  <u  (or  /)  corresponding  to  a  minimum  of  «,  one 
can  always  obtain,  through  a  sufficient  increase  of  that  the  apq  grows 
enough  to  raise  the  value  of  «n,in  above  the  practical  range  of  the  inter¬ 
action  index  n.  The  effect  on  Figure  41  of  a  steady  increase  of  l,ub  would  be 
an  increase  of  all  «min;  the  one  corresponding  to  /  =  3  would  be  the  first 
to  increase  fast  and  disappear  from  the  range  of  the  figure,  followed  by  the 
one  at  /  =  2;  and  finally  by  the  one  at  /  =  l  when  the  length  of  the  con¬ 
vergent  portion  of  the  nozzle  becomes  comparable  with  the  length  of  the 
chamber.  Observe  that  in  practice  this  condition  would  be  overabundant, 
and  an  /,,,„  sufficient  to  bring  r?min  for  /  =  1  above  the  known  value  of  n 
of  the  system  would  be  perfectly  adequate. 

On  the  subject  of  the  strong  effects  of  the  length  of  the  nozzle  on  longi¬ 
tudinal  stability  we  should  add  some  remarks.  The  stabilizing  effect  is  not 
merely  due  to  the  additional  length,  but  it  is  closely  connected  with  the 
shape  of  the  convergent  portion  of  the  nozzle.  This  can  be  shown  easily 
with  the  following  argument.  Our  discussion  has  been  based  so  far  on  the 
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results  of  Appendix  B  concerning  a  nozzle  with  linear  velocity  distribution, 
such  as  those  represented  schematically  in  Figures  42(a),  (b)  and  (c).  Here 
for  a  given  length  of  combustion  chamber,  represented  in  our  reduced 
units  by  unity,  we  have  increased  ltub  from  the  value  l'tHb  of  Figure  42(a)  to 


Figure  42.  Schematic  diagrams  indicating  changer, 
in  geometry  of  nozzle 


the  value  l”sub  of  Figure  42(b) 
preserving,  however,  the  linearity 
of  the  velocity  distribution.  As 
already  seen,  the  result  of  the 
change  is  a  marked  improvement 
of  stability.  Let  us  now  consider 
the  opposite  extreme  of  Figure 
42(c),  where  the  length  l$ub  has 
been  increased  by  the  same 
amount  =  C,,  —  l',ub  as 

shown  in  the  figure  through  the 
mere  insertion  of  a  cylindrical 
section  between  the  end  of  the 
chamber  (where  combustion  is 
completed)  and  the  entrance  of  the 
nozzle,  which  is  kept  identical  with 
that  of  Figure  42(a).  Obviously  the 
cylindrical  insert  can  be  considered 
either  a  part  of  the  nozzle  where 
the  velocity  remains  constant,  or  a 


portion  of  the  combustion  chamber  where  no  combustion  takes  place.  If  we 
consider  it  in  the  last  way,  then  substantially  we  are  reduced  to  the  same 
case  as  Figure  42(a)  with  a  chamber  of  different  length  and  of  different 
velocity  distribution.  Disregarding  the  effects  of  the  velocity  distribution, 
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which  cannot  be  expressed  in  a  simple  way,  and  concentrating  on  the 
effects  of  the  nozzle  we  see  immediately  that  for  the  new  chamber  length 
the  eigenvalues  o  will  be  found  around  the  values 

w  =  lirj(\  -f  A/,J  —  tan-1  a.tq 

The  corresponding  value  of  ft,  given  by  equation  (3.11.12a)  with  in 
place  of  !tub,  will  also  be  decreased  from  that  of  Figure  42(a),  approximately 
in  the  proportion  1/(1  +  A ltub)  (not  exactly,  because  a.tq  also  changes 
slowly  with  /?).  Therefore  aqiq  must  decrease,  by  an  amount  which  can  be 
substantia],  when  the  length  of  the  combustion  chamber  is  increased  without 
changing  that  of  the  convergent  part  of  the  nozzle.  We  conclude  that  the 
increase  of  length  works  in  opposite  directions  for  the  two  cases  of  Figure 
42(b)  and  of  Figure  42(c),  being  stabilizing  for  the  first,  destabilizing  for 
the  second. 

Physically  this  result  can  be  interpreted  in  1  .  .‘allowing  way.  The 
stabilizing  effect  of  the  converg  :nt  part  of  the  nozz»t  is  due  to  the  manner  in 
which  the  incoming  waves  are  reflected  back  to  the  chamber.  The  reflection 
of  waves  at  each  point  is  determined  substantially  by  the  corresponding 
velocity  gradient.  The  longer  the  region  over  which  the  velocity  gradient  is 
spread  and  the  larger  the  frequency,  the  more  the  reflection  pattern  will  be 
dispersed,  and  the  smaller  the  chance  of  resonance  and  instability.  Of  course 
the  cylindrical  insert  of  Figure  42(c)  does  not  spread  the  reflection  pattern 
but  only  decreases  the  resonant  frequencies,  thus  reducing  the  spreading 
effects  of  the  nozzle  and  the  stability  characteristics.  It  is  possible  that 
the  nozzle  with  linear  velocity  distribution  in  the  subsonic  region,  originally 
introduced  by  H.  S.  Tsien21,  probably  with  the  sole  intent  of  simplifying  the 
mathematics,  has  also  the  remarkable  property  of  the  largest  stabilizing 
effect  for  a  given  ltub.  This  has  not  been  rigorously  proved,  but  could  follow 
from  the  fact  that  for  this  type  of  nozzle  the  velocity  g.-adient  has  the  most 
uniform  distribution.  It  can  be  observed  that  if  ii,  is  not  too  small,  the 
generatrix  of  an  axisymmetrical  nozzle  wifh  linear  velocity  distribution  has 
approximately  a  circular  shape.  It  must  also  be  observed  that  all  the 
previous  results  are  based  on  the  assumption  of  one  dimensional  flow  in  the 
nozzle,  an  assumption  which  is  approximately  true  only  if  ltub  is  not  too 
small.  Let  us  finally  stress  the'fact  that  the  supersonic  portion  of  the  nozzle 
has  nothing  to  do  with  the  behaviour  of  the  combustion  chamber  and  can 
be  selected  arbitrarily,  provided  it  does  not  interfere  with  the  conditions  at 
the  sonic  throat. 

So  far  we  have  in  this  section  discussed  the  general  shape  of  the  results 
and  the  effects  of  the  nozzle  geometry.  Let  us  now  examine  the  effects  of 
the  velocity  distribution  in  the  combustion  chamber,  and  in  particular  let 
us  concentrate  our  attention  on  its  effects  on  the  values  of  n^.  These 
values  can  be  obtained  from  numerical  calculations  based  on  the  formulae 
given  in  Section  3.1 1  for  any  of  the  cases  discussed.  But  for  a  general  idea 
we  can  limit  our  discussion  to  the  case  when  «  can  be  considered  of  0(1) 
and  oqilj,  a are  both  of  O(M).  In  this  case  «mln  can  be  derived  from 
equation  (3.11.14),  with  /r  and  Jr  given  by  equation  (3.11.09)  simplified 
in  the  following  way: 

Ir  =  ( y  +  «r)«i  cos  c o  —  5 (w) ;  JT  =  D(w) 
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B{(o)  and  D(oi)  can  be  obtained  from  equations  (3.11.06)  and  (3.11.07) 
in  simplified  form  using  the  fact  that  co  is  within  O(M)  from  hr  so  that 
cos  (o  ~  ±1  and  sin  a>  is  O(M).  Then,  neglecting  quantities  of  0(Af*), 

B{oi)  =  cos  («)[( 2  —  y)ui  f  u  sin  2o)x'  dx'  —  k  f  />,  sin*  cox'  dx'] 

Jo  Jo 

Z)(co)  =  cos  £<)[«!  +  oj  I  a  sin  2a>x'  dx'] 

Jo 

Finally  from  equation  (3.11.14)  there  results 


(y  +  «r)«l  -  (2  - 

H 

i»i 

u  sin  2 <ax  dx'  -j-  k 
'o 

j*  pt  sin2  a>x'  dx' 

2  y 

U,  -1-  0)  | 

L  j 

u  sin  2<wx'  dx' j 

....(3.12.01) 

where  p.  can  be  obtained  from  equation  (3.06.15)  once  a,  is  known. 

This  iormula  which  has  the  great  advantage  of  simplicity'  has  been  used  to 
calculate  the  effects  on  nmla  of  changing  the  velocity  distribution.  In  general 
the  last  term  in  the  numerator  has  been  set  equal  to  zero;  it  has  only  been 
taken  into  account  in  a  few  cases.  But  it  is  clear  from  the  fact  that  this  term 
as  well  as  the  denominator  of  equation  (3.12.01)  is  always  positive  that  it 
results  in  an  increase  of  n^,  that  is,  an  improvement  of  stability.  This  is  a 
logical  result  indeed,  since  this  term  substantially  mr&ents  the  dissipative 
effects  of  the  droplets  drag  in  the  unsteady  part  of  their  relative  motion 
with  respect  to  the  gases.  In  practice,  however,  as  some  calculations  show, 
the  contribution  of  this  dissipative  term  is  relatively  insignificant. 

The  examples  that  we  are  going  to  discuss  are  carried  out  for  the  first 
mode  o)  ~  7r  as  well  as  for  the  second  mode  to  —  2n.  For  this  second  mode 
at  least  one  of  the  assumptions  on  which  equation  (3.12.01)  is  based  fails  to 
be  satisfied.  In  fact  it  is  true  that  for  a  sufficiently  small  / for  instance  1  /6, 
it  is  possible  to  keep  /?  well  below  2  at  cy  —  2tt,  and  therefore  keep  both 
aj<,  and  oqfij  of  O  (M) ;  but  on  the  other  hand  cu  cannot  be  considered  of 
0(1)  and  the  more  complicated  expressions  derived  for  cu  of  0(1 1 M)  should 
be  used.  This  has  not  been  done  because  it  would  lead  to  the  following 
inconsistency.  In  equations  (3.11.18)  terms  containing  the  quantities  A 
and  r  appear,  which,  as  already  mentioned,  are  due  to  the  entropy  varia¬ 
tion.  These  terms  should  be  considered  in  the  calculations.  On  the  other 
hand  the  nozzle  admittance  ratio  used  in  the  calculation  only  applies  to 
isentropic  oscillations.  It  is  believed  that  the  entropy  oscillations  have 
more  substantial  effects  on  the  behaviour  of  the  nozzle  than  on  the  be¬ 
haviour  of  the  combustion  chamber,  and  it  is  therefore  inconsistent  to  use  a 
more  accurate  formula  taking  these  effects  into  account  in  the  combustion 
chamber  while  they  are  neglected  in  the  nozzle. 

Let  us  observe,  moreover,  that  the  effects  of  the  entropy  "oscillation  on 
the  behaviour  of  the  nozzle  can  be  important  even  at  lower  frequencies, 
where  they  have  negligible  effects  on  the  combustion  chamber.  All  the 
results  of  the  discussion  and  of  the  calculations  of  this  section  mast  therefore 
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be  accepted  with  reserve,  until  the  availability  of  data  on  the  non-isen- 
tropic  behaviour  of  the  nozzle  will  allow  more  reliable  calculations.  For 
this  reason  we  have  used  equation  (3.12.01)  even  for  the  second  mode, 
for  which  the  results  are  not  to  be  considered  accurate  but  only  indicative. 

For  simplicity,  we  shall  first  neglect  the  damping  contribution  of  the 
droplet.  Thus  let  k  =  0  and  let  us  consider  the  systems  with  combustion 
uniformly  distributed  from  the  injector  end  x  =  0  to  x  —  $e  and  with  no 
combustion  from  x  =  fe  to  the  combustion  chamber  exit  x  —  1.  Thas  the 
mean  velocity  in  steady  state  is 


x 

«(*)  =  •  J 

u(x)  =  fij 


when  0  .t  ^ 
when  ^  x  ^  1 


As  was  done  in  the  examples  of  previous  sections,  let  us  assume  that  the  steady 
state  velocity  is  linear  in  the  convergent  portion  of  the  nozzle  and  consider 


Figure  43.  Effect  of  the  spa'ewise  spread  of 
combustion  on  the  minimum  value  of  the  interaction 
index,  nmiB,  compatible  with  unstable  oscil’ations 
of  die  fundamental  and  the  second  mode.  Com¬ 
bustion  spread  linearly  starting  from  the  injector 
face  as  shown  in  the  figure 


only  the  case  that  the  steady  state  velocity  gradient  is  equal  to  t t  in  the 
present  dimensionless  scheme.  The  length  of  the  subsonic  portion  of  such  a 
nozzle  is  approximately  1/3  of  the  combustion  chamber  length.  With 
ux  nozzle  =  it,  we  see  that  the  reduced  frequency  parameter  fi  =  <u/«x  for  the 
nozzle  takes  integral  values  1, 2,  3  etc.  when  the  frequency  of  the  oscillation  is 
equal  to  the  frequency  of  the  first,  second  and  third  organ-pipe  modes  with 
closed  ends.  The  Mach  number  of  the  flow  entering  the  nozzle  is  taken  to 
be  M  —  0-213  (i?t  ~  0-213)  for  the  following  calculations.  The  value  of  «min 
computed  from  equation  (3.12.01)  for  the  cases  just  mentioned  is  given  in 
Figure  43  for  both  the  fundamental  and  the  second  modes.  When  £c  increases 
from  zero,  that  is  when  combustion  is  spread  farther  and  farther  away 
from  the  injector  end,  we  see  that  for  either  the  fundamental  or  the  second 
mode,  the  value  of  n,nln  increases  gradually  and  reaches  a  maximum  when 
the  combustion  terminates  somewhere  downstream  of  the  neighbouring 
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node  of  the  given  mode  of  pressure  oscillation.  Then  nmiD  decreases  toward 
the  next  antinode  and  as  demonstrated  in  Figure  43  the  next  minimum  of 
wmin  l°r  second  mode  occurs  in  between  the  second  antinode  and  the 
second  node,  and  the  value  of  that  minimum  is  considerably  higher  than  the 
magnitude  of  nmic  when  =  0.  This  trend  is  expected  to  persist  for  all 
higher  modes. 

It  is  important  to  observe  from  Figure  43  that  the  second  mode  is  always 
more  stable  than  the  fundamental  because  the  corresponding  values  of  n 
are  always  higher.  This  is  in  line  with  the  results  of  the  general  discussion 
developed  previously.  However,  observe  that  the  two  curves  of  «Inin  come 
rather  close  together  for  values  of  £e  in  the  neighbourhood  of  the  node  of 
the  fundamental  mode;  and  that,  owing  to  the  inaccuracy  involved  in 
using  equation  (3.12.01)  for  the  calculations  of  nmtn  for  the  second  node, 
the  nmIn  of  the  second  mode  in  this  range  of  £.  may  actually  be  the  smaller 
(as  will  be  shown  later,  the  »mln  of  the  second  mode  will  be  the  smaller  in 
the  present  calculation  if  combustion  is  not  uniformly  distributed  from 
x  =  0  to  x  =  £e.  However,  for  this  range  of  values  of  £c,  the  «min  for  the 
second  mode  is  still  in  the  range  of  1 -5-2-0  as  is  that  of  the  fundamental 
mode  in  a  wider  range  of  £e.  The  smaller  value  of  nmi„  for  both  the  funda¬ 
mental  and  the  second  mode  is  essentially  given  by  the  nralu  of  the  funda¬ 
mental  mode.  For  a  system  with  given  combustion  distribution,  it  is  the 
smallest  value  of  wTOln  of  all  the  high  frequency  modes  that  determines  the 
unconditional  stability  of  the  system.  Therefore  for  the  comparison  of 
unconditional  stability  of  different  systems,  the  second  mode  is  rather 
unimpor  -it,  at  least  for  the  cases  with  uniformly  distributed  combustion 
considered  in  this  example.  It  can  probably  be  inferred  even  without  any 
numerical  results  for  higher  modes  that  the  presence  of  all  the  other  higher 
modes  is  not  of  significant  importance  so  far  as  the  smallest  value  of  nmln 
of  all  high  frequency  modes  is  concerned.  As  already  observed  in  the 
general  discussion,  this  is  essentially  a  consequence  of  the  increase  of  «r 
with  frequency  as  can  be  visualized  quite  simply  from  the  following  con¬ 
siderations.  First,  the  curve  of  nml„  for  a  given  mode  plotted  against 
behaves  like  a  damped  oscillating  function  starting  with  a  minimum  at 

=  0.  The  mean  value  about  which  nm\n  of  a  given  mode  oscillates  can 
be  approximately  given  as  3/2  +  («r  —  I  )jy  which  increases  for  higher 
modes  of  oscillation  due  to  the  increase  of  a  r(cu)  for  higher  modes.  Secondly, 
the  initial  value  of  nmI„  at  =  0  can  also  be  given  approximately  as 
(ar  -f-  y)/2y  which  is  also  larger  for  higher  modes.  Consequently  the  value 
of  Rnj,,  given  in  Figure  43  for  the  fundamental  mode  can  be  considered  as 
the  n,,,!,,  which  characterizes  the  relative  unconditional  stability  of  different 
systems  when  all  high  frequency  modes  are  considered,  except  possibly  in 
the  neighbourhood  of  |c  =  0-75,  where  «raIn  for  the  fundamental  mode 
attains  its  maximum. 

From  Figure  43  we  sec  that  the  configurations  with  combustion  uniformly 
distributed  from  injector  end  to  a  position  somewhere  in  the  downstream 
half  of  the  chamber  possess  a  value  of  nml„  ranging  from  1  -5-2-0  when  all 
high  frequency  modes  are  considered.  Thus  such  systems  will  be  un¬ 
conditionally  stable  if  the  interaction  index  n  of  the  propellant  combination 
is  less  than  1*5.  It  is  vc-.y  likely  that  this  condition  is  fulfilled  by 
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conventional  liquid  propellant  combinations  even  though  no  value  of  n  has 
been  determined  experimentally.  Thus  the  result  of  Figure  43  indicates 
that  under  the  combined  effects  of  the  nozzle  and  of  the  spatial  distribution 
of  combustion,  the  configuration  with  combustion  uniformly  distributed 
over  a  major  portion,  say  eight  or  nine  tenths  of  the  chamber  length,  is 
one  of  the  most  effective  in  obtaining  longitudinal  stability  in  a  liquid 
propellant  rocket. 

If  the  combustion  is  uniformly  distributed  over  a  region  less  than  one 
third  of  the  chamber  length  from  the  injector  end,  Figure  43  indicates 
nmia  ~  0-8.  Thus  if  the  interaction  index  n  of  a  propellant  combination  is, 
say,  1-0  or  slightly  less  than  1,  a  rocket  which  is  stable  with  combustion 
distributed  uniformly  over  the  major  portion  of  the  chamber  axis  can  very 
likely  be  made  to  scream  by  sufficiently  increasing  the  length  of  the  com¬ 
bustion  chamber  without  modifying  the  geometry  of  other  parts  of  the 
rocket  motor.  As  an  extreme  case,  if  a  sufficiently  long  cylindrical  section 
is  added  to  the  motor  so  that  the  width  of  the  combustion  zone  becomes 
small  as  compared  to  the  total  length  of  the  chamber,  the  system  is  reduced 
essentially  to  the  one  with  a  concentrated  combustion  front  near  the  injector 
end.  Unstable  oscillations  can  occur  when  the  value  of  is  sufficiently 
reduced  by  lengthening  the  chamber  so  as  to  give  nmln  less  than  the  value 
of  n  of  the  propellant  combination.  As  observed  in  the  general  discussion, 
by  increasing  the  length  of  the  chamber  the  relative  length  of  the  convergent 
portion  of  the  nozzle  ltub  is  decreased,  with  the  result  that  ar  decreases  too. 
This  further  decreases  the  value  of  from  that  proper  of  the  system 
before  the  increase  in  chamber  length.  Thus  the  destabilizing  effect  of 
increasing  the  chamber  length  consists  of  two  parts,  one  from  the  direct 
modification  of  the  combustion  distribution  relative  to  the  acoustic  wave 
form  and  the  other  from  the  modified  reaction  of  the  nozzle. 

It  has  just  been  pointed  out  that  when  f  e  =  0  the  system  is  of  the  con¬ 
figuration  considered  in  Section  3.04.  Comparing  the  values  of  «mln  obtained 
from  Figure  43  for  £e  =  0  with  the  corresponding  nmtn  determined  in  Section 
3.04  and  pic  t ted  in  Figure  28,  one  finds  that  the  present  result  is  slightly 
higher  than  the  corresponding  previous  result.  For  this  particular  case 
with  £c  =  0.  it  can  be  shown  e.isily  that  the  expression  for  nmIn  deduced 
from  equations  (3.04.02)  and  (3.04.03)  differs  from  the  simplified  form,  of 
equation  (3.12.01)  with  £e  =  0  only  in  that  the  constant  y  in  the  numerator 
of  equation  (3.12.01)  is  replaced  by  unity  [Ain  equation  (3.12.01)  is  assumed 
to  be  zero].  This  is  due  to  the  fact  that  in  the  previous  analysis  of  concen¬ 
trated  combustion,  the  flow  field  in  the  combustion  chamber  is  assumed 
isentropic  while  in  the  general  analysis  of  Section  3.1 1  which  led  to  equation 
(3.12.01)  the  major  effect  of  the  entropy  variation  of  different  burnt  gas 
elements  generated  under  different  pressure  conditions  is  taken  into  account. 
While  the  entropy  variation  is  of  the  same  order  as  the  pressure  perturbation 
as  explained  previously  its  net  effect  on  the  qualitative  behaviour  of  nmia 
is  not  important  with  tbe  possible  exception  of  its  influence  on  the  behaviour 
of  the 'nozzle,  neglected  here.  With  this  entropy  correction  taken  into 
consideration,  the  value  of  n^in  for  f c  =  0  and  very  short  nozzle  becomes 
£  +  (y  —  l)/4y  instead  of  ^  —  (y  —  l)/4 y  as  obtained  in  Section  3.04. 
It  is  interesting  to  note  also  that  £  is  the  value  of  nmln  for  low  frequency 

139 


3.12  ANALYSIS  OF  SCREAMING  (LONGITUDINAL  HIGH  FREQUENCY  INSTABILITY) 

instability  of  the  intrinsic  type  [equation  (2.03.10)]  which  was  obtained 
under  the  assumption  of  isothermal  chamber  conditions. 

Let  us  consider  next  the  systems  with  combustion  uniformly  distributed  in 
an  intermediate  region  £e  around  the  mean  position  ip  with  ^  ip.  If  is 
very  much  smaller  than  ip,  the  system  approaches  the  configuration  with 
combustion  concentrated  at  the  axial  position  ip.  The  present  result  will 
therefore  indicate  how  well  the  approximate  scheme  of  concentrated 
combustion  can  represent  the  actual  conditions.  For  such  systems  we  have: 

«  =  0  0  ^  .v  <  ip  — 

«=■  *!  {.v  -  (ip  -  £,/2)}/£c  V  —  tfe 

u  =  ul  ip  +  !£e  <  a:  <  1 

The  values  of  «raill  as  calculated  from  equation  (3.12.01)  for  different  values 
of  ip  are  plotted  versus  for  the  fundamental  mode  of  oscillation  in 
Figure  44.  The  values  of  «mln  for  different  y>  with  $c  —  0  correspond  to 


Figure  44.  Effect  of  the  spacewisc  spread  of  com¬ 
bustion  on  the  minimum  lalue  of  the  interaction 
index,  nmtn,  compatible  with  unstable  oscillations 
of  the  fundamental  mode.  Combustion  spread 
linearly  in  an  intermediate  region  as  shown  ;n  the 
figure 


Vf - 

the  values  of  nmln  given  in  Figure  28  but  for  the  reason  mentioned  in  the 
previous  example  the  present  values  are  slightly  larger.  It  is  clearly  seen 
that  so  far  as  the  magnitude  of  nml„  is  concerned,  the  spatial  spread  of 
combustion  about  the  mean  position  ip  =  1  /6  and  ip  —  5/6  has  practically 
no  effect  (being  slightly  stabilizing)  for  the  total  extent  of  spread  as  large  as 
1  / 3  of  the  chamber  length  i.e.  1  /6  of  the  wavelength  of  the  fundamental  mode. 
When  the  mean  position  is  shifted  toward  the  antinodal  position  (ip  =  |) 
of  the  fundamental  mode,  the  effect  of  spatial  spread  of  combustion  becomes 
destabilizing  and  the  destabilizing  effect,  that,  is  the  decrease  of  «min  from 
the  value  of  fim|n  corresponding  to  concentrated  combustion  at  the  mean 
position  ip,  increases  significantly  when  ip  approaches  |.  This  pheno'menon 
can  be  physically  expected  on  the  ground  that  the  spatial  slope  of  the 
amplitude  of  the  pressure  oscillation  <px  is  exactly  zero  at  an  antinodc  and  is 
small  in  its  vicinity,  while  that  near  a  node  is  large.  Thus  the  maximum 
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possible  amount  of  excitation  of  unstable  oscillation  is  not  substantially 
changed  by  the  small  spread  of  combustion  near  an  antinode.  Since  the 
damping  action  of  the  nozzle  is  little  affected  by  the  spatial  spread  of  com¬ 
bustion,  the  unconditional  stability  of  a  given  mode  in  the  system  as  indi¬ 
cated  by  nniJr>  is  not  substantially  changed.  It  should  further  be  noted 
that  a  nod*-  of  the  fundamental  mode  is  the  antinode  of  the  second  mode. 
Therefore  the  destabilizing  action  of  the  spatial  spread  of  combustion  in  the 
nodal  region  of  a  given  mode  is  not  important  because  the  Rmin  of  this 
mode  will  still  lie  considerably  higher  than  the  of  some  other  mode 
having  an  antinode  near  the  combustion  zone.  vVith  this  in  mind  and 
with  the  help  of  the  computed  results  it  can  be  inferred  that  so  far  as  the 
unconditional  stability  of  a  system  is  concerned,  the  effect  of  the  spatial 
spread  of  combustion  in  a  region  less  than,  say,  1/8  of  the  chimber  length 
is  insignificant;  and  the  much  simplified  model  of  concentrated  combustion 
is  adequate  for  the  analysis  and  comparison  of  the  overall  relative  un¬ 
conditional  stability  of  such  systems. 

In  Figure  44  there  is  a  dotted  line  connecting  the  ends  of  the  versus  fc 

curve.,  for  different  ip.  The  lower  branch  of  this  dotted  curve  corresponds 
to  the  configurations  with  combustion  uniformly  distributed  from  injector 
end  to  x  =  £e  =  2ip.  The  tipper  branch  curve  corresponds  to  the  configura¬ 
tions  with  combustion  uniformly  distributed  from  x  —  1  —  —  2y  —  1  to 

the  combustion  chamber  exit  x  =  1 .  Thus  when  £c  =  0,  the  lower 
branch  corresponds  to  concentrated  combustion  at  the  injector  end  and  the 
upper  branch  corresponds  to  concentrated  combustion  at  the  chamber  exit. 
The  fact  that  the  upper  branch  always  gives  a  larger  value  of  nm tn  for  the 
same  extent  of  spatial  spread  of  combustion  means  that  the  configuration 
with  more  combustion  distributed  in  the  downstream  end  of  the  chamber 
is  likely  to  be  more  stable.  This  is  primarily  because  the  frequency  of  oscilla¬ 
tions  for  minimum  n  is  slightly  below  the  corresponding  organ  pipe  value. 

So  far  we  have  only  considered  the  cases  in  which  the  combustion  is 
uniformly  distributed  in  a  certain  region.  The  next  object  is  to  investigate 
the  relative  importance  of  the  manner  in  which  the  combustion  is  distributed 
in  this  region.  Consider  systems  with  a  given  by: 


a  =  uz  for  a 1 


with  the  positive  exponential  index  j  indicating  the  manner  of  combustion 
distribution.  When  j  —  1,  this  becomes  the  case  of  uniformly  distributed 
combustion  as  has  been  discussed  in  the  previous  example.  When  j  >  1, 
more  of  the  combustion  is  shifted  towards  the  tail  end  of  the  combustion 
zone  as  compared  with  the  uniformly  distributed  case.  Likewise  when 
j  <  I  more  of  the  combustion  is  shifted  towards  the  head  end  of  the  com¬ 
bustion  zone.  In  Figure  45,  the  computed  values  of  nm[n  for  the  fundamental 
mode  are  given  for  j  —  0,  1,  2,  3,  co  and  plotted  against  the  total  extent 

of  spread  £c,.  The  case  j  —  0  corresponds  to  the  configuration  with  com¬ 
bustion  concentrated  at  the  injector  end  with  ,imln  independent  of  £c.  When 
j  gradually  increases,  more  and  more  combustion  is  shifted  towards  the 
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other  end  x  =  |c,  and  when  j  becomes  very  large,  j  =  oo,  all  combustion 
is  concentrated  at  x  =  £e  and  the  naJn  calculated  for  j  =  co  corresponds  to 
that  determined  in  connection  with  the  simplified  model  of  concentrated 
combustion.  The  curves  of  nmjn  versus  £c  for  different  values  of  j  are  of 
similar  shape  and  the  transition  of  the  curves  from  that  ofj  =  0  to  j  —  go 
is  quite  clear.  The  increase  of  nmin  when  £e  reaches  the  node  of  the  pressure 
oscillation  becomes  more  significant  for  the  cases  with  larger  j.  As  has  been 
indicated  previously,  this  is  physically  clear  because  more  combustion  is 
carried  to  nodal  regions  where  the  amplitude  of  the  pressure  oscillation  is 
smaller,  that  is,  where  the  capability  of  each  propellant  element  in  exciting 
unstable  oscillation  is  smaller. 


Figure  45.  Effect  of  the  spacewise  spread  of 
combustion  on  the  minimum  value  of  the  interaction 
index,  nm|i>,  compatible  with  unstable  oscillations 
of  the  fundamental  mode.  Combustion  distributed 
according  to  the  power  law 

a  =  MWW 

from  the  injector face  to  the fractional  axial  position 
x  =  $c  as  shown  in  the  figure. 


If  the  wrain  of  the  second  mode  is  determined  from  equation  (3.12.01) 
and  superposed  on  Figure  45,  we  find  again  that  when;  ^  2*5  the  nm  in  for  the 
second  mode  is  always  larger  than  the  «n,ln  for  the  fundamental  mode  at 
the  same  value  of  fc.  Even  for  j  =  3  the  nmln  for  the  second  mode  becomes 
slightly  lower  than  the  «„*,  for  the  fundamental  mode  only  in  the  small 
range  of  around  £e  =  0*7,  and  the  smallest  nmin  of  all  high  frequency 
modes  is  still  given  essentially  by  the  nmIn  of  the  fundamental  mode.  It 
should  be  noticed  that  (x/fc)3  profile  is  already  quite  flat  when  ,v/£  is  less 
than,  say,  \  and  almost  50  per  cent  of  the  combustion  is  completed  in  the 
narrow  zone  of  0*8  <  xj£c  <  1*0.  The  combustion  is  thus  quite  concentrated 
toward  £e.  It  is  only  when  j  is  considerably  larger  than  3  that  the  n„,in 
of  the  second  mode  plays  its  role  in  determining  the  smallest  «niiQ  when  $e 
is  in  the  nodal  region  of  the  fundamental  mode.  Even  in  this  case,  so  far  as 
the  overall  unconditional  stability  of  all  high  frequency  modes  is  concerned, 
all  the  other  higher  modes  will  still  be  unimportant. 

In  most  of  the  practical  cases,  with  combustion  fairly  uniformly  distributed 
over  certain  regions,  only  the  fundamental  mode  is  the  important  one  in 
determining  the  unconditional  stability  of  the  system. 
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Now  the  integral  term  involving  k  in  the  numerator  of  equation  (3.12.01) 

will  be  considered.  /Vs  has  been  observed  previously  /c/t2A  is  of  the  order  of 

-  - 

—  sin2  tax'  dx'  is  of  the  order 
o  ul 

of  unity,  and  both  factors  of  the  integrand  are  positive.  Thus  this  term 
essentially  constitutes  an  increase  of  the  value  of  wraln.  This  term  represents 
the  damping  due  to  the  unsteady  motion  of  the  droplets.  For  illustrative 
purposes  a  few  points  have  been  calculated  with  the  following  simplified 
form  of  «, 

ut  =  u,t  (1  -  4*) 

for  0  ^ x  ^  x0,  where  &t{x0)  =  fi(*0)  in  the  rest  of  the  chamber,  .y0  ^  x  1, 
ut  is  assumed  to  be  the  same  as  u  of  the  gas,  i.e.  ut(x)  =  u(x).  The  constant 
k  is  taken  to  be  1/20  in  the  present  dimensionless  scheme  which  corresponds 
roughly  to  a  penetration  distance  in  still  air  of  one  quarter  of  the  chamber 
length.  The  mean  gas  velocity  is  taken  for  example: 

u(x)  =  a, .  */£c  for  0  <  *  <  £e 

a(x)  ~i Zj  for  <  x  ^  1 

The  nraln  fo-  the  fundamental  mode  obtained  for  the  configurations  with 
£c  =  0-2  and  i-c  =  0-5  shows  a  very  small  increase  as  compared  to  those 
neglecting  this  damping  term.  The  accuracy  of  the  present  calculation 
does  not  justify  this  correction  which  cannot  be  differentiated  in  the  scale 
of  Figure  43  for  the  particular  values  of  k  and  selected.  For  extreme 
conditions,  the  damping  term  due  to  the  oscillation  of  the  droplets  may 
have  some  effect. 

3.13.  Non-uniformity  of  f 

The  developments  of  the  last  three  sections  apply  to  the  simplest  case  when 
f  is  uniform  for  the  whole  combustion  chamber  and  of  0(1).  However,  the 
derivations  of  Section  3.08  were  obtained  under  the  more  general  assumption 
that  f  is  a  function  of  x  without  limiting  its  magnitude.  The  only  restriction 
in  Section  3.08  was  the  uniformity  of  f  among  all  propellant  elements 
burning  at  a  given  station.  It  b  not  difficult  to  remove  all  these  restrictions, 
including  the  last  one.  However,  the  developments  become  much  more 
complicated,  and  explicit  solutions  for  the  eigenvalues  are  in  general 
impossible.  In  this  section  we  will  briefly  indicate  how  the  formulae  are 
modified,  and  will  confine  our  dbcussion  to  a  few  points  only. 

As  in  Section  3.08,  we  can  subdivide  ail  propellant  elements  that  bum 
at  a  given  station  x  into  fractions,  each  inaction  possessing  a  well  defined 
value  of  f.  Thus  if  df  represents  the  fraction  considered,  all  elements 
burning  at  x  can  be  ordered  in  such  a  way  that  f  increases  steadily  from  its 
minimum  value,  ?roin,  corresponding  to  f  =  0,  to  its  maximum  value  f,^*, 
corresponding  to  f  =  1.  At  a  given  station  x,  the  sensitive  time  lags  of 
dif  ;rent  propellant  elements,  f(x,  f)  will  be  a  monotonically  increasing 
f  n  fion  of  f.  A  fraction  df  contributes  to  the  total  burning  rate  q  a 
.ion  dq.  It  b  clear  that  the  expression  of  dq/df  divided  by  <p0  b  given 
by  equations  (3.08.16)  and  (3.08.17)  derived  previously,  and  is  a  function 
cf  x  and  f,  because  both  t(x,  f)  and  £(x,  f)  are  functions  of  x  and  f.  The  last 
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is  connected  to  f  by  the  relation  corresponding  to  (3.08.04) 


I 


dx' 


which  can  be  alsc  written  as 


f(x,  f) 


*  -  f(x,  f)  =  u,Jx,  f)f(x,  f)  ....  (3.13.01) 

where  S,  represents  each  element  burning  at  station  x  for  the  proper  average 
of  «,  during  its  sensitive  time  lag.  In  general,  ut  can  be  different  for 
different  propellant  elements,  even  if  they  have  the  same  sensitive  time  lag 
t  (x;  f)  and  bum  at  x.  In  this  last-case  the  value  of  ut  used  in  the  derivations 
of  Section  3.06  should  be  considered  as  a  proper  average  value  between 
these  different  propellant  elements. 

The  value  of  dq/df  will  thus  consist  of  three  terms,  of  which  only  the 
first  one,  representing  the  timewise  contribution  to  the  burning  rate,  need 
be  retained,  because  the  other  two  have  only  higher  order  effects  on  the 
final  results.  This  can  be  easily  shown  following  the  same  procedure  as 
is  given  in  Section  3.09.  Integrating  with  respect  to  f  from  0  to  1  we  can  write 


~  =  n  Q(x) 

<Po 

where  Q(x)  is  given  by  the  generalized  equation  corresponding  to  (3.08.17) : 


flw-r  ar  r  m  _  ^ 

Jo  Jo  l  V’o  9>o 

=  nm_ 

Jo  [  9V  Jo  (po 


f)]  __ 


c-*fu-.f>df 


)> 


....(3.13.02) 


In  order  to  obtain  the  value  of  Q*0)  to  be  inserted  in  equation  (3.09.24)  or 
(3.10.04)  one  uses  again  the  0th  iteration  solution  (3.09.19)  or  (3.10.02). 
In  both  cases  the  expression  for  f(£)  contains  the  quantity  cos  to|  which, 
due  to  equation  (3.13.01),  can  be  written  as 

cos  <w4?  =  cos  (cox  —  ojutJf)  - (3. 13.03) 


Similarly  the  exponential  factor  of  (3.10.02)  for  neutral  oscillations  can 
be  written  as 


*  f «  ii 
e 


....(3.13.04) 


where  «m  stands  for  a  proper  mean  value  in  the  interval  from  5  to  x.  We 
see  that  if  f  is  0(1)  and  to  is  0(1)  we  can  neglect  the  term  to«Jmr,  of  O (Af)> 
with  respect  to  cox  in  equatio:‘  (3.13.03),  and  our  previous  relation, 
<p{ |)  =  <p{x),  leading  to  equation  (3.08.19)  is  perfectly  justified.  If  f  is 
0(1)  but  co  is  0(1  IM)  the  exponent  of  the  second  factor  of  equation  (3.13.04) 
is  O(M),  so  that  within  the  proper  order  of  approximation  one  can  write 

exp  ^ko  |*  u  dx'  j  —  exp  |ito  J  u  Ar'j  and  the  corresponding  factor  can 
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be  extracted  out  of  the  second  integral  of  equation  (3.13.02)  and  used  as  a 
common  factor  for  the  whole  integrand.  However,  in  this  case  (oulmr  becomes 
0(1)  and  cannot  be  neglected  in  equation  (3.13.03).  To  be  consistent,  this 
term  should  and  can  be  included  in  the  development  of  Section  3.10, 
without  introducing  any  difficulty.  However,  this  has  not  been  done  in 
order  to  avoid  the  additional  formal  complication.  Finally,  if  f  is  0(1  jM) 
the  complete  expressions  (3.13.03)  and  (3.13.04)  must  be  used.  When 
equation  (3.13.02)  is  introduced  into  equation  (3.09.24)  or  (3.10.04)  and 
the  condition  (3.09.21)  is  written  explicitly,  the  problem  of  determining 
the  eigenvalues  explicitly  is  found  in  general  impossible,  because  f  is  now 
contained  in  a  complicated  fashion  and  cannot  be  extracted  as  a  simple 
factor  E  =  n(l  —  &f)  as  was  done  in  Sections  3.11  and  3.12.  However, 
one  can  still  solve  for  n 

» =  (xr  +  iA7,m  +  m 

of  which  both  numerator  and  denominator  are  complex  and  depend  in  a 
complicated  way  on  to  and  f(x,  f).  Obviously  if  n  must  be  real  this  splits 
into  two  real  equations 

n=A7r/Z)r  =  AVA- 

The  (numerical)  solution  of  the  equation  A,rZ)£  =  N{Dr  with  respect  to 
to  for  given  f  (.v,  f),  and  the  following  evaluation  of  n  from  the  preceding 
formula  provide  the  two  eigenvalues  of  n  and  to  for  the  given  t(x,  f).  We 
see  that  while  in  principle  the  problem  is  solved,  the  procedure  is  too  long 
and  tedious  to  permit  a  general  discussion  of  the  results  even  qualitatively. 

Let  us  consider  the  simple  case  when  t  is  independent  of  x  but  is  not 
uniform  for  the  various  fractions,  i.e.  f  =  f (f)  only.  In  addition  if  we 
assume  that  both  to  and  f  are  0(1).  equation  (3.13.02)  becomes 

W  =  0-Cc-,).^^d, 


:—’r  —  j  c“ 


«*0  df 


where  both  C  and  t„  arc  real  functions  of  A.  Q  and  of  the  parameters 
characterizing  the  distribution  of  the  sensitive  time  iags.  For  neutral 
oscillations  where  A  ~  0,  Q  =  to  and  fe  =  be  and  for  any  arbitrary  but 
general  type  of  time  iag  distribution,  both  C  and  be  are  functions  of  the 
frequencies  of  neutral  oscillations  and  therefore  can  be  considerably  dif¬ 
ferent  for  different  modes  of  oscillation.  While  the  method  of  determining 
the  eigenvalues  of  n  and  be  for  different  frequencies  of  neutral  oscillations 
has  been  found  to  be  very  convenient  when  C  =  1  (corresponding  to  uniform 
time  lag  for  all  propellant  elements)  and  bt  —  constant,  it  becomes  rather 
complex  when  both  C  and  6f  depend  on  to. 

The  two  quantities  C  and  bf  arc  the  same  as  those  defined  in  Sections 
2.08  and  3.05.  It  has  been  noted  there  that  if  the  function  4(f)  —  f„  is  anti¬ 
symmetric  with  respect  to  the  mass  average  fm  =  f(0-5)  =  -f-  fmin)/2 

the  effective  average  fr  and  mass  average  f m  coincide  and  are  constant 
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for  a  given  system  and  therefore  independent  of  the  frequency  of  neutral 
oscillation.  As  a  result,  the  solution  of  the  eigenvalue  problem  becomes 
slightly  simpler  for  systems  with  such  antisymmetric  distribution  than 
for  those  without.  It  is  only  slightly  simpler  because  the  magnification 
factor  C  being  in  general  a  function  of  a>Af  —  —  ^min)  st*H  depends 

upon  w  for  a  given  type  and  extent  of  time  lag  distribution.  Therefore  we 
shall  for  illustrative  purposes  consider  first  those  systems  in  which  the  total 
extent  of  time  lag  spread  is  so  small  that  C  is  essentially  constant  when  o> 
varies  slightly  in  the  neighbourhood  of  tt  and  that  the  distribution  off  fra 
is  antisymmetric  about  f  m.  Thus  C  can  be  taken  as  the  constant  evaluated 
with  ft>  =  it.  As  has  been  shown  in  Section  3.05,  the  magnification  factor 
C  for  neutral  oscillations  in  systems  with  f  =  0(1)  is  always  less  than 
unity  and  for  systems  with  small  time  lag  spread  where  C  can  be  taken  as 
constant  for  a  given  mode,  the  magnitude  ot  C  is  always  close  to  but  less 
than  unity. 

Thus,  following  the  identical  procedure  as  in  Section  3.11,  one  finds  the 
following  equation  with  both  C  and  6e  constant 

ny(  1  —  Ce-*‘“,*)  =  ( IT  +  tf,)/(^r  4*  —  .(3.13.05) 

which  is  similar  to  equation  (3.11.08)  except  for  the  constant  factor  C  on 
the  left-hand  side.  If  C  =  1  (uniform  time  lag  for  all  elements),  equation 
(3.13.05)  reduces  exactly  to  equation  (3.11.08).  The  quantities  /  and  J 
are  still  given  by  equation  (3.11.09).  Eliminating  6t  from  the  two  real 
equations  corresponding  to  equation  (3.13.05)  we  obtain 

n 

"i 

where 


is  the  critical  value  of  the  interaction  index  when  there  is  no  time  lag  spread 
(C  =  1).  Since  C  <  1  for  f  =  0(1),  it  Is  apparent  that  n>n1  when  there  is 
time  lag  spread.  In  other  words,  more  excitation  is  required  to  maintain 
neutral  oscillation  of  any  frequency  in  a  given  system  with  time  lag 
spread  than  without.  Naturally,  n„, >  Rimini  *n  other  words  the  system 
with  time  lag  spread  is  unconditionally  more  stable  for  any'  spatial  distri¬ 
bution  of  combustion. 

Equation  (3.13.06)  also  indicates  that  the  ratio  of  »/«,  increases  with 
decreasing  C,  as  does  Rmin/Rimin-  This  means  a  larger  stabilizing  effect  for  a 
larger  spread  of  time  lag.  All  these  results  agree  with  the  results  of  Section 
3.05  for  the  simple  case  of  spatially  concentrated  combustion.  As  a  matter 
of  fact  equation  (3.13.06)  reduces  after  some  manipulation  to  equation 
(3.05.08)  when  1  and  J  are  evaluated  for  the  concentrated  combustion. 

For  the  cases  in  which  Af  =  fm»  —  Tmin  is  not  sufficiently  small,  C  must 
be  considered  as  a  function  of  to  even  for  small  variations  of  o>  around 
7T  or  its  integral  multiples.  The  eigenvalues  d  and  <o  can  be  determined 
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for  a  given  value  of  n  and  a  given  distribution  of  time  lag  following  the 
procedure  analogous  to  the  one  used  in  reference  23.  The  calculation  has 
not  been  carried  out  but  it  can  be  expected  to  give  essentially  the  same 
qualitative  results  as  to  the  effect  of  the  spread  of  the  sensitive  time  lag. 
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4.01.  General  Notions 

In  this  chapter  we  shall  look  into  the  possibility  of  comparing  the  theoretical 
results  presented  in  the  previous  chapters  with  published  experimental 
findings.  It  has  been  brought  out  in  Chapter  1  that,  because  of  our  meagre 
knowledge  concerning  the  physicochemical  processes  of  combustion  in  a 
liquid  rocket  chamber,  any  analytical  approach  to  the  problem  must  start 
with  some  hypothetical  simple  model.  No  matter  how  rational  the  simple 
model  may  seem  to  be,  the  ultimate  justification  of  the  postulated  simple 
model  lies  in  the  qualitative,  and  possibly  quantitative,  agreement  between 
the  theoretically  predicted  trends  and  the  experimental  findings.  The 
present  theoretical  treatments  are  concerned  only  with  the  problem  of 
incipient  instability,  not  with  the  properties  of  the  fully  developed  unstable 
oscillations  of  large  amplitude.  On  the  other  hand,  the  known  available 
experiments  on  unstable  operation  belong  essentially  to  the  domain  of 
fully  developed  instability,  characterized  by  the  fact  that  the  amplitudes, 
instead  of  undergoing  steady  amplification,  stay  in-average  around  a 
certain  level  determined  by  non-linear  effects. 

Thus,  even  if  the  onset  of  instability  is  of  a  linear  nature,  as  assumed  in 
the  theoretical  treatment,  the  observed  facts  contain  a  strong  non-linear 
influence  and  one  must  not  expect  a  close  quantitative  agreement  between 
theoretical  predictions  and  experimental  results.  A  better  situation  would 
result  if  one  tried  to  determine  experimentally  the  stability  boundary'  by 
changing  some  well  determined  parameters  of  the  system.  However,  this 
determination  has  not  yet  been  attempted,  and  would  probably  meet  many 
difficulties.  One  difficulty  is  that  it  is  not  easy  to  change  one  parameter  at 
a  time  in  a  rocket  motor.  For  instance,  the  easiest  way  of  varying  the  mixture 
ratio  in  a  bipropellant  motor  is  by  changing  the  injection  pressure  of  one 
of  the  two  propellants.  However,  this  change  is  accompanied  by  a  change 
in  injection  velocity  of  one  of  the  propellants  and  therefore  a  change  in  the 
flow  situation  in  the  combustion  chamber.  The  whole  process  of  com¬ 
bustion  may  be  affected  so  that  it  would  be  impossible  to  isolate  the  effects 
of  the  mixture  ratio  change  alone.  From  this  point  of  view,  it  would  be 
preferable  to  keep  the  injection  pressures  unaltered  and  change  only  the 
area  of  the  injection  ports.  But  this  solution  would  substantially  increase  the 
complexity  of  the  tests  because  it  would  require  mechanical  modifications 
to  the- injectors  for  every  small  change  of  mixture  ratio.  The  same  can  be 
said  for  changes  in  the  chamber  pressure  which  should  not  be  obtained 
through  a  simple  change  of  injection  pressure  with  fixed  geometry,  but  should 
rather  be  obtained  through  changes  in  geometry’  with  fixed  pressures,  or 
with  pressure  drops  following  an  independently  determined  law. 

Another  difficulty,  common  to  many  other  processes  involving  combustion, 
probably  resides  in  the  fact  that  this  kind  of  test  is  not  exactly  reproducible. 
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As  in  other  processes  in  which  combustion  plays  an  essential  role,  small 
uncontrollable  changes  in  local  conditions  or  in  the  characteristics  of  the 
system  may  produce  considerable  dispersion  of  the  observed  results.  For 
instance,  a  system  which  ordinarily  is  stable  may  occasionally  exhibit 
instability  without  any  plausible  or  controllable  reason;  and  a  system 
usually  unstable  may  have  some  stable  runs.  The  conditions,  of  course,  can 
become  more  confused  in  an  intermediate  condition  where  it  would  be 
nearly  impossible  to  determine  the  stability  situation  from  a  few  runs.  This 
difficulty  can  in  principle  be  solved,  as  in  similar  cases,  only  through  a 
statistical  approach;  but  with  rockets  this  statistical  approach  means  a 
considerable  increase  of  the  time  and  of  the  economic  loads. 

The  statistical  determination  of  the  stability  boundaries  would  be  the 
most  effective  way  of  checking  the  theoretical  results,  and  also  of  showing 
the  possible  existence  of  independent  non-linear  instabilities.  Non-linear 
phenomena  may  result  in  two  kinds  of  effects.  They  may  simply  shift  the 
stability  boundaries  with  respect  to  those  pertaining  to  very  small  dis¬ 
turbances  and  linear  theory,  with  the  result  that  the  stable  ranges  may 
shrink  or  expand  when  the  amplitude  of  the  initial  disturbance  increases. 
On  the  other  hand,  they  may  introduce  new  regions  of  instability  when  the 
amplitudes  exceed  certain  levels.  The  first  category  of  effects  is  relatively 
uninteresting,  since  the  corresponding  conditions  for  stability  can  be  obtained 
continuously  from  the  linear  ones,  and  are  likely  to  be  affected  by  the 
different  parameters  of  the  system  in  the  way  the  linear  theory  predicts. 
If  only  this  category  of  effects  were  present,  it  would  be  sufficient  to  design 
a  motor  with  such  parameters  that  it  would  operate  in  stable  conditions 
and  sufficiently  far  away  from  the  stability  limits  determined  by  linear 
theory;  this  would  be  enough  to  assure  against  instability  even  when  dis¬ 
turbances  of  sufficient  amplitude  to  introduce  non-linear  effects  are  applied 
to  the  system.  The  possible  presence  of  new  instability  ranges  for  large 
disturbances  is  a  more  serious  effect,  and  its  possibility  could  be  checked 
through  the  experimental  determination  of  the  stability  boundaries, 
possibly  with  the  introduction  of  controlled  disturbances  in  an  otherwise 
smooth  system. 

We  emphasize  again  that  the  fact  that  actual  instabilities  generally 
operate  in  the  non-linear  range  does  not  mean  that  the  reason  for  instability 
cannot  l>e  explained  by  a  linear  theory.  Actually,  observation  has  often 
shown  large  amplitude  oscillations  produced  during  a  previously  stable 
run  through  the  gradual  amplification  of  small  disturbances.  Observations 
of  this  kind  exist  both  for  low  frequency  oscillations2*31  and  for  high  frequency 
oscillations28.  One  observes,  not  infrequently,  a  cyclic  (though  not  periodic) 
appearance  and  decay  of  these  unstable  conditions  during  a  run.  A  be¬ 
haviour  of  this  type  would  be  expected  if  the  conditions  of  stability  were 
marginal  and  small  changes  in  some  parameters  were  determining  the 
transition  from  stability  to  instability  and  backf.  In  these  cases  it  seems 
logical  to  infer  that  the  instability  is  of  a  linear  type.  In  the  other  cases, 
in  which  the  run  is  oscillatory*  from  the  start,  no  definite  conclusion  can  be 

f  Analogous  effects  have  been  found  in  solid  propellant  rockets  where,  however,  the 
continuous  change  in  the  geometry  of  the  propellant  grain  during  operation  might  be 
responsible  for  the  peculiar  behaviour**. 
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reached,  but  nothing  can  be  inferred  against  the  linear  explanation,  because 
the  existence  of  the  ignition  transients  may  produce  strong  disturbances 
at  the  beginning  of  the  operation  that  never  decay  completely  if  the  system 
is  unstable. 

The  only  possible  test  which  would  definitely  indicate  the  presence  of 
non-linear  instability  is  the  one  already  mentioned  where  a  system  is 
triggered  to  instability  by  a  strong  disturbance  (such  as  the  transients  of  a 
hard  ignition),  but  remains  stable  if  the  disturbance  level  is  low. 

As  already  explained,  the  best  test  of  the  theoretica1  treatment,  con¬ 
stituted  by  the  determination  of  the  stability  boundary,  has  not  yet  been 
made.  The  only  experiments  available  to  date  belong  to  the  realm  of  fully 
developed  instability,  to  which  the  linear  theory  does  not  apply  even  when  it 
contains  the  essential  explanation  for  the  appearance  of  instability.  Never¬ 
theless,  in  the  absence  of  better  tests,  some  of  the  data  obtained  from  these 
experiments  may  be  compared  with  the  theoretical  results  and  some  of  the 
theoretical  stability  trends  may  be  checked. 

One  of  the  quantities  that  seems  likely  to  be  less  influenced  by  non-linear 
effects  is  the  frequency  of  the  oscillations.  For  instance  if  a  shock  wave  of 
plausible  strength,  instead  of  a  wave  of  small  amplitude,  is  travelling  back 
and  forth  in  a  combustion  chamber,  the  propagation  speed  and  the  wave 
propagation  time  change  only  by  a  few  per  cent,  and  the  result  is  a  change 
in  frequency  of  the  same  order2.  This  is  true  despite  the  considerable 
change  in  the  shape  and  the  amplitude  of  the  corresponding  pressure  and 
velocity  waves.  Fortunately,  the  frequency  is  also  the  quantity  easiest  to 
measure  from  pressure  records  or  optical  observations.  For  this  reason 
most  of  the  comparisons  between  theory  and  experiments  are  based  on 
the  values  of  the  frequency. 

In  accordance  with  our  theoretical  treatment,  we  shall  consider  separately 
the  range  of  low  frequencies  and  high  frequencies.  No  fundamental  dis¬ 
agreement  seems  to  exist  in  the  world  of  rocket  research  about  the  definition 
of  the  high  frequency  range,  which  is  definitely  connected,  in  agreement 
with  our  theory,  to  the  natural  modes  of  oscillation  of  an  acoustic  chamber 
obtained  from  the  actual  rocket  chamber  by  replacing  the  nozzle  with  a 
closed  end.  To  the  knowledge  of  the  authors,  there  is  also  fundamental 
agreement  about  the  most  probable  cause  for  high  frequency  instability, 
which  is  definitely  attributed,  in  agreement  with  the  idea  first  advanced 
by  the  senior  author3,  to  the  interaction  of  pressure  waves  and  burning 
rates.  It  is  true  that  this  interaction  is  often  visualized  as  being  related  to 
shock  waves,  rather  than  continuous  waves,  but  as  already  explained 
previously  the  fact  that  shock  waves  can  be  generated  progressively  after  a 
period  of  amplification  of  continuous  waves  shows  that  the  essence  of  the 
phenomenon  is  independent  of  its  non-linearity  and  only  the  quantitative 
results  may  be  more  or  less  affected. 

Some  discrepancy  is  present,  however,  in  the  definition  of  the  low  frequency 
range.  For  practical  values  of  the  parameters,  tbv.  frequencies  predicted  by 
the  theories  of  chugging  are  below  100  c/s.  This  is  the  range  that  we 
attribute  to  low  frequency  oscillations  in  rockets  of  usual  dimensions.  Only 
in  extremely  small  rockets  will  the  low  frequency  range  extend  to  a  frequency 
as  high  as  200-300  c/s.  Instabilities  in  this  range  have  often  been  observed 
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with  results  that  substantiate  the  theoretical  predictions  (Section  4.02). 
However,  in  their  recent  survey  of  the  problem  cf  rocket  combustion 
instability2,  C.  C.  Ross  and  P.  P.  Dai  ner  broadened  the  definition  of 
low  frequency  instability  by  including  observed  frequencies  of  the  order  of 
300  c/s,  and  were  forced  to  conclude  that  the  existing  theories  of  low  fre¬ 
quency  instability  cannot  explain  the  observed  phenomena.  They  also 
attempted  a  different  explanation  for  the  observed  frequency,  an  explanation 
which  can  be  definitely  shown  (Section  4.04)  to  be  without  correct  physical 
basis.  The  truth  is,  clearly,  that  instabilities  with  frequencies  as  high  as 
300  c/s  can  be  inc  K’.ded  neither  in  the  low  frequency  type  of  instability,  nor 
in  the  high  frequency  type,  and  that  we  have  here  a  clear  example  of  an 
instability  of  the  intermediate  frequency  type,  such  as  those  mentioned  in 
Section  1.10,  for  which  no  detailed  theoretical  treatment  is  as  yet  available. 
The  conclusion  of  Ross  and  Datner’s  discussion  that  the  predictions  of  the 
present  theories  of  chugging  do  not  correspond  to  experimental  observation, 
with  the  possible  exception  of  a  seldom  observed  type  of  instability  which 
th;y  ailed  ‘divergent*,  is  based  on  experiments  that  are  not  pertinent  to  the 
problem,  as  is  proved  by  the  fact  that  other  sets  of  experiments31  give,  on 
the  contrary,  a  satisfactory'  justification  of  the  fundamental  correctness  of 
these  theories. 

4.02.  Comparison  between  Experiments  and  Theory — 

Chugging 

The  experimental  information  about  chugging  is  too  incomplete  and 
scattered  to  provide  material  for  accurate  comparisons  with  theory'.  The 
most  important  sources  of  information  are  the  recent  work  of  M.  Barrere 
and  A.  Mgutet**,  the  paper  bv  A.  O.  Tischler  and  D.  R.  Bellman35  and 
that  by  C.  C.  Ross  and  P.  P.  Datner2.  It  should  be  pointed  out  that  with 
the  exception  of  reference  M,  the  experimental  results  are  reported  without 
details  of  the  test  conditions  so  that  it  is  impossible  to  determine  how  many 
variables  have  been  changed  between  different  tests. 

Time  — >  Reference  time  =  10“*  sec 


Figure  46.  Development  of  low  frequency  unstable  oscillations.  [By  courtesy  of  Office  .Yaiional 
d' Etudes  el  de  Recbetches  Aeronautiques) 

The  following  qualitative  experimental  observations  are  either  reported 
by  Barrere  and  Moutct  or  can  be  inferred  from  their  reported  data: 

1.  Low  frequency  instability  is  developed  from  the  progressive  amplifi¬ 
cation  of  small  oscillations  duting  a  transition  period,  without  any  sub¬ 
stantial  change  in  frequency  {Figure  46). 

2.  Oscillations  of  flow  rate  and  pressure  in  the  feed  lines  are  of  the  same 
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frequency  as,  but  with  a  smaller  fractional  amplitude  than,  oscillations  of 
chamber  pressure. 

3.  The  frequency  of  unstable  oscillation  increases  when  the  characteristic 
length  of  the  motor,  L*,  is  decreased  ( Figure  47). 


o\ _ I _ I - i - 1 

H>3-0  VO  fro  30 

Characftrifk  length  of  motor  L*  m 

Figure  47.  Frequency  of  unstable  oscillations  versus  characteristic  chamber  length  £,*. 
(By  courtesy  of  Office  National  d' Etudes  tl  de  Recherches  Aeronautiques) 


4.  The  frequency  of  unstable  oscillation  increases  as  the  steady  state 
chamber  pressure  is  increased  {Figure  48). 

5.  The  frequency  of  unstable  oscillation  is  rather  insensitive  to  the 
variation  of  the  steady  state  mixture  ratio.  From  the  measured  frequencies 

152 


COMPARISON  BETWEEN  EXPERIMENTS  AND  THEORY — CHUGGING  4-02 

one  can  derive  a  value  for  the  interaction  index  r  of  a  given  propellant 
combination  by  means  of  an  approximate  theoretical  formula.  The  resulting 
value  of  n  is  independent  of  the  shape  of  the  chamber,  the  value  of  L*  and 
the  value  of  the  inertia  parameter  J  of  the  feeding  system. 

7.  The  calculated  value  of  the  interaction  index  n  of  a  given  propellant 
combination  shows  a  strong  dependence  on  the  chamber  pressure;  n 
increases  as  pc  increases. 

8 .  When  the  chamber  pressure  is  increased,  the  stability  of  the  motor 
is  improved. 

9.  The  low  frequency  type  of  instability  is  found  to  be  the  predominating 
type  in  liquid  propellant  rockets  operating  under  low  chamber  pressures  and 
low  injection  pressures.  Under  relatively  high  chamber  pressures,  high 
frequency  modes  of  the  acoustic  type  develop  concurrently,  and  may 
become  preponderant  in  some  cases'. 

Let  us  discuss  these  items  in  turn : 

Item  L  This  observation  is  of  fundamental  importance  because  it  demon¬ 
strates  that  low  frequency  oscillations  of  large  amplitude  can  develop 
progressively  from  small  amplitudes,  thus  proving  the  existence  of  the 
linear  type  of  instability  analysed  in  this  monograph.  The  so-called 
‘divergent’  type  of  instability  reported  by  Ross  and  Datner2  might  possibly 
be  an  example  of  the  same  phenomenon. 

Item  2.  This  observation  has  been  made  by  many  and  was  also  specifically 
mentioned  by  Ross  and  Datner2.  This  indicates  the  importance  of  the 
feeding  system  characteristics  to  the  low  frequency  stability  of  the  rocket, 
and  the  necessity  of  considering  the  complicated  dynamics  of  the  feeding 
system. 

Items  3 ,  4  and  5.  These  behaviours  have  also  been  reported  by  Tischler 
and  Bellman35..  The  effect  of  L*  on  the  frequency  is  clearly  indicated  by 
the  theory  through  the  corresponding  change  of  residence  time  0„.  The 
effect  of  chamber  pressure^  can  also  be  derived  from  the  theory  through 
the  decrease  of  the  time  lag  when  the  chamber  pressure  is  increased. 

Item  6.  These  observations  tend  to  substantiate  the  assumption  that  the 
interaction  index  n  is  a  characteristic  property  of  the  propellant  com¬ 
bination  for  a  given  injection  pattern.  However,  not  too  much  weight 
should  be  attributed  to  this  result,  due  to  the  reasons  mentioned  in  con¬ 
nection  .vith  Item  7. 

Item  7.  This  result  might  indicate  that  the  interaction  between  the 
combustion  process  and  the  chamber  oscillations  is  more  intense  and 
complicated  than  that  indicated  by  the  law  assumed  in  the  monograph. 
However,  this  result  should  not  be  considered  too  seriously.  The  value  of  n 
has  in  fact  been  derived  by  Barrens  and  Moutet,  from  the  observed  values 
of  the  frequency  and  the  known  characteristics  of  the  feeding  system,  with 
the  help  of  an  equation  which  substantially  coincides  with  equation  (2.07.20) 
with  D  —  E  —  K  =  0,  Without  discussing  the  validity  of  the  approxi¬ 
mations  involved  in  neglecting  the  possible  effects  of  the  imperfect  rigidity 
of  the  feeding  system  (E  ^  0)  and  of  the  variation  of  temperature  {K  ^  0), 
we  have  to  recall  that  equation  (2.07.20)  is  valid  only  under  the  condition 
of  incipient  instability.  The  fundamental  difference  between  the  conditions 
of  incipient  instability  and  those  of  fully  developed  unstable  oscillations, 
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where  non-linear  effects  are  certainly  present,  has  been  emphasized  in 
Section  4.01.  Hence,  the  values  of  n  as  evaluated  by  Barrere  and  Moutet 
include  errors  from  a  number  of  possible  sources  due  to  the  difference 
between  these  two  conditions,  and  cannot  be  taken  as  a  satisfactory  deter¬ 
mination  of  n  except  in  a  very  qualitative  way.  More  direct  and  precise 
determination  of  n,  and  of  the  other  parameters  characterizing  the  time  lag, 
arc  discussed  in  Section  4.05. 

Items  8  and  9.  As  explained  in  Section  1.11,  the  time  lag  should  con- 
sistendy  decrease  for  increasing  pressures.  The  effects  observed  here  could 
be  interpreted  as  a  simple  consequence  of  this  decrease.  However,  other 
complicated  effects  of  the  chamber  pressure,  injection  pressure,  and  changes 
in  recirculation  pattern  might  be  present. 


4.03.  Comparison  between  Experiments  and  Theory — 

Screaming 

Very  useful  information  can  be  drawn  from  the  experiments  of  K.  Berman 
and  S.  H.  Cheney,  Jr18&>  **,  corroborated  by  those  of  H.  Ellis  and  his 
group47.  Both  are  based  on  the  use  of  a  slit  window  cylindrical  chamber 
and  on  simultaneous  pressure  measurements.  Both  are  concerned  with 
the  longitudinal  type  of  high  frequency  instability. 

The  main  results  of  the  works  of  Berman  and  Cheney  can  be  summarized 
as  follows: 

1.  High  frequency  instability  is  characterized  by  the  presence  of  pressure 
waves  travelling  back  and  forth  in  the  combustion  chamber. 

2.  Under  appropriate -conditions  self-sustained  pressure  oscillations  can 
be  observed  in  the  combustion  chamber.  In  certain  cases,  these  oscillations 
consist  of  continuous  pressure  waves ;  in  other  cases,  they  may  be  complicated 
by  the  presence  of  shock  waves.  In  the  latter,  the  amplitudes  are  usually 
larger. 

3.  Self-sustained  oscillations  containing  shock  waves  are  preceded  by  a 
transition  stage  during  which  only  continuous  waves  are  observed.  During 
this  transition  stage  the  amplitude  of  these  waves  increases  until  shock  waves 
are  eventually  established  ( Figure  49). 


Time  • — — 


Figure  49.  Development  of  high  frequency  unstable  oscillations.  [By  courtesy  of  American  Rocket 
Society  and  the  General  Electric  Compary  of  America) 

4.  With  or  without  shock  waves,  the  observed  frequencies  of  self-sustained 
oscillations  in  the  high  frequency  range  are  closely  associated  with  the 
fundamental  acoustic  mode  in  the  combustion  chamber  with  both  ends 
closed  ( Figure  50).  The  effect  of  shock  waves  is  a  slight  increase  in  frequency. 

5.  For  self-sustained  high  frequency  oscillations  of  relatively  large  ampli¬ 
tude,  a  dark  region  is  observed  to  commence  from  the  region  next  to  the 
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injector  end  whenever  a  pressure  pulsef  reaches  there  from  downstream. 
This  dark  region  once  produced  moves  downstream  with  the  gases.  The 
dark  region  indicates  the  presence  of  gases  of  lower  temperature^.  The 
periodic  occurrence  of  this  dark  region  at  a  given  position  indicates  a  local 
temperature  oscillation,  and  therefore  a  local  entropy  oscillation  which  in 
fact  must  propagate  at  the  speed  of  the  mass  motion. 


Figure  50.  Frequency  of  the  unstable  oscillations  in  the  high  frequence  range  as  a  Junction  of 
chamber  length.  (By  courtesy  of  American  Rocket  Society  and  the  General  Electric  Company 

of  America) 

6.  By  decreasing  the  convergent  conical  angle  of  the  subsonic  portion 
of  the  nozzle,  a  relatively  weak  self-sustained  oscillation  in  an  unstable 
motor  can  be  made  to  disappear  and  a  self-sustained  strong  oscillation 
can  be  made  weaker. 

7.  High  frequency  instability  in  a  given  motor  assembly  can  be  induced 
by  sufficiently  increasing  the  length  of  the  combustion  chamber.  This 
change  does  not  substantially  affect  the  combustion  zone.  The  instability 
becomes  more  severe  when  the  chamber  length  is  increased  farther.  At  a 
chamber  length  below  10  inches  (with  chamber  of  3  inches  diameter)  it 
was  very  difficult  to  obtain  high  frequency  instability. 

8.  High  frequency  instability  can  be  induced  in  a  given  motor  by  lowering 
the  pressure  in  the  propellant  tank  which  results  in  a  simultaneous  decrease 

t  The  pressure  pulses  need  not  be  shock  waves  as  was  put  forth  by  Berman  and  Cheney. 
The  upstream  moving  continuous  pressure  waves  also  result  in  periodic  variations  of  the 
luminosity  near  the  injector  end.  The  change  in  luminosity  produced  by  a  shock  wave, 
which  is  of  considerably  larger  amplitude  than  a  continuous  wave,  is  of  course  more  easily 
obscr  ed. 

X  merman  and  Cheney  conjectured  that  ‘the  non-luminous  region  represents  a  cool 
mixture,  consisting  of  an  off-ratio  fuel-oxidizer  composition’.  However,  this  b  not  necessarily 
so.  In  view  of  the  fact  that  the  radiation  intensity  of  a  given  gas  increases  very  fast  with  its 
absolute  temperature,  a  slight  decrease  in  gas  temperature  Can  reduce  its  luminosity 
significantly. 
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of  the  chamber  pressure,  the  pressure  drop  across  the  injector,  and  the 
flow  rate. 

Items  1-3  above  confirm  the  basic  postulates  of  the  theory  developed  in 
Chapter  3.  Items  4,  6  and  7  verify  the  predictions  (Sections  3.04  and  3.11). 
Item  5  is  in  agreement  with  the  theoretical  prediction  (Section  3.09)  that  an 
entropy  wave  is  produced  whenever  pressure  oscillations  are  present  (even 
for  the  case  of  continuous  waves),  and  that  the  entropy  wave  should  be  well 
discernible  whenever  pressure  waves  are  of  sufficient  magnitude.  The 
importance  of  such  an  entropy  wave  on  the  stability  behaviour  in  the  high 
frequencyrange  has.  however,  not  yet  been  investigated  either  theoretically 
or  experimentally.  About  item  8  we  observe  that,  as  discussed  in  Section 
4.01,  a  variation  of  pressure  drop  is  accompanied  by  changes  in  many 
other  essential  parameters  such  as  chamber  pressure,  injection  velocity, 
time  lags,  etc.  According  to  the  theory,  the  variation  of  any  cf  these  para¬ 
meters  could  justify  the  observed  trend.  Therefore,  no  precise  conclusion 
about  causes  and  effects  can  be  formulated. 

With  so  much  discussion  about  Berman  and  Cheney’s  work,  we  shall  now 
turn  our  attention  to  the  work  of  Ellis  and  his  associates27.  The  following 
observations  can  be  obtained  from  their  report: 

1.  The  measured  instantaneous  chamber  pressure  distribution  along  the 
chamber  length  shows  that,  in  the  case  of  high  frequency  instability,  pressure 
waves  propagating  both  in  the  upstream  and  in  the  downstream  directions 
are  significant,  but  in  the  case  of  low  frequency  instability  the  non-uniformity 
of  chamber  pressure  produced  by  pressure  waves  is  relatively  insignificant. 

2.  The  frequency  of  unstable  oscillations  in  the  high  frequency  range 
varies  inve.'scly  with  the  chamber  length. 

3.  Simulta  leous  optical  determinations  of  velocity  in  the  chamber  and 
pressure  measurements  at  corresponding  stations  give  consistent  results  in 
both  phase  and  frequency. 

4.  Simultaneous  pressure  measurements  in  the  chamber,  and  optical 
measurements  of  the  exhaust  shock  pattern  for  low  frequency  pressure 
oscillations,  give  consistent  results.  The  observations  of  Ellis  and  his  group 
substantiate  Berman  and  Cheney’s  results  which  are  mostly  based  on  optical 
measurements  of  velocity. 

Finally,  it  has  been  mentioned  in  Section  1 .08  that  modes  of  oscillation 
other  than  purely  longitudinal  may  be  expected  to  exhibit  instability. 
This  is  confirmed  by  experiments  reported  by  Ross  and  Datncr2.  The 
frequencies  of  the  observed  unstable  pressure  oscillations  in  these  tests, 
when  the  length  to  diameter  ratio  of  the  combustion  chamber  is  less  than 
three,  arc  in  good  agreement  with  the  frequencies  of  the  ‘sloshing’  mode  in 
the  combustion  chamber  as  calculated  from  acoustic  theory. 

4.04.  Intermediate  Frequencies 

We  have  pointed  out  in  Section  4.01  that  the  explanation  advanced  by  Ross 
and  Datner  to  explain  the  frequencies  in  the  intermediate  range  encountered 
during  certain  tests,  cannot  sta.-d  the  rigour  cf  scientific  criticism.  These 
authors  have  actually  suggested  the  identification  of  the  observed  frequency 
of  pressure  oscillation  in  the  operating  rocket  with  the  resonant  frequency 
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of  the  same  rocket  in  no-flow  conditions,  when  it  oscillates  as  a  Helmholtz 
cavity  resonator. 

The  classical  Helmholtz  resonator  is  substantially  constituted  of  a  chamber 
of  comparable  dimensions  in  all  directions  with  an  opening  of  relatively 
small  diameter  and  length.  The  accumulations  of  mass,  and  the  time  re¬ 
quired  for  the  wave  propagation  in  the  opening  can  be  neglected.  Since 
the  diameter  of  the  opening  is  also  small,  the  rates  of  variation  of  pressure 
in  the  chamber  are  small  and  the  wave  propagation  effects  can  be  neglected. 
These  are  the  basis  for  the  Helmholtz  calculations.  Wc  see  immediately 
that  these  calculations  can  apply  to  a  rocket  chamber  without  flow  only 
when  the  nozzle  is  small  in  comparison  with  the  chamber.  When,  however, 
the  size  of  the  nozzle  is  comparable  with  that  of  the  chamber,  or  even  the 
nozzle  length  is  considerably  larger  than  the  chamber  length,  it  is  quite 
possible  that  the  wave  propagation  time  in  such  a  long  system  cannot  be 
ignored  (even  if  it  could  be  considered  negligible  for  the  chamber  alone). 
Furthermore,  if  the  throat  diameter  is  comparable  with  that  of  the  chamber, 
the  pressure  variation  can  be  quite  fast  and  both  of  the  original  assumptions 
about  Helmholtz  resonators  are  no  longer  valid.  Since  the  geometry  of 
the  chamber-nozzle  combination  of  conventional  rockets  is  of  this  type, 
the  Helmholtz  calculation  is  not  valid.  I.  Elias  and  R.  Gordon28,  on  the 
suggestion  of  Dr  von  KArmAn,  devised  a  method  to  overcome  this  difficulty. 
Their  analysis  is  still  for  the  no-flow  condition,  corresponding  to  rockets 
under  non-operating  conditions.  This  method  of  Elias  and  Gordon  was 
used  by  Ross  and  Datncr  to  determine  analytically  the  acoustic  frequencies 
of  cavity  resonators  for  purposes  of  comparison  with  experimentally  deter¬ 
mined  frequencies  of  unstable  oscillations  in  operating  rockets  of  the  same 
geometry. 

It  is  important  to  observe,  as  Elias  and  Gordon  themselves  have  noticed, 
that  the  computed  frequencies  under  no-flow  conditions  are  quite  close  to 
those  of  the  organ-pipe  oscillations  in  a  constant  area  duct  of  the  same  total 
length  as  the  chamber-nozzle  combination  with  one  closed  end  and  one 
open  end.  The  total  length,  consisting  of  the  chamber  length  plus  the  length 
of  the  convergent  and  divergent  portions  of  the  nozzle,  therefore,  corresponds 
to  approximately  one  quarter  wavelength.  This  result  of  Elias  and  Gordon’s 
work  simply  means  that  any  change  of  cross  section  at  any  intermediate 
longitudinal  station  is  not  very  important,  and  the  natural  frequency  is 
essentially  determined  by  the  total  length  of  the  gas  column.  Elias  and 
Gordon  have  stressed  the  fact  that  their  calcinations  are  for  non-operating 
rockets  only,  and  that  certain  factors,  including  supersonic  outflow,  should 
be  considered  in  extending  their  calculations  to  operating  conditions.  The 
following  simple  consideration  will  immediately  reveal  to  what  extent 
Elias  and  Gordon’s  estimate  of  the  acoustic  frequency  must  be  corrected, 
when  the  flow  in  the  nozzle  is  increased  from  zero  to  the  value  corresponding 
to  supercritical  flow  (when  supersonic  velocities  are  established  in  the  diver¬ 
gent  part  of  the  nozzle). 

An  important  characteristic  of  supersonic  flow  fields  is  that  a  small 
disturbance  introduced  at  a  given  point  can  influence  the  flow  field  only  in 
the  downstream  nappe  of  the  Mach  cone  of  this  point.  The  flow  field  upstream 
of  this  Mach  cone  will  not  ‘know’  whether  a  disturbance  is  introduced  or 
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not.  nis  is  because  of  the  fact  that  a  small  disturbance  is  propagated  in 
all  directions  with  the  local  speed  of  sound  relative  to  the  mass  motion. 
When  the  speed  of  mass  motion  is  greater  than  the  spted  of  sound, 
any  upstream  directed  signal  will  be  washed  downstream  of  the  point  of 
initial  disturbance.  In  the  case  of  no-flow,  the  boundary  condition  at  the 
exit  of  the  nozzle  (which  can  be  approximately  expressed  by  the  constancy 
of  the  local  pressure)  will  influence  the  acoustic  oscillations  inside  the  cavity. 
But  in  the  supercritical  case  with  supersonic  outflow,  the  conditions  at  the 
exit  cannot  influence  the  acoustic  oscillations  in  the  cavity  in  any  way. 
Moreover,  the  entire  divergent  portion  of  the  de  Laval  nozzle  where  the 
flow  is  supersonic  has  nothing  to  do  with  the  acoustic  oscillations  in  the 
cavity  so  long  as  there  remains  a  sonic  region  somewhere  in  the  vicinity  of 
the  throat  during  the  oscillation.  Accordingly,  when  the  rocket  is  operating, 
the  length  of  the  gas  column  of  the  divergent  portion  of  the  nozzle  must  be 
discounted  in  the  calculation  of  the  natural  frequency  of  the  acoustic 
oscillations. 

This  is  still  not  the  whole  story.  Because  of  the  absence  of  any  reflected 
waves  from  the  supersonic  region,  two  important  things  happen.  The 
first  is  that  the  boundary  condition  at  the  sonic  throat  is  not  the  same  as 
at  the  open  end  of  a  classical  organ  pipe.  There  is  no  reflected  wave  from 
downstream  to  compensate  the  incoming  pressure  wave  and  maintain  a 
constant  local  pressure  (or  density,  in  the  case  of  isentropic  oscillation). 
The  local  specific  acoustic  admittance  ratio  ( vjb )*  at  the  sonic  ‘hroat  is 
not  infinite  (as  it  is  for  the  open  end  of  an  organ  pipel  but  L  ■  iefinite 
function  (Appendix  B)  of  the  ratio  /J  of  the  frequency  « •  oscillation  to  the 
local  velocity  gradient,  i.e.  /?  =  f2/(du/d.r)* 

2(y  —l)'+(P  3 -y 

4  -f  /S*  "*■  p  4  +  fP 

The  modulus  of  tl  *t  ratio  is  always  less  than  unity.  Thus  the  condition  at 
the  sonic  throat  is  not  very  different  from  that  at  a  closed  end  (corresponding 
to  vjd  —  0).  Only  the  reflection  from  the  sonic  throat  is  weaker  and 
is  displaced  in  phase.  The  second  factor  is  that  the  convergence  of  the  walk 
in  the  convergent  portion  produces  reflections  analogous  to  those  at  a  closed 
end  even  before  the  waves  reach  the  sonic  throat.  Thus  the  entire  convergent 
duct  with  sonic  outflow  behaves  more  like  a  closed  end  than  like  an  open 
end.  The  specific  admittance  ratio  ( v/d )  at  the  entrance  of  the  nozzle  can 
be  determined  for  specific  shapes  of  the  convergent  nozzle  as  described  in 
Appendix  B. 

As  a  result  of  this  situation,  a  good  approximation  in  estimating  the 
frequencies  of  the  characteristic  oscillations  with  the  rocket  in  operating 
conditions  can  be  obtained  by  considering  an  organ  pipe  with  both  ends 
closed  and  somewhat  longer  than  the  chamber  length.  This  is  shown  better 
by  the  analysis  of  Chapter  3  where  die  frequences  of  the  unstable  oscillations 
are  found  in  general  slightly  lower  than  the  organ  pipe  modes  in  the  chamber 
with  closed  ends.  The  difference  depends  on  the  magnitude  of  x,wc  which 
is  not  only  a  function  of  the  geometry*  of  the  nozzle  but  also  of  the  frequency 
of  the  oscillation  under  consideration. 
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The  equivalent  length  of  ar«  organ  pipe  with  closed  ends  is  schematically 
shown  in  Figure  51  for  rockets  both  in  non-operating  conditions  (a)  and  in 
operating  conditions  (b).  We  recognize  from  the  figure  that  the  equivalent 
length  for  case  (b)  is  around  one  fourth  of  the  equivalent  length  for  case  (a). 
It  is  thus  apparent  that  with  chambers  similar  to  those  considered  by  £lias 
and  Gordon,  and  by  Ross  and  Datner,  a  frequency  of 300  c/s  in  non-operating 


Equivalent  dosed  ends  organ  pipe — 


(a) 


\~—L - H  .  -i  lsvpef 

— 1 1'Scri  W- 


(b) 


-4^J~  j  ^ 

••Divergent  part  of  nozzle 
j/'f'T  \  ineffective  with 
\  *  \"“f  supercritical  flow 


Isub  p- 


Figure  51.  Equivalent  organ  pipe  length  for  rockets  under  operating 
and  non-operating  conditions 


conditions  corresponds  to  a  frequency  of  the  order  of  1200  c/s  in  operating 
conditions  and  coincides  with  the  fundamental  organ-pipe  mode.  The 
shift  from  the  one  to  the  other  frequency  would  take  place  contiguously  if 
the  flow  was  gradually  brought  from  zero  to  its  critical  value.  The  agree¬ 
ment  between  the  calculated  resonant  cavity  frequency  with  no  flow  and 
the  frequency  of  oscillation  in  the  operating  rocket  mentioned  by  Ross  and 
Datner  cannot  be  considered  as  anything  except  mere  coincidence.  It  can 
be  said  with  assurance  that  if  other  tests  on  the  same  rocket  had  been  con¬ 
ducted  with  the  divergent  cone  of  the  nozzle  mostly  cut  off,  unstable  oscilla¬ 
tions  of  the  same  intermediate  frequency  would  still  be  observed  there,  but 
the  method  of  Elias  and  Gordon  would  predict  a  considerably  different 
frequency.  Therefore,  the  justification  »or  the  observed  intermediate  range 
of  unstable  frequencies  cannot  be  found  in  the  theory’  of  resonant  cavities, 
but  in  some  more  fundamental  mechanism.  Such  a  fundamental  mechanism 
has  already  been  mentioned  briefly  in  Section  1.10,  and  is  substantiated  by 
the  experiments  of  Berman  and  Cheney16*.  Figure  52  shows  schematically 
the  principle  involved.  The  space  lag  of  ail  propellant  elements  is  assumed 
to  be  the  same;  therefore  the  combustion  takes  place  at  a  definite  station 
(combustion  front).  At  a  certain  instant,  an  upstream  moving  pressure 
pulse  reaches  the  injector  face,  is  reflected  and  attenuated  by  its  own  course. 
The  effect  of  the  pressure  pulse  on  the  injection  rates  of  the  two  propellants 
is  in  general  different  due  to  the  different  response  times  of  the  two  injection 
systems.  An  off-ratio  mixture  is  thus  produced,  travels  downstream  and, 
after  the  total  time  lag  rt  has  elapsed,  bums  as  it  reaches  the  combustion 
front.  An  entropy  pulse  (defect  or  excess)  b  thus  created  by  the  combustion 
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of  the  off-ratio  mixture.  After  it  has  been  carried  downstream  by  the  motion 
of  the  gas,  the  entropy  pulse  penetrates  the  convergent  portion  of  the  nozzle 
and  generates  a  new’  pressure  puke  which  propagates  upstream  toward 
the  injector  face.  If  this  pressure  pulse  is  sufficiently  strong,  the  conditions 
for  self-amplification  and  instability  are  created.  It  is  easily  seen  that  the 
period  of  the  cycle  is  approximately  equal  to  the  sum  of  (1)  the  combustion 
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oscillation  in  the  unsteady  frequency  range;  (b)  radiation  streak  photograph  shotting  low 
frequency  type  instability  obtained  with  an  assembly  consisting  of  a  conventional  imping¬ 
ing  head,  a  10-inch  long  motor  body  and  a  41°  convergent  angle  nozzle.  Frequency  of 
oscillation  was  about  240  c/s.  ( By  courtesy  of  the  General  Electric  Company  of  America } 

time  lag,  (2)  the  time  for  propagation  of  the  entropy  wave  from  the  com¬ 
bustion  front  to  the  nozzle,  and  (3)  the  time  for  propagation  of  the  pressure 
pulse  from  the  nozzle  to  the  injector  face.  Berman  and  Cheney16*  made  a 
rough  estimate  of  the  frequency,  as  has  just  been  explained,  and  found 
that  the  predicted  and  the  measured  values  of  the  frequency  are  in  agree¬ 
ment.  A  photograph  is  quoted  from  reference  16a  and  corresponding  pro¬ 
cesses  are  marked  on  the  photograph  and  the  schematic  diagram,  Figure  52. 
A  careful  analysis  of  the  stability  conditions  for  oscillations  in  this  inter¬ 
mediate  frequency  range  is  still  to  be  developed. 

4.05.  Measurements  of  the  Time  La 
The  time  lag  between  the  injection  and  the  production  of  burnt  gases,  and 
its  sensitivity  to  the  chamber  conditions  are  the  fundamental  causes  of  the 
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kinds  of  instability  discussed  by  the  theories  of  the  present  monograph. 
Instead  of  justifying  these  theories  by  comparison  with  experimental  resuits 
on  unstable  rockets,  one  can  pursue  the  more  fundamental  approach  of 
checking  the  properties  of  the  time  lag  through  a  direct  measure  of  its 
duration  and  of  its  dependence  on  the  chamber  conditions,  that  is,  with  the 
symbols  used  in  this  monograph,  of  the  values  of  r  and  n. 

The  difficulties  of  measuring  these  quantities  lie  not  only  in  the  require¬ 
ment  of  accurate  and  reliable  instrumentation,  but  also  in  the  fact  that  the 
proper  value  of  the  time  lag  to  be  measured  is  the  average  of  the  time  lags 
of  different  propellant  elements.  This  has  been  made  clear  by  the  develop¬ 
ments  of  Sections  2.08  and  3.13.  Thus  the  technique  of  the  'pulse’  which 
has  been  suggested  and  applied  does  not  appear  satisfactory,  except  for 
very  rough  evaluations.  If  a  puLse  is  introduced  in  the  injection  rate,  a 
pressure  pulse  will  appear  in  the  chamber  pressure  at  a  later  time.  Assuming 
that  the  beginning  of  the  two  pulses  is  sharply  defined,  the  corresponding 
time  interval  represents  the  minimum  value  of  the  time  lag.  However, 
there  is  no  way  of  measuring  the  maximum  value  of  the  time  lag,  because  the 
pressure  pulse  does  not  end  at  the  instant  the  burning  rate  has  dropped 
again  to  normal,  but  extends  beyond  this  instant  through  a  kind  of  relaxation 
process  ( Figure  53). 

In  Figure  53(a),  the  chamber  pressure  pe  response,  to  a  step  increase  in 
feed  line  pressure  pt,  would  enable  us  to  determine  f^,  if  the  response  of 
pe  is  sharply  defined  initially.  In  Figure  53(b),  the  square  pulse  in  feed  line 
pressure  could,  in  the  ideal  case,  yield  both  rmln  and  f^,v  if  the  turning 
points  of  pe  response  were  sharply  defined.  Figure  53(c)  represents  a  typical 
pulse  we  can  put  in  a  feed  line  and  the  typical  response  of  chamber  pressure 
which  is  smeared  out  over  a  considerable  range;  and  here  it  is  difficult  to 
obtain  ?mln  and  impossible  to  get  fm>T.  In  other  words,  even  if  the  minimum 
and  maximum  time  lag  coincide,  and  the  injection  rate  pulse  is  of  negligible 
duration,  the  pressure  pulse  has  a  tail  which  makes  it  impossible  to  measure 
the  actual  value  of  the  maximum  time  lag.  Therefore,  it  is  impossible  to 
obtain  accurately,  from  the  pulse  method,  the  proper  average  value  of  the 
time  lag,  even  when  the  chamber  pressure  pulses  are  sharply  defined.  The 
situation  is  made  worse  by  the  absence  of  sharp  definition  of  the  pulses  due 
to  the  unavoidable  roughness  of  combustion. 

A  more  rational  method17  consists  of  the  production  of  sustained  sinu¬ 
soidal  modulation  of  the  injection  rate,  which  produces  a  corresponding 
sustained  oscillation  of  the  chamber  pressure.  The  amplitude  and  phase 
relations  between  the  two  oscillations  (or,  synthetically,  the  transfer  function 
of  the  particular  system  under  consideration)  is  a  complicated  function  of 
the  geometry,  chamber,  nozzle,  frequency,  residence  time,  time  lag,  inter¬ 
action  index  and  so  on.  The  functional  relationship  relating  the  transfer 
function  to  these  quantities  is  provided  by  the  theoretical  formulations  of 
previous  chapters.  In  principle  it  is  possible,  by  performing  the  tests  in  a 
sufficient  range  of  frequencies,  to  derive  the  values  of  rf,  f,  n,  and  the  resi¬ 
dence  time  0r. 

Preliminary  measurements  on  a  monopropcllant  motor  have  already  been 
made  with  encouraging  results.  The  accuracy  of  the  instrumentation  was 
not  yet  sufficient  for  the  determination  of  the  four  mentioned  unknowns; 
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but  the  total  time  lag  and  the  residence  time  have  been  obtained.  Figure  54 
shows  the  results  for  the  total  time  lag  at  different  pressure  levels.  The 
scatter  of  the  results  is  too  large  in  these  experiments  to  obtain  an  exact 
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Figure  53.  Schematic  diagram  of  the  response  of  chamber  pressure  to  a 
feed  line  pressure  perturbation 
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Figure  54.  Preliminary  data  on  the  steady  state  total  time  lag  as  a  function 
of  mt^n  chamber  pressure 

definition  of  the  dependence  of  the  steady  state  time  lag  on  pressure,  but 
the  general  trend  shows  an  evident  decrease,  in  agreement  with  the  dis¬ 
cussions  of  Chapter  1.  It  is  hoped  that  more  detailed  experimental  informa¬ 
tion  on  the  time  lag  and  the  related  quantities  will  soon  be  available. 
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ANALYTICAL  NATURE  AND  METHODS  OF 
SOLUTIONS  OF  EQUATION  (2.03.02) 

The  equation  of  mass  balance  in  the  combustion  chamber  and  the  equation 
of  the  dynamics  of  the  feeding  system  can  be  reduced  by  elimination  to  a 
single  ordinary  linear  differential  equation  (2.03.02)  involving  a  retarded 
variable  of  the  form 

LM^^L2[<p(z-6)]  . . . .  (A.01) 

where  Lx  and  L,  are  polynomials  of  the  ordinary  differential  operator 
d/d2  with  coefficients  independent  of  2.  The  degrees  of  the  polynomials 
ate  determined  by  the  nature  of  the  feeding  system  dynamics.  Particular 
forms  of  equation  (A.0S)  have  been  discussed  by  many  authors29-31.  Equa¬ 
tion  (A.01)  differs  from  an  ordinary  differential  equation  in  the  fact  that 
the  operator  Li  operates  on  the  dependent  variable  95  as  a  function  of  the 
retarded  independent  variable  2  —  8  instead  of  the  independent  variable  2. 
If  6  is  constant  and  if  <p(z  —  8)  can  be  expanded  into  a  Taylor  series  about  2, 
equation  (A.01)  will  stand  as  an  ordinary  differential  equation  of  infinite 
order  with  constant  coefficients.  This  transcendental  equation  will  therefore 
admit  an  infinite  number  of  solutions  of  exponential  type  e“  where  r  is  a  root 
of  the  characteristic  equation  of  the  ordinary  differential  equation  and  is 
in  general  a  complex  quantity.  The  characteristic  equation  is  given  as 

f  (s)  =  Lx(s)  -  c~*  L2(s)  =0  ....  (A.02) 

Since  the  coefficients  in  the  operators  Lx  and  L2  are  real,  the  infinite  number 
of  roots  s  of  the  characteristic  equation  must  exist  as  complex  conjugate 
pairs.  Each  complex  conjugate  pair  of  s  leads  to  two  exponential  solutions 
which  combine  to  form  an  oscillatory  solution  with  varying  amplitude. 
The  general  solution  of  equation  (A.01)  will  be  a  linear  combination  of  an 
infinite  number  of  oscillatory  solutions  having  amplitudes  which  will 
either  grow  or  die  out  exponentially;  only  in  rare  circumstances  will  the 
amplitude  remain  constant.  The  imaginary  part  of  the  complex  quantity  s 
then  represents  the  angular  frequency,  and  the  real  part,  the  amplification 
coefficient  of  the  particular  oscillatory  mode.  The  stability  of  a  feedback 
system  governed  by  equation  (A.01)  requires  simply  that  no  root  s  of  the 
characteristic  equation  (A.02)  shall  have  a  positive,  real  part.  In  other 
words,  the  function  f  (s)  has  no  0’s  in  the  right  half  of  the  complex  plane 
with  positive  real  part.  It  should  be  noted,  however,  that  this  stability 
criterion  is  a  sufficient  condition  (for  the  system  to  be  stable)  if  and  only  if 
the  arbitrary  disturbance  introduced  into  the  system  can  be  resolved  into  a 
sum  of  the  oscillatory  components  as  arc  determined  by  the  infinite  number 
of  roots  of  the  characteristic  equation  (A.02).  The  present  elementary 
approach  does  indicate  that,  in  determining  the  constants  in  the  general 
solution,  we  need  an  infinite  number  of  initial  values  corresponding,  for 
instance,  to  the  specification  of  the  initial  disturbance  <p(z)  during  the 
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interval  —8  ^  z  ^  0.  But  there  is  no  indication  that  the  infinite  number 
of  exponential  solutions  will  form  a  complete  set,  the  linear  combination  of 
which  can  represent  arbitrary  initial  disturbance  functions.  Furthermore 
the  assumption  that  q>(z  —  8)  can  be  expanded  into  a  Taylor  series  about 
2  is  rather  restrictive  as  to  the  applicability  of  the  foregoing  elementary 
considerations. 

A  somewhat  more  elegant  mathematical  approach  using  Laplace  trans¬ 
forms  is  directly  suggested  by  the  presence  of  the  retarded  variable,  which 
is  the  only  source  of  difficulty  in  equation  (A.01),  because  the  retarded 
variable  is  removed  by  the  Laplace  transform.  Let  us  define  the  Laplace 
transform  of  the  dependent  variable  95(2) 

/*  CD 

<l>(r)  =  J  c-*'-’ 99(2)  ds  - (A.03) 


where  s  is  an  arbitrary  complex  quantity  being  used  as  an  independent 
variable  of  the  transform.  It  is  rather  difficult  to  trace  the  physical  meaning 
of  the  transform  O  anu  the  variable  s  from  the  mathematical  definition  of 
the  transform  when  <p(z)  is  defined  bv  equations  much  more  complicated 
than  equation  (A.Oi).  In  the  present  case  if  we  multiply  equation  (A.01) 
by  e~,z  d-:,  integrate  from  0  to  00  and  introduce  the  initial  conditions,  we 
have  after  manipulation, 

•  [£,M  -  e~‘a  L2(s)}  =  F^s)  -  L(s)  f  e-«>(*')  dz' 

J-6 

- (A.04) 


where  F^s)  is  a  new  polynomial  of  s,  the  coefficients  of  which  depend  on 
95(0),  <p(—8)  and  the  coefficients  of  Lx(r)  and  L2(s).  The  transform  will 
exist  if  99(2)  is  sectionally  continuous  and  satisfies  certain  conditions  at 
2  =  0  and  z  —  00.  These  conditions  will  in  general  be  satisfied  by  99(2)  in 
physical  problems  which  may  not  possess  a  Taylor  series  expansion. 

From  equation  (A.04)  the  Laplace  transform  0(r)  of  99(2)  is  easily  found. 
The  function  9 9(2)  can  then  be  obtained  using  Mellin’s  inverse  transform 
theorem  by  evaluating  the  following  integral 

f  Fi(s)  —  L*(s)  f  c~t:  9 »(z')  d2' 

?<Hr - ^  -•(A-05) 


over  the  contour  /’  enclosing  all  the  poles  of  the  integrand.  This  contour 
integral  can  be  evaluated  by  the  use  of  the  theorem  of  residues.  It  is  inter¬ 
esting  to  note  that  the  integral  has  no  poles  other  than  those  introduced  by 
the  0’s  of  the  denominator.  Let  sn  be  one  of  the  0’s,  then  there  is  a  term 
in  99(2)  of  the  type  cn<;*»z ,  where  c„  is  a  constant  depending  on  the  initial 
disturbance,  the  operators  Lx  and  L2  and  the  value  of  sn.  The  function 
ip(  2)  is  thus  given  as 

» 

<p{z)  =  2  cncV  - (A.06) 

«  **0 


where  sn  satisfies  equation  (A.02).  This  result,  equation  (A.06),  is  identical 
with,  but  more  general  than,  the  one  obtained  previously  based  on  ele¬ 
mentary  considerations.  The  physical  meaning  of  the  transformation 
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variable  s  can  thus  be  inferred.  The  imaginary  part  represents  the  angular 
frequency  while  the  real  part  represents  the  amplification  coefficient. 

The  stability  of  a  feedback  system  represented  by  equation  (A.01)  can 
be  determined  in  general  by  investigating  the  0’s  of  the  function  f  (s)  as 
given  by  equation  (A.02).  A  sufficient  stability  criterion  is  that  no  0’s  of 
f  (s)  exist  in  the  right  half  of  the  complex  s  plane. 

We  are  interested  in  two  types  of  practical  problems.  The  first  is  to 
determine  whether  a  given  system  with  known  numerical  constants  is  stable 
or  unstable.  The  other  problem  is  to  investigate  the  qualitative  trends  of 
the  stability  behaviour  of  a  certain  type  of  system  when  various  parameters 
are  changed.  The  first  problem  is  concerned  with  the  determination  of  the 
stability  of  a  given  system  before  it  is  built.  The  second  problem  is  intended 
to  supply  information  to  the  designer  on  how  to  design  a  stable  system  and 
how  to  modify  a  given  unstable  system  to  make  it  stable.  In  the  first  prob¬ 
lem,  that  is,  when  we  are  analysing  a  given  system,  the  function  f  ( s )  = 
Lx(s)  —  e-,aZ,2(j)  involves  only  numerical  coefficients.  Thus  we  can  use 
Cauchy’s  theorem  with  advantage.  The  theorem  states: 

‘If  f  (s)  is  analytic  inside  a  given  domain  D  bounded  by  a  contour  C  except 
for  a  finite  number  of  poles  in  the  domain,  then  when  s  traces  the  contour  C 
in  a  clockwise  direction,  the  vector  representing  f  (s)  in  a  comp'ex  plane  will 
rotate  about  the  origin,  and  the  number  of  complete  clockwise  revolutions 
that  f  (j)  makes  is  equal  to  the  difference  between  the  number  of  0’s  and 
the  number  of  poles  of  f  ( s )  in  the  domain  D’. 

For  a  stability  investigation,  the  domain  D  is  the  right  half  of  the  complex 
s  plane  and  the  contour  C  is  conveniently  chosen  as  consisting  of  the  imaginary 
axis  and  an  infinitely  large  semicircle  in  the  right  half  plane  connecting  ±ioo 
as  shown  in  Figure  55.  The  plot  of  f  (s)  in  the  complex  plane  is  known  as  the 
Nyquist  diagram.  The  sum  of  the  number  of  complete  clockwise  turns  of 
the  Nyquist  diagram  about  the  origin  and  the  number  of  poles  of  f  ( s )  in  the 
domain  is  equal  to  the  number  of  0’s  of  f  (s)  in  D.  If  the  system  is  to  be 
stab :  ,  the  Nyquist  diagram  must  make  as  many  complete  counterclockwise 
tut  i  about  the  origin  as  the»e  are  poles  of  f  (s)  in  D.  If  in  addition  f  (r)  is 
analytic  everywhere  inside  D,  as  for  the  function  f  (r)  defined  by  equation 
(A.02),  the  stability  criterion  is  that  the  Nyquist  diagram  of  f  (s)  should  not 
encircle  the  origin. 

The  Nyquist  diagram  of  f  (s)  is  considerably  complicated  by  the  presence 
of  the  factor  e~'4  introduced  by  the  retarded  variable.  For  example,  when 
s  is  purelyr  imaginary,  the  real  and  imaginary  parts  of  e-*4  are  periodic 
and  90°  out  of  phase.  Thus  e-*4  introduces  a  number  of  loops  in  the  Nyquist 
diagram  and  makes  it  necessary’,  in  the  numerical  evaluation  of  f  (s),  to  take 
small  steps  of  Q  in  order  to  have  a  reasonably  accurate  plot.  M.  Satche31 
proposed  an  ingenious  method  to  avoid  these  loops  in  problems  involving  a 
retarded  variable.  Divide  equation  (A.02)  by  L2(s)  and  define 

G(s )  =  e~'4  —  g  CO  =  0  - (A.G7) 

with  g  (s)  =a  L1(s)IL2(s),  where  we  have  introduced  artificially  a  finite 
number  of  poles  in  the  function  G(s)  corresponding  to  the  O  s  of  L2(s). 
The  stability  criterion  is  still  the  same  as  it  was  before,  that  is,  no  0’s  of 
G{s )  may  exist  in  the  domain  D.  Instead  of  making  a  vector  plot  of  G(s), 
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we  interpret  the  vector  G(s)  as  the  difference  of  the  vector  e-s3  and  the 
vector  g  ( s ),  that  is,  G(s)  is  a  vector  with  vertex  lying  inside  or  on  the  unit 
circle  of  e~*3,  with  its  tail  on  the  corresponding  point  of  the  vector  diagram 
of  g  (s)  ( Figure  56).  A  system  is  stable  if  the  vector  G{s)  makes  as  many 
complete  counterclockwise  revolutions  when  s  traces  the  contour  G  as  there 
are  0’s  of  L2(s)  in  the  domain  D.  The  number  of  0’s  of  L2(s)  in  D  can  be 
determined  by  making  a  Nyquist  diagram  for  L2(s)  separately.  The  deter¬ 
mination  of  the  stability  of  a  given  system  therefore  consists  of  tracing  two 
Nyquist  diagrams  for  the  two  functions  g  (s)  =  L^ij/L^s)  and  Lz(s).  We 
shall  call  the  combination  of  the  Nyquist  diagram  for  the  function 
g  \s)  =  Z,1(r)/Z,2(r)  and  of  the  unit  circle  for  e-*3  the  Satche  diagram. 


-i°° 

Figure  55.  Schematic  diagram  of 
integration  contour 


«oo 


An  examination  of  the  Satche  diagram  and  of  the  associated  Nyquist  diagram 
for  L2(s )  will  reveal  whether  the  system  is  stable. 

In  the  second  problem  mentioned,  that  is,  when  we  are  interested  in 
determining  the  qualitative  trends  of  the  stability  behaviour  as  a  function 
of  the  constants  of  combustion  n,  f  and  of  the  parameters  of  a  certain  type 
of  system,  the  graphical  method  using  the  Satche  and  Nyquist  diagrams 
becomes  undesirable.  The  analytical  treatment  of  equation  (A.02)  is  more 
advantageous.  We  are  primarily  interested  in  determining  the  stability 
boundary  (or  neutral  boundary)  of  a  certain  type  of  system.  The  stability 
boundary  for  a  given  oscillatory  mode  is  expressed  by  a  relation  between 
the  combustion  constants  n,  f  and  the  parameters  of  the  system  such  that 
the  oscillatory  mode  in  question  is  neither  stable  nor  unstable,  in  other 
words,  the  real  part  of  s  vanishes  for  that  mode.  The  stability  boundary 
divides  the  space  formed  by  the  combustion  constants  and  the  parameters 
of  the  given  type  of  system  into  different  domains  in  which  the  system  is 
stable  on  one  side  of  the  boundary  and  unstable  on  the  other  side.  If,  by 
varying  a  certain  parameter  of  the  system,  the  stability  boundary  of  a  given 
mode  is  shifted  in  such  a  way  that  the  unstable  domain  is  diminished,  this 
variation  of  the  particular  constant  or  parameter  is  stabilizing  in  so  far  as 
that  oscillatory  mode  is  concerned. 
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The  stability  boundary  is  defined  by  equation  (A.02)  when  s  =  ia>  where 
a>  is  the  frequency  of  the  neutral  oscillation.  By  separating  the  real  and 
imaginary  parts,  we  obtain  two  real  equations  from  which  wc  can  eliminate 
( o ;  the  eliminant  is  the  equation  of  the  stability  boundary.  From  another 
point  of  view,  the  two  real  equations  represent  the  stability  boundary  in 
parametric  form.  This  point  of  view  is  important  because  the  elimination 
of  <o  cannot  be  carried  out  explicitly  with  ease  except  when  Lz(s)  and  Lz(s) 
are  in  greatly  simplified  form.  It  should  be  noted  that  the  parameters  of 
the  feeding  system  dynamics  are  responsible  for  most  cf  the  complications 
of  the  operators  Lx  and  L2.  It  is  likely  that  the  effect  of  certain  important 
parameters  characterizing  the  combustion  chamber  and  the  processes  of 
combustion  on  the  qualitative  stability  behaviour  should  not  be  funda¬ 
mentally  changed  by  the  complication  of  the  feeding  system.  The  analytical 
study  of  certain  simple  feeding  system  configurations  can  be  expected  to 
give  a  number  of  important  results. 
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APPENDIX  B 


SUPERCRITICAL  GASEOUS  DISCHARGE  WITH 
HIGH  FREQUENCY  OSCILLATIONS 

The  problem  of  the  behaviour  of  a  nozzle  working  in  the  supercritical 
range  in  oscillatory  conditions  was  first  treated  by  H.  S.  Tsikn8*.  He 
investigated  the  case  in  which  the  oscillations  in  the  incoming  flow  are 
isothermal,  and  therefore  non-isentropic,  and  determined  the  departures 
from  the  steady  state  behaviour  in  the  range  of  very  low  frequencies,  as  well 
as  the  asymptotic  response  to  very  high  frequencies.  The  treatment  was 
extended  by  L.  Crocco23  with  the  purpose  of  including  the  non-isothermal 
case  and  especially  of  determining  the  nozzle  behaviour  in  the  inter¬ 
mediate  range  of  frequencies.  In  this  appendix,  account  is  given  of  these 
developments  and  of  a  few  other  unpublished  results.  It  should  be  noted 
that  all  symbols  in  this  appendix  represent  dimensional  quantities  unless 
otherwise  stated. 


B.01.  The  Equations 

Calling  p,  p  and  a  the  pressure,  density  and  velocity  in  steady  state,  com¬ 
pletely  determined  by  the  shane  of  the  nozzle,  and  p  +  />',  p  -f  p  and 
a  -f  a',  the  corresponding  value-,  in  unsteady  conditions,  and  assuming  the 
perturbations  p\  p  and  a'  to  be  small  compared  with  the  unperturbed 
quantities.  Tsien  has  written  the  continuity  and  momentum  equations  in  the 
following  form,  retaining  only  the  first  order  terms  in  the  perturbations: 


d  /a 

\  ,  Ip  ,  nu'\ 

da  .  d  / 

V\  p'  da 

p_ 

d  (P'\ 

dt\i 

;)  +  (7  +  2»J 

u  )  ~  p  d.v 

pu 

0-vU) 

.. ..(B.01) 
. . . .  (B.02) 


x  being  the  distance  along  the  nozzle  and  t  the  time.  The  third  equation 
between  the  dependent  variables  p'/p,  p'fp  and  u'ju  is  the  energy  equation  or, 
more  simply,  the  equation  expressing  the  constancy  of  entropy  of  any  fluid 
mass  when  we  follow  its  motion : 


. . . .  (B.03) 


where  S'  is  the  entropy  perturbation,  cv  is  the  constant  volume  specific  heat, 
and  y  tin.  adiabatic  index. 

In  these  equations  a,  da/d*  and  pjpu  are  to  be  considered  known  functions 
of  x  determined  by  the  nozzle  shape.  Due  to  the  linearity  of  the  three 
equatic  as  above,  the  harmonic  form  of  oscillatory  time  dependence  can  be 
chosen  and,  using  the  complex  representation,  the  dependent  variables 
can  be  written  as: 

p’jp  =  p  Ip  —  a(x)Qlml;  u'ju  =  r(x)c’,nf 
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where  10  is  the  angular  frequency  of  neutral  oscillation  and  q>,  a  and  v  are 
complex  functions  of  x  alone  j\  At  the  nozzle  entrance,  x  =  xe,  the  three 
functions  have  certain  values  <pe,  at  and  ve.  The  problem  in  which  we  are 
interested  is  to  find  the  distributions  of  cp,  a  and  v  along  the  nozzle,  but 
especially  to  determine  the  relations  between  at  and  vt.  These  relations 
will  in  fact  constitute  the  boundary  conditions  to  be  applied  to  the  rest  of 
the  flow  system  as  a  result  of  the  presence  of  the  nozzle.  Observe  that  if 
the  quantities  (B.04)  are  interpreted  as  rotating  vectors  of  which  only  the 
projection  on  the  real  axis  has  a  physical  meaning,  the  quantities  <p,  a  and  v 
will  represent  fixed  vectors,  the  magnitude  of  which  is  the  amplitude  of  the 
oscillation  of  the  corresponding  quantities.  The  angle  between  any  two 
such  vectors  represents  the  corresponding  phase  shift. 

Equation  (B.03)  is  immediately  integrated  as 

P  P  \  J*.  »/ 

the  arbitrary  function  f  being  in  general  determined  by  the  known  time 
dependence  of  the  entropy  at  x  =  x,.  For  the  exponential  time  dependence 
assumed  in  equations  (B.04)  we  obtain 

<p(x)  -  ya{x)  =  e  exp  ....  (B.05) 

where  the  constant  e  represents  the  amplitude  of  the  entropy  oscillation 
divided  by  cT.  With  the  assumption  (B.04)  and  the  relation  (B.05)  equations 
(B.01 )  and  (B.02)  are  reduced  to  the  following  system  of  ordinary  differential 
equations  in  v  and  a: 

di»  do 

m—  4*  -f  awe  —  0 

ax  dx 

■s+S£+(*£+-)’-fr-'>£*  [••••<“« 

in  which  c  is  the  velocity  of  sound.  It  is  easily  seen  that  these  equations 
present  a  singularity  at  a  =  c,  that  is,  at  the  sonic  throat,  where  therefore 
only  one  family  of  solutions  remains  regular. 

Equations  (B.06)  could  be  solved  numerically  for  any  specified  nozzle 
shape.  However,  an  analytical  solution  can  be  obtained  if,  following 
Tsicn  we  confine  our  attention  to  nozzles  in  which  «  increases  Hnearly 
with  x  in  the  subsonic  portion  of  the  nozzle.  This  condition  i;  i  ot  too 
restrictive,  since  many  actual  nozzles  have  practically  a  lines  velocity 


f  The  definition  of  these  quantities  is  somewhat  different  from  that  of  the  same  symbols  in 
Chapter  3.  The  difference  is  especially  important  for  r. 
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distribution  near  the  sonic  throat  which  is  the  region  where  an  analytical 
solution  is  particularly  usefulf.  We  take  therefore: 


du  u 
dx  x 


_ (B.07) 


in  which  c*  represents  the  so-called  critical  sound  speed  attained  at  the  throat 
where  x  —  lsub  =  (x*  —  xe)jL  represents  the  ratio  of  the  length  of  the 
subsonic  portion  of  the  nozzle  to  the  chamber  length  Z,.  The  subscript  * 
is  used  to  denote  conditions  at  the  nozzle  threat. 

Moreover,  we  take,  with  Tsien,  a  new  independent  variable: 


2  =  (*/**)*  =  (Ui'C*)2 


in  terms  of  which  we  have: 


«*  =  <i{K)'+  i'  -  J(r-  i)*} 

r±=i*Iog‘ 

Jx,  U  2 ze 


. . .  (B.08) 


...  (B.09) 


where  zt  represents  the  assigned  value  of  z  at  the  nozzle  entrance;  and 
we  define  a  reduced  angular  frequency: 


0  o)!„b-L 

- 


_ (B.10) 


Introducing  equations  (B.07)  and  (B.10)  into  equations  (B.06)  and 
eliminating  dvfdx,  we  find 

(2  +  if))v  =(y-l+ili)o-(y+l)(l-z)^z 

/g\~W 2 

+  e  [1  -  ifil 2y .  (y  -  1)  +  im?  ■  (V  +  1)  •  I/2J  •  •  •  •  (B.  11) 

and  by  eliminating  v  with  the  help  of  (B.  II)  from  one  of  the  eq  s.  tions 
(B.06)  we  obtain 

,,  %  d2<7  /  2:3  \  d a  if)( 2  +  if)) 

z(l  —  2)  —  1 2  H - I  2  T - 67 — TTT  a 

dz2  \  y  +  1/  dz  2(y  -f-  1) 


*\~m  [1  -  iffy  -  l)/2 y  ,  2  -f  if)  1] 
2J  L  2(7+1)  _r  4y 


Equation  (B.12)  is  a  non-homogeneous  complex  hvpcrgeomctric  equation, 
with  singularities  at  z  =  0,  z  =  1,  and  z  =  oo.  Of  these  singularities,  only 
the  one  at  z  =  1  is  important  for  our  problem,  since  the  others  are  out  of  the 
range  of  interest  in  the  variable  z,  which  must  be  contained  between  a 
non-vanishing  minimum  at  the  entrance  of  the  nozzle  and  a  finite  maximum 
at  its  exit. 
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B.02.  The  Condition  at  the  Sonic  Throat 
Tsien  has  observed  that  since  the  motion  is  supersonic  in  the  divergent 
part  of  the  nozzle  no  wave  can  be  transmut'd  backwards  to  the  throat, 
and  therefore  the  propagation  of  the  oscillations  must  always  take  place  in 
the. downstream  direction.  He  has  therefore  used  the  condition  that  the 
propagation  velocity  U(x)  must  always  be  positive.  If  U  is  defined  by  the 
formula 


substituting  from  (B.04)  we  have  U  —■  — majida/dx).  The  condition  that  U 
must  remain  of  the  same  cign  throughout  the  nozzle  means  that  it  must 
never  vanish,  and  therelore  (dajdx)ja  must  remain  finite.  This  condition 
is  not  satisfied  if  the  solution  is  singular,  with  the  important  consequence 
that  only  a  solution  which  is  regular  is  compatible  with  the  condition  of 
downstream  piopagation.  This  conclusion,  which  is  true  for  the  most 
general  case  considered  in  equations  (B.06),  allows  a  more  concise  and 
mathematically  more  definite  expression  of  the  condition  at  the  throat. 
The  same  result  Ls  obtained  on  a  more  physical  basis  by  considering  that  a 
wave  of  finite  amplitude  at  the  sonic  throat  cannot  send  any  but  infini¬ 
tesimal  waves  upstream,  since  the  upstream  propagation  velocity  is  zero, 
and  therefore  only  waves  of  infinite  amplitude  at  the  sonic  throat  can  send 
finite  waves  upstream.  The  absence  of  upstream-moving  waves  is  therefore 
connected  with  the  suppression  of  all  singularities  at  the  sonic  throat. 

B.03.  Solution  for  Low  Frequencies  in  the  Non-isothermal  Case 
Tsien  has  treated  the  case  of  isothermal  oscillations.  His  treatment  is 
immediately  extended  to  the  non-isothermal  case.  Assuming  a  prescribed 
temperature  oscillation  at  the  entrance  of  the  nozzle 


(T'lT)z_Xt  =  0eial 

. . .  .(B.13) 

we  have  the  relation 

<pf  —  oe  =  0 

- (B.14) 

between  <pe  and  at. 

On  the  other  hand  equation  (B.05)  gives 

<Pt  -  -  £ 

- (B.15) 

and  therefore  we  obtain  the  relation 

at  =  {0-  e)l(y  -  1) 

- (B.16) 

which  determines  the  amplitude  of  the  density  oscillation  at  the  entrance 
of  the  nozzle  when  0  and  e  are  assigned.  Of  course,  instead  of  prescribing 
arbitrary  values  of  Q  and  e,  one  could  prescribe  arbitrary  values  of  <pe  and 
ae  and  determine  the  corresponding  values  of  0  and  e.  In  Tsien’s  case  0  =  0. 

At  low  frequencies,  we  can  expand  all  quantities  in  powers  of  i/S,  since 
equations  (B.  II)  and  (B.12)  contain  only  this  combination  of  i  and 
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We  take  therefore 


a{z,  p)  =  aw(z)  +  tpo™(z)  +  . . . 
v(z,  P)  =  v<°>(z)  +  i>««(z)  +  . . . 


_ (B.17) 

_ (B.18) 


Substituting  equation  (B.17)  into  equation  (B.12)  and  equating  the 
coefficients  of  the  same  powers  of  ip,  the  resulting  equation  breaks  up  into: 


„  „  d<x»>  „ 

z(!-!>-dr-&-dr=0 

„  ,d8o«>  „  dcr(1>  2  d<x«» 

z(1-2)-d?--22-d 

+  y  +  1  2  \y  +  1  +  yz) 


.  (B.19) 


.  (B.20) 


The  solution  of  (B.19)  which  is  non-singular  at  z  —  1  is  cr(0)  =  const., 
and  therefore,  since  the  solution  (B.17)  must  hold  at  p  —  0,  we  obtain 
from  relation  (B.16) 

<r(0)  =  (0  —  e)i(y  —  i)  ....(B.21) 

Introducing  this  value  into  equation  (B.20),  and  integrating  the  first 
order  equation  in  dall)jdz  we  obtain  the  expression 

(1“2)  ~d 7=f=l{losz-z) 

-|f“r^~nIoSz - ^*---1  +C  ••••(B-22) 

2b(y-i)  7~l  rz J 

where  the  integration  constant  C  has  to  be  determined  in  such  a  way  that 
the  right  hand  side  of  equation  (B.22)  vanishes  at  z  =  1,  so  that  dall)jdz 
may  remain  finite  at  this  point.  We  obtain 

do*1*  0  log  2+1  —  z 

dz  ~  y*  —  1  (1  —  z)8 

E  flogz+l-z  y  —  11 

2y(y-l)[  (1  —  z)8  z  J 

It  can  be  immediately  checked  that  this  expression  is  regular  at  z  =  1. 
An  additional  integration,  with  the  condition  following  from  relations 
(B.16)  and  (B.21), 

o«>  =  0  _ (B.24) 

would  give  the  (non-singular)  expression  for  <d1)(z). 
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Now  introducing  equations  (B.17)  and  (B.18)  into  equation  (B.ll)  and 
again  equating  the  coefficients  of  like  powers  of  i/J  one  obtains,  using 
equations  (B.21),  (B,23)  and  (B.24), 


i.d  > 


u<0>  =  v(0)  =  Qj  2 


0  (  2  lo& 2*  ,  £  (y  + 1  lqg^ 

4  \y  —  I  1  —ze  )  4y  \y  —  I  1  —  ze 


and  therefore,  recalling  relations  (B.17)  and  (B.18) : 

■V  +  i/M"  +■  •  •  • 

*  <r,  o ?  +  ##>  +  ... 


+ 


21 _ i  ,,<n 

0-fi  e 


•  *$  +  ••• 


_ (B.25) 


_ (B.26) 


This  quantity,  representing  the  complex  ratio  between  the  fractional 
variations  of  velocity  and  density  at  the  entrance  of  the  nozzle,  and  ana¬ 
logous  to  the  specific  admittance  ratio  of  acoustics,  can  be  used  as  a  boundary 
condition  for  the  rest  of  the  flow  system  in  an  oscillatory'  state.  We  see  that 
equation  (B.26)  depends  only  on  /?,  2  and  the  ratio  0/e.  The  first  term  of 
the  series  (B.26)  applies  to  the  steady  state  and  contains  the  isothermal 
case  0  =  0  where  the  velocity  cannot  change  (ve  =  0),  the  isentropic 
case  e  =  0,  vjae  —  | (y  —  1),  and  the  isopyknic  case  0  =  e,  a  =  0  as 
particular  cases.  Equation  (B.26)  shows  that  even  for  moderate  /?,  the 
boundary  condition  imposed  by  the  nozzle  can  change  coi  siderably  since 
both  the  phase  and  the  amplitude  ratio  between  velocity  and  density 
fluctuations  are  affected  considerably. 

The  same  procedure  can  be  used,  without  substantial  difficulty,  to 
compute  higher  order  terms  in  i/3. 

B.04.  Solution  for  High  Frequencies  in  the  Non-isothermal  Case 
Following  a  procedure  similar  to  the  one  used  by  Tsien  we  first  determine 
the  particular  solution  of  equation  (B.I2) 

",  =  Z(z)  (2/2,)~W- 

and  substitute  it  into  equation  (B.12).  An  equation  for  Z(z)  is  obtained 
which  can  be  solved  by  taking  the  series 

Z(z)  =  Z»>(z)  +  (l/i/l)Z<l>(2)  -f-  .  .  . 


and  equating  the  coefficients  of  like  powers  of  i/3.  The  result  is 
«/z\ .  1  1 

y 


(T-f+i 


‘/3  y  +  1  1  _  y  —  1 
>  z  2 


+  -  •  • 


.  (B.27) 


Replacing  result  (B.27)  in  equation  (B.  11),  the  corresponding  value  of 
v  is  found  to  be  zero;  by  pushing  the  expansions  to  higher  powers  it  is 
actually  found  that  the  first  non-vanishing  term  in  the  series  for  v  corre¬ 
sponding  to  the  particular  solution  (B.27)  is  the  term  in  (i/3)-2.  Thus  ap 
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fulfils  the  condition  of  regularity  at  z  —  1,  but  not  the  condition  (B.16) 
at  z  =  ze. 

Therefore  a  solution  of  the  homogeneous  equation  corresponding  to 
(B.12)  must  be  determined.  If  we  take  a  =  exp  [«/?/.( z)]  and  introduce  it 
into  this  homogeneous  equation,  we  find  that  the  derivative  dA/dz  —  y{z) 
satisfies  the  Riccati  equation 


2(1 


,  dr  2  +  ifi 

Z)  d 2  “  2(y  +  1) 


+  2 


2y  —  ifiz(l  —  z)f- 


Introducing  in  this  equation  the  series 

y(z)  =yc’(2)  +  ^Jw(z)  +  •  -  - 

and  equating  the  terms  with  equal  powers  of  ifi  we  obtain 
1 


y o)  _ 


(y  4- 1)  (i 


-AJ'  +  '-ir1 


1  —  2 


0 


. .  (B.28) 


yU>  _ 


y  4-  l 


2{1  +i(y+i) 


(1  - 


d/°> 

dz 


—  2j 


,,(0) 


-_L.il 
y  +  1 2J 

_ (B.29) 


where  only  the  solutions  remaining  regular  at  z  =  1  have  been  considered. 
The  solution  of  equation  (B.12)  can  now  be  put  in  the  form 


a  —  Cexp  ^ifi  j£  y°>  d2  -f  j*  J{1)  dz  4*  ■ .  •  j  +  - (B.30) 

where  the  constant  C  is  determined  by  the  condition  (B.16)  at  z  =  ze  and 
is  expressed  by 


C  = 


j _l_e _ 1 

+  #  y  y  +  1  1 

2  =/ 


(B.31) 


Coming  now  to  equation  (B.l  1)  and  recalling  that  trp  does  not  contribute 
to  v  up  to  terms  of  order  (ifi)~2,  up  to  this  order  we  can  express  v  as 

v  =  ^(o>  4- 1  vw  +  . .  .j  Cexp  I#  ds  +  j\ra)  dz  4- . . . j 

....  (B.32) 

and,  after  substitution  into  equation  (B.  1 1 )  and  comparison  of  terms  with 
like  powers  of  ifi,  we  find 

•T-P+Kr+i)  0—=)«'  } 

_  y  -  !  -  2,,™  -  (7  +  1;  (1  -  ztf"  j . 

yi>  being  given  by  equations  (B  73)  and  (B.29). 
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Finally  computing  v  at  z  =  ze  from  equation  (B.32)  and  recalling  the 
condition  (B.16)  we  hud 

y  —  *  _f _ ^ _ ,  Q  —  ely 

y  0  —  e  y  +  1  1  y  —  1  0  —  e 

2  7t  2~ 

+  ...(/»>!)  - (B.34) 

with  rf?\  rfP  given  by  equations  (B.33),  (B.28)  and  (B.29)  at  z  =  ze. 

Higher  order  terms  in  the  expansions  (B.27),  (B.30),  (B.32)  and  (B.34) 
can  easily  be  computed.  Again  we  see  that  vjae  depends  only  on  p,  z  and 
0/e.  For  0  =  0  and  ft  ->  00,  equation  (B.34)  gives  Tsien’s  result. 

B.05.  Solutions  for  Ai.l  Frequencies  in  the  Isentropic  Case 
It  is  possible  to  take  advantage  of  the  analytical  properties  of  equation 
(B.I2)  to  extend  the  computations  to  the  whole  range  of  frequencies.  In 
order  to  avoid  the  complication  connected  with  the  determination  of  the 
particular  solution  of  equations  (B.12),  we  shall  consider  here  only  the 
isentropic  case.  With  e  =  0  equation  (B.12)  is  reduced  to  a  homogeneous 
hypergeometric  equation,  of  which  the  solution  remaining  non-singular  at 
2  =  1  is  given  by  the  known  hypergeometric  series  in  powers  of  1  —  ; 


<7, 


0  -  £iy  „(0)  ,  1 

0-e  Vf  +  ip 


F(a,  b,c;  1—2)  =  1+^(1— 2) 


a(a  +  1)  b{b  +  1)  (1  -  z)2  , 
c(c-j-l)  2!  'r 


with  a,  b  and  c  given  by: 


c=a  +  b  +  1  =2(l+— -j) 


ab  = 


y  +  1 


(-D 


In  principle,  therefore,  our  problem  is  solved  by  taking 
a=C.F{a,  b,c ;  1  —z) 


. .  (B.35) 


. .  (B.36) 


. . (B.37) 


and  computing  r  from  equation  (B.  II)  with  e  =  0  and  with  cLF/dz  obtained 
from  the  differentiation  of  the  series  (B.35).  The  ratio  vjae  is  therefore 
determined  and  is  independent  of  C. 

However,  -this  procedure  cannot  be  followed  in  practical  cases  since  zf 
is  generally  quite  small**  and  1  —  zr  is  close  to  one,  in  a  legion  where  the 
convergence  of  the  series  (B.35)  is  too  poor.  The  difficulty  can  be  overcome 
with  the  help  of  the  properties  of  the  solutions  of  hypergeometric  equations. 
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Simpler  developments  are  obtained  by  using  a  series  proportional  to  (B.35' 


f  («,  b,  c;  1  -  z)  =  F(a,  b,  c;  1  -  2) 

—  y  n  -  2y  ± *) 

J  i\s+i)r(s  +  c) 


_ (B.38) 


where  r(x)  represents  the  gamma  function  of  argument  x.  This  non-sin:  ;ular 
solution  around  z  =  1  can  be  expressed  as  a  linear  combination  of  the 
fundamental  system  of  the  hypergeometric  equation  around  z  —  0. 

One  such  relationship,  particularly  useful  in  the  present  case,  is36 


f  (a,  b,c;  1  -  z) 
—  ze~a~i 


g(c  —  a,c  —  b,l+c  —  a  —  b-,z) 
r(c  —  a)T(c  —  b)  cos  (c  —  a  —  b)n 


where 


B.39) 


g  (a',  b’,  c';  z)  =  —  tt  cot  {c' 7r)[f  (a',  b' ,  c'\  z) 

-z1"4'  f  («'  +  1  -  c',  b'  +  1  -  c',  2  —  c';  z)]  ....  (B.40) 


the  two  functions  f  being  given  by  the  corresponding  series  (B.38).  With 
the  particular  value  (B.36)  of  c,  the  value  of  c'  to  be  used  in  relation  (B.40)  is 
given,  following  (B.39),  by  c'  =  2.  When  c'  is  an  integer  n,  the  quantity  in 
the  brackets  of  equation  (B.40)  vanishes,  and  the  factor  preceding  the 
brackets  becomes  infinite.  The  corresponding  value  of  g  can  be  found 
through  a  limiting  process  to  be36,  for  n  >  1, 


g 


{a',  b\  n;  z) 

=  —  f(«',£',n;z)  logz  +  2 


,  ,.r(-s)r(s  +  a')r(s  +  b') 

{  )  ~  r(s  f  n) 


.r0  r(s-ri)r(s  +  n) 


[V>(j  +  «')+  V>{s  + 


b') 


—  y>(s  4  i)  —  y>{s  4-  *)] 


...  (B.41) 


where  rp{x)  represents,  as  usual,  the  logarithmic  derivative  of  the  gamma 
function  with  respect  to  the  argument  x. 

Finally  from  equations  (B.38),  (B.39)  and  (B.41),  with  a,  b  and  c  given 
by  equations  (B.36),  and  therefore  n  =  2,  we  find 


00 


f(a,5>,c;  1  — z)  —  logz  2  A? 

1 


CO 


4-  IW4 

*-t 


2(y  4- 1) 
i(W+W 


_ (B.42) 


with  the  coefficients  As  given  by  the  recurrence  relation 


_ . _ (P. _ 

A,  -  n.(y+  l)s(s  +  l) 


4 -iP 


2s+l 

(y+l)s(s+l)1 


and  with 

D,  =  rp(s  +  a)  4-  ip(s  -f-  b)  —  y >(s)  —  y(s  4-1)  ....  (B.43) 
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The  computation  of  Da  can  be  performed  with  the  help  of  the  series 
expression  of  w(x) 

M  1  1  4-  1  T  (“I)r^ 

T(*)-kw*-5+52— E- 


where  Bx  =  './6,  B2  =  1/30, . . .  are  the  Bernoulli  numbers. 

We  obtain 

D  =  w  das  + 1  [1  +  JL  _  2_l±i  A] 

•  l°8  A,  +2[s+ s+\  s(s  +  1)  At. J 

+  I  (~l)r  5  [(*  +  a)’2'  +  (x  +  *)-2r 

f-t  . 

_  r-2r  _  (5  +  l)-2r-j  ....(B.44) 

The  convergence  of  the  last  series  is  very  fast  for  high  values  of  s. 
D,  has  therefore  been  computed  for  this  series  (B.44)  only  for  the  highest 
value  of  s  needed  in  the  evaluation  of  relation  (B.42),  and  for  the  other 
values  of.D,  from  the  recurrence  relation 

_ 1_  1  1  1 

*+1  +  s  s  -f  1 

The  solution  (P..37)  can  be  expressed  as 

a  =  C"f  (a,  b,c;  1  —  z) 

with  the  constants  C'  and  C  connected  through  equation  (B,38) ;  and  the 
expression  (B.42)  provides  the  series  expansion  suited  for  computations  at 
z  =  zt.  Actually  to  determine  the  downstream  boundary  condition  of  the 
chamber,  equivalent  to  the  presence  of  the  nozzle,  we  need  only  calculate 
v/<r  at  z  —  zt  which  may  be  determined  from  series  (B.42)  using  equation 
(B.ll).  The  quantity  (1/f)  (df/dz)  =  (1/F)  (dF/dz)  is  independent  of  the 
values  of  the  integration  constants  C  or  C'  and  can  be  used  in  evaluating 
v/<r.  The  real  and  the  imaginary  part  of  this  quantity,  the  first  divided  by 
(P  and  the  second  by  /?  for  convenience  of  scale,  are  given  for  y  =  1-2  in 
Figures  57  and  58.  The  number  of  terms  used  in  the  computation  was 
sufficient  to  give  very  accurate  values  up  to  z  =  0*2  for  series  (B.42)  and 
reasonably  accurate  data  up  to  z  =  0*3;  the  corresponding  limits  for  the 
series  (B.35)  are  z  =  0*8  and  z  =  0*7.  Between  0*3  and  0*7  the  dotted 
curve  is  only  interpolated.  The  lines  for  ^  —  0  are  entirely  computed  from 
the  equations: 

S  h*R  * P  *  =  “  (y  +  1)2(1  -  2)2' 


(./+1)2(1_2)2* 


7-1 


(1-z) 


+  (2  +  ht“)  loe2- 


z  log  z(log  z  4-  1 
1  —  z 


StaI,P‘(*d*)]  ~  (y+  1H1  ~2)s 

which  can  be  derived  with  the  procedure  used  previously  for  small  /?. 
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Figure  57.  1  Ip*  times  the  real  part  of  (da/ds)/(T  as  a  function  of  local  steady  state  flow 

Mach  number  Mfor  isenlropic  oscillations  of  the  reduced  frequency  ft  in  the  nozzle.  Calctdation 
is  based  on  the  series  (B. 35)  and  (B.42).  a  is  the  amplitude  of  density  oscillation. 
( By  courtesy  of  L’Acrotccnica,  Roma) 
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n  — ► 


Figure  58.  \\$  times  the  imaginary  part  of  {dojdz)jo  as  a  function  of  local  steady  slate 

flow  Mach  number  M  for  isentropic  oscillations  of  the  reduced  frequency  ft  in  the  nof.ie. 
Calculation  is  based  on  the  series  ( B.35 )  and  ( B.42 ).  a  is  the  amplitude  of  density  oscillation. 
{By  courtesy  of  L’Acrntecnica,  Roma) 


Mote:  In  the  figures  on  the  following  pages,  and  throughout  the  text  of  Appendix  B, 
it  should  be  observed  that  the  subscript ,  denotes  conditions  at  the  noz2lc  entrance  and  ts  used 
interchangeably  with  the  subscript  „  '■.g.  «,=  «,  =  «,/r,  =  1 2s,/(y  +  l)]1'*- 


APP.  B 


SUPERCRITICAL  GASEOUS  DISCHARGE 


For  &  -*■  oo  the  first  of  the  two  quantities  goes  to  zero,  but  the  second  one 
takes  the  expression 


y°>  being  given  by  equation  (B.28).  b  ,th  quantities  tend  logarithmically  to 
infinity  at  z  =  0,  a  value  which  can  never  occur  in  practice. 


Figure  59.  The  real  part  x,  of  the  specific  admittance  ratio  x  as  a  function  of  the  reduced 
frequency  (i  of  the  isentropic  oscillation  in  the  nozzle  at  different  flow  Mach  numbers. 

(By  courtesy  o/"  L’ Acrotccnica,  Roma) 


Figure  60.  The  imaginary  part  otj  of  the  specific  admittance  rati  ,  sc  as  a  function  of  the 
reduced  frequency  j}  of  the  isentropic  oscillation  in  the  nozzle  at  different  flow  Mach  numbers. 
(By  courtesy  of  L’ Aerotecnica,  Roma) 


From  (1/c  (do/dz),  and  equatio  ,-.11)  the  quantity  a  =  vjaf  has 
been  computed.  Figures  59  and  60  show  the  real  and  the  imaginary  part  of  a 
as  a  function  of/?.  The  Mach  number  of  the  mean  flow  entering  the  nozzle 
is  used  instead  of  z,  in  these  figures  where 

=  iiy  +1  )“*  —  Hr  + i)  («,/«,)*  =  hiv  4-  1  )Af®/[i  +  J(y  —  \)M2] 

....  (B.45) 

ct  representing  here  the  stagnation  sound  velocity.  Figure  61  gives  a  repre¬ 
sentation  of  a  in  the  complex  plane,  from  which  the  phase  and  amplitude 
relations  between  the  velocity  and  density  fractional  fluctuations  are 
immediately  deduced.  For  a  giv  -n  Mach  number  at  the  nozzle  entrance 
the  ratio  of  the  amplitudes  increases  steadily  with  increasing  frequencies, 
while  the  phase  goes  from  zero  to  a  maximum  which  is  always  an  important 
fraction  of  r/2  and  then  decreases  back  to  zero. 

Finally  in  Figures  62  a".’.  0 3  the  real  and  imaginary  parts  of  a «e,  with  ue 
given  by  condition  (B.45),  arc  plotted  against  />  for  various  values  of  M. 
The  knowledge  cr  these  two  quantities  is  sufficient  to  represent  completely 
the  effect  of  a  supercritical  nozzle  on  the  behaviour  of  a  system  when  the 
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Figure  62.  ari5,  as  a  function  of  the  reduced  frequency  p  of  isentropic  oscillations  in  the  nozzle 
at  different  flow  Mach  numbers  Af  • , rresponding  to  the  different  values  of  the  dimensionless 
velocity  u,  as  defined  in  Chapter  3 

Figure  63.  xfit  as  a  function  of  the  reduced  freqvvy  fi  of  isentropic  oscillations  in  the 
nozzle  at  different  flow  Mach  numbers  M  corresponding  to  the  different  values  of  the  dimension¬ 
less  velocity  0,  as  defined  in  Chapter  3 


(B.12)  can  be  obtained  as  the  sum  of  the  calculated  homogeneous  solution 
and  a  particular  solution  of  the  non-nomogencous  equation.  This  par¬ 
ticular  solution  can  be  obtained  without  fundamental  difficulties  from  the 
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homogeneous  solution.  It  only  im  'ves  a  certain  amount  of  numerical 
computation.  The  case  of  a  non-linear  velocity  distribution  is,  however, 
more  involved  and  is  briefly  discussed  next. 


B.06.  Non-linear  Velocity  Distribution 
For  a  general  velocity  distribution  the  system  (B.06)  can  be  non-dimensional- 
ized  relating,  for  instance,  the  velocities  to  the  critical  sound  velocity  c* 
and  the  lengths  to  lsub .  L.  If  we  take 

*11*, b  •  L  ~  £>  (0  <  f  <  1) ;  =  w{£),  (we  ^  w  <  1) 

where  w  is  considered  an  arbitrary,  monotonicallv  increasing  function  of  £, 
with  w(l)  =  1,  and  if  the  entropy  oscillation  is  zero,  the  system  of  equations 
(B.06)  is  transformed  into  the  following : 


dt>  do 


W 


dr  [y  -f  1  y  •—  1  \  do  /  dm  \ 

«  +  ('-£r-— “jd-{  +  (2d?  +  ^ 


....  (B.46) 
dm 

(.,_i)_„  =  0 

....  (B.47) 


where  ft  —  (ol,ub .  Ljc and  where  use  has  been  made  of  the  relation 

WO2  =  \{y  +  1)  -  Hr  -  i)  ^ 

Eliminating  dr/d|  from  equations  (B.46)  and  (B.47)  one  obtains  the 


equa  on 
y  4*  1  1  —  ze2  do 


w 


do  /  dm  \  f  dm  ] 

di  +  \2  d| + ,/?) v  ~  ~ l)  d| +  ,/Jr  =  0  •  ■  •  'B- 


48) 


For  general  m(£),  no  analytical  treatment  of  the  system  is  possible;  one  can, 
however,  determine  a  series  solution  in  the  vicinity  of  f  =•  1  which,  will 
satisfy  the  condition  of  regularity.  This  series  will  give  a  sufficiently  accurate 
value  down  to  a  certain  f  <  1 ;  from  there  on,  one  has  to  proceed  with 
numerical  integration.  From  equation  (B.48)  we  find  at  w  =■-  1  and  for 
non-singular  do/d£ 

(y  —  1)  (dm/de)*  -{-  ift 


(;)  - 


2(dm/d|)*  +  ift 


no  matter  what  the  nozzle  shape  is.  The  oscillation  of  the  Mach  number  at 
the  throat  is  thus  given  by 


••[(-:). -t]- 


V-yW 


2[2(dm/df)*  +  ift)] 


and  is  therefore  non-vanishing  for  ft  =£  0.  Thus  the  sonic  line  oscillates 
around  the  throat,  and  the  amplitude  of  the  oscillations  could  be  related  to 
that  of  the  other  quantities. 


t  Note  that  the  definition  of  in  this  section  differs  siighllv  from  that  given  in  equation 
(B.  10;. 
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For  very  low  and  very  high  frequencies  and  a  general  velocity  distribution 
it  is  possible  to  find,  as  in  the  case  of  a  linear  distribution,  series  expansions  in 
positive  or  negative  powers  of  iff.  Here  we  shall  only  determine  the  series 
expansion  for  small  frequencies  which  is  particularly  useful  for  the  problem 
of  low  frequency  instability.  Introducing  into  equations  (B.46)  and  (B.48) 
the  series 

<r  «  ?  ath)(if))h;  v=y  v<"(iP)h 

h~0  o 

and  equating  the  coefficients  of  (:/3)*  to  zero,  we  obtain  ihe  following  re¬ 
currence  relations 

(da“>  dr<A>N! 


U 


\  d*  +  df ; 


\  = 


.  (B.49) 


'/ 


11  —  u?  da<A>  du>  ...  ,  ,,  die  ..  ,, 

- __  u.  2  —  »>(A)  —  (y  —  1)  -r=  o{n)  =  cr<A_1)  —  v{h~u 

ds  d£  d£ 


2  w 

- (B.50) 

For  h  —  0  the  right  hand  members  of  these  equations  must  be  taken  as 
zero.  In  the  same  way  as  for  the  linear  velocity  distribution  it  can  be  found 
that  the  only  regular  solution  for  h  =  0  is  with  v(0)  and  a(0>  constants  and 
related  by 

vi0)  _  _  l)©50*  =  iO  =  const.  ....  (B.51) 

Tltis  relation  simply  expresses  the  fact  that  for  quasi-steady  solutions  the 
Mach  number  variations  at  each  section  of  the  duct  must  be  zero,  because 
the  Mach  number  r/  each  section  in  quasi-steady  state  is  determined  only 
by  the  ratio  of  the  area  of  the  section  to  the  section  of  the  throat.  Since  at  the 
entrance  section  equa  ion  (B.16)  still  applies,  we  see  that  again  the  boundary 
condition  (B.24)  hold?  for  arbitrary  k 

of  =  0  (h  =1,2...)  - (B.52) 

Now  integrating  equation  (B.49),  we  obtain 

J  — df-J -C  - (B.53) 

where  C  is  an  arbitrarv  constant  to  be  determined.  Replacing  this  value  of 
rlh)  in  equation  {B.50)  we  find 


!) 


d? 


dic¬ 

'd 


c- 

W 


die2  /  f*  a(A-1!  \ 

=  -jy  ( I,—  «-c) 

which  can  l>c  integrated  immediat  riy  and,  after  integration  by  parts,  gives 
V  4-  1 

(1  -  It~)(T<*> 

r-  na{k-l)  /  r;  o'*-11  \ 

=  |  « d.£-(l-«'2)(ji  —  d$-Cf  ....^-4) 
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Here  the  new  integration  constant  has  been,  determined  in  such  a  way  as 
to  make  the  right  hand  member  vanish  at  w  =  1 ,  in  order  thai  ah  may 
remain  regular.  The  constant  C  is  obtained  by  applying  the  boundary 
condition  (B.52)  at  £  =  fe.  This  gives: 

O‘t.Mh-1)  \  C1 

- df-C  =  iw^wdf-  - - df 

I  w  /  JS'  J  f,  w 

=  —(1  —  - (B.55) 

the  last  equality  being  the  consequence  of  equations  (B.52)  and  (B.53). 
Widi  the  help  of  equation  (B.55),  equation  (B.54)  can  be  written  as 

y  4-  1  f1  f 1  <r(A_1> 

(1  -  a4)o<*>  =  wv'k~»  d£  -  - - df 

2  J*  w 

- d£  —  v<*>j  - (B.56) 

where  the  value  of  v(th)  is  determined  in  terms  of  the  (h  —  l)th  quantities 
by  equation  (B.55).  From  equation  (B.53)  one  obtains  then 


v  4-  I  f' 

- — - —  (1  —  ivs)v<A)  =  —  I  I 


f1  a y  —  1  ff 

—  df  -  44  (>  -  “*> 

Jt  W  2  IJi. 


>]  ....(B. 


(B.57) 


The  recurrence  relations  (B.56)  and  (B.57)  allow  calculation  of  all  the 
functions  a{h),  v{h}  starting  from  the  values  (B.51).  For  the  determination 
of  a  =  vjae  only  the  quantities  v{ch)  are  required,  because  o\h)  are  given 
by  condition  (B.52).  The  first  two  values  are  given  by: 


1 

rn 

y  —  i 

t/t  i  /{t 

0<O> 

1  a 

1  ~  U-. 
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Further  terms  can  be  found  without  fundamental  difficulty. 

Up  to  the  second  term  of  the  expansion  (v^l<jm)  the  specific  admittance 
ratio  a  =  v(joe  of  the  nozzle  expressed  in  terms  of  the  original  physical 
variables  is  given  by 

tx  =  i(?  —  1)  4-  iQ*k  - (B.58) 

where  the  quantity  k  coincides  with  the  quantity  introduced  in  equation 
(2.01.08)  and  is  explicitly  given  by 

k  =  -s'-  [  (“  —  dx  - (B.59) 

c%  —  iq  J  \  u  2  c*} 

the  integration  being  performed  on  the  whole  convergent  portion  of  the 
nozzle.  This  constant  k  represents  the  effect  of  the  inertia  of  the  gas  in  the 
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convergent  portion  of  the  nozzle  in  causing  a  phase  difference  between  the 
oscillations  of  velocity  and  pressure  of  the  gas  entering  the  nozzle  for  low 
frequencies.  From  the  quantity  k  one  can  determine  the  quantity  6  of 
equation  (2.0 1 .09) .  If  the  reduced  frequency  is  defined  through  the  corrected 
gas  residence  time  Qr~  0,(  1  6),  so  that 

a>IQ*  =  0,(1  +  b) 

b  is  given  by  the  solution  of  the  equation 

6(1  -f  b)  =  klyO,  - (B.60) 

In  practical  cases  b  is  sufficiently  smaller  than  unity  so  that  its  value  is 
approximately  given  by  the  right  hand  side  of  equation  (B.60).  It  has  been 
explained  in  Secti-i  2.02  that  the  net  effect  of  the  presence  of  this  phase 
lead  component  of  the  nozzle  transfer  function  is  to  modify  the  reference  time 
characteristic  of  the  low  frequency  oscillation  from  the  gas  residence  time 
in  the  chamber,  i.e. 

0,  =  =  mass  in  the  chamber/mass  outflow  rate  to  new  reference  time 

(i  +  6)0 ,  =  (i  +  b)Stja 

This  indicates  that,  so  far  as  the  analysis  of  the  stability  of  the  low  frequency 
oscillations  is  concerned,  the  effective  inertia  of  the  gas  in  the  convergent 
portion  of  the  nozzle  is  equal  to  6  times  the  inertia  of  the  gas  in  the  chamber. 
The  following  question  naturally  arises  as  to  how  this  effective  inertia  bM 
compares  with  the  actual  inertia  of  the  gas  in  the  subsonic  portion  of  the 
nozzle.  But  owing  to  the  varying  density  of  the  gas  in  the  nozzle  and  to 
the  engineering  practice  of  defining  the  gas  residence  time  in  terms  of  the 
chamber  volume,  V{)  we  would  rather  compare  the  volume  Vn  of  the  sub¬ 
sonic  portion  of  the  nozzle  with  the  effective  volume  bVc.  In  other  words, 
we  would  rather,  following  the  conventions  in  acoustics,  determine  the  end 
correction  of  the  supercritical  nozzle  in  terms  of  the  additional  length  of  the 
chamber  (corresponding  to  the  additional  length  of  the  organ  pipe  in 
acoustics).  Thus  let  y  denote  the  end  correction  of  the  chamber  volume  per 
unit  volume  of  the  convergent  section  of  the  nozzle.  Then 

7.  —  bVJVn  =  bOJVn.  m'ip0 

where  in  is  the  mass  outflow  rate  which  can  lie  evaluated  at  the  sonic  throat 
and  p(,  is  the  stagnation  density  of  the  gas  as  an  approximation  to  the 
chamber  condition.  Vn  can  be  obtained  by  integrating  the  sectional  area 
of  the  nozzle  over  the  entire  length  of  the  convergent  portion.  Thus,  with 
60,  given  approximately  by  kjy  and  k  given  by  equation  (B.59),  one  obtains 
after  some  manipulation  the  following 


A 


The  integrals  can  be  evaluated  at  least  numerically  or  graphically  when 
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w(£)  is  known.  For  a  given  type  of  w(£)  this  factor  y  depends  only  on  the 
entering  velocity  wc,  and  the  adiabatic  index  y  of  the  gas.  For  a  given  value 
of  y,  u)t  =  iif/c*  is  a  function  only  of  the  contraction  ratio  of  the  nozzle 
A+jAc.  Thus,  this  correction  factor  %  is  a  function  of  the  geometry  of  the 
nozzle  or  «/(£)  alone. 

The  value  of  we  for  conventional  rocket  motors  is  usually  of  the  order  of 
0.1  (except  for  throatless  rockets)  and  w  increases  monotonically  toward  the 
maximum  value  of  unity  at  £  =  1.  Conventional  nozzles  are  usually 
constructed  with  a  surface  of  revolution  generated  by  a  circular  arc  near  the 
sonic  throat  and  preceded  by  a  tangent  cone.  Thu'  «/(£)  increases  from  wf 
rather  slowly  in  the  conical  region  and  then  increases  almost  linearly  toward 
the  throat.  As  a  result  w(£)  remains  small  of  O (we)  for  a  considerable  range 
of  £,  the  more  considerable  if  the  convergent  angle  of  the  conical  part 
becomes  smaller.  If  one  writes  equation  (B.61)  as 
11 
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y\  -  urt 


1  -  Uy  -  i)£, 
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(2y  -  1)  (3y  -  2) 
3 \{y  4-  l)3 
d£_ 
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....  (B.62) 


F  -i- 
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one  easily  observes  that  0  <  Ej+1  <  Es  <  1  (j  =  1,  2,  3,  etc.)  and 
that  all  Ej  s  with  j  ^  1  become  smaller  when  the  value  of  w(  *)  becomes 
sr  aller  for  given  £.  It  is  also  clear  that  the  ratio  of  the  two  integrals  in 
equation  (B.61)  is  less  than  unity  and  therefore 


1  1  1 

- 5  — - 

y  l  we  y 

Sample  calculations  based  on  equation  (B.61)  for  a  conventional  nozzle  with 
»’(£)  given  as 

“>(£)  —  Tj - ■■  -  '  for  iv  <  u\ 

(!->•-  3ir,r- 

tt’(|)  =  1  —  ?.  for  zu  >  u\ 

with  A  indicating  the  following  dimensionless  distance  from  the  sonic  throat 
A  =  1/C*  .  (dujdx)m(ltub  .L  —  x) 

where  (dujdx)*  is  the  dimensional  velocity  gradient  at  the  throat, 
indicate  that  the  ratio  of  these  two  integrals  is  very  close  to  unity.  For 
the  case  with  wf  —  0-1  and  uj  =  0-3  the  ratio  of  the  two  integrals  is  0-96. 
Calculated  results  show  that  for  a  given  value  of  we  the  ratio  of  the  two 
ir*cgrals  slowly  decreases  with  increasing  the  effect  is,  however,  rather 
insignificant.  For  a  given  value  of  wv  if  we  decrease  the  entering  velocity 
wf,  the  ratio  of  the  two  integrals  also  decreases,  and  the  effect  of  decreasing 
we  is  considerably  larger  than  that  of  decreasing  wx.  But  in  any  practical 
case,  the  ratio  of  the  two  integrals  will  remain  m  the  range  of  0-9-1  -0  and 
a  good  average  value  would  be  0-95  for  the  type  of  nozzle  discussed  previously. 
This  qualitative  result  can  be  cxoccied  as  a  result  of  investigating  the 
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expanded  form  of  the  two  integrals  as  given  in  equation  (B.57).  Thus  the 
end  correction  factor  ^  is  in  most  of  the  practical  cases  given  approximately  by 

X  *=  0-95/y  - (B.63) 

and  the  factor  1  —  u%  is  relatively  insignificant.  For  comb  ration  gases  with 
y  of  the  order  of  1*2-1  *23,  one  should  therefore  add  75-80  per  cent  of  the 
nozzle  volume  to  the  combustion  chamber  volume  in  calculating  the 
corrected  residence  time. 

It  should  be  noticed,  however,  that  the  previous  result  is  for  the  case  of 
iscntropic  oscillations  which  can  at  its  best  be  roughly  correct  for  cases  in 
'.vhich  entropy  oscillations  are  not  too  large.  When  the  entropy  oscillation 
is  taken  into  account,  the  solution  of  equation  (B.12)  should  be  used  in 
obtaining  the  factor  b  from  which  the  factor  y  can  be  determined  without 
difficulty. 


APPENDIX  G 

DISCUSSION  OF  EQUATION  (2.04.09) 

In  the  plane  (<o2,  *P2)  the  left  hand  side  of  equation  (2.04,09)  represents  a 
hyperbola  with  centre  at  the  point  (0,  —2 JjE)  and  a  vertical  asymptote 
coinciding  with  the  axis  of  the  ordinates  and  the  second  asymptote  with 
slope  J2,  as  shown  in  Figure  64.  The  only  branch  of  the  hyperbola  with  a 
physical  meaning  is  the  upper  branch,  tangent  to  the  axis  --  0  at  the 
point  ( 1  jEJ.  0). 

The  right  hand  side  of  equation  (2.04.09)  represents  a  rectangular 
hyperbola  with  a  horizontal  asymptote  at  P2  =  —1  and  a  vertical  asymptote 


at  to*  =  2n  —  1.  Thus  for  n  <  |  the  vertical  asymptote  lies  in  the  region 
of  negative  to2;  for  n  >  4,  in  the  region  of  positive  e>2;  and  for  n  —  it 
coincides  with  the  axis  cu2  0.  The  solutions  of  equation  (2.04.09)  are 
given  by  tire  intersections  of  the  hyperbola  of  Figure  64  with  those  of  Figure  65. 
Only  those  intersections  that  lie  in  the  first  quadrant  with  positive  eu2  and 
*P2  correspond  to  real  solutions  of  to  and  V.  A  simple  inspection  of  Figures  64 
and  65(a)  shows  that  if  n  <  |  there  are  two  such  intersections  when  P  is 
sufficiently  large  and  there  are  no  such  intersections  when  P  is  small  enough. 
For  n  >  £  Figures  64  and  65  show'  clearly  that  there  is  one,  and  only  one, 
intersection  no  matter  how  large  P  is.  The  border  case  n  =  \  presents  the 
behaviour  of  both  cases,  n  >  \  and  n  <  4.  In  this  case  equation  (2.04.09) 
becomes  one  of  second  degree  and  can  be  solved  explicitly 


w = %  - 1  ±  [(£  - ')’ + 4J  + !)  ~  *}]' 


....(C.01) 
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The  following  results  are  then  obtained: 

(a)  if  P(P  -j-  1)  >  IjE2  there  is  one,  and  only  one,  positive  root  to2.  The 
behaviour  is  the  same  as  that  for  n  >  J. 

(b)  if  l IE2  >  P(P  -[-  1)  >  (1/J)  (l/£  —  1/4 J),  there  are  two  positive  roots 
or  none,  depending  upon  2 J  ^  E. 

(c)  if  finally  P(P  4-  1)  <  (1/J)  (\/E  —  1/4J),  there  is  no  real  root.  Cases 
b  and  c  show  a  behaviour  similar  to  the  case  n  < 


Figure  65  (a),  (b),  (c).  Schematic  plot  of 
*P*  as  expressed  by  the  right  hand  side  of 
equation  ( 2.04.09 )  for:  (a)  a  <  4,  (b) 

»  =  i>  (c)  »  >  i 


For  given  values  of  «,  P,  E  and  J,  once  the  corresponding  real  values  of  to, 
if  any,  are  found  from  equation  (2.04.09),  and  the  corresponding  sign  of  W 
is  determined,  then  equation  (2.04.06)  gives  a  corresponding  set  of  values 
for  S.  From  observation  of  Figures  8,  9  and  10  we  see  that  when  there  are 
two  roots  for  to,  the  larger  root  corresponds  to  the  smaller  values  of  <5  and 
vice  versa.  If  6  takes  one  of  these  values,  an  oscillation  with  A  =  0  and 
Q  =  u)  is  possible,  that  is,  we  are  on  the  stability  boundary.  If,  without  any 
change  in  n,  P,  E  and  J,  the  time  lag  is  changed,  then  A  must  be  different 
from  zero.  It  will  be  larger  than  zero  on  one  side  of  the  boundary,  cor¬ 
responding  to  instability,  and  smaller  than  zero  on  the  other  side,  where 
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the  combustion  is  stable.  It  is  important  to  determine,  in  addition  to  the 
stability  boundary,  the  stable  and  the  unstable  sides.  This  can  be  done 
in  the  easiest  way  by  differentiating  equation  (2.04.03)  with  respect  to  f, 
for  constant  n,  P,  E  and  J,  with  s  =  A  +  &  and  deriving  the  value  of 
d/l/df  on  the  stability  boundary.  After  manipulation  it  is  found  that 
(dyl/df)j„0  is  equal  to  an  essentially  positive  quantity  times  the  expression 

(2m  -  1 )[(/»  +  «)2  -  n2]  -f  («>2  +  1  -  2n)2(2J2a>2  -f  1  ~  2 J/E) 

Hence  (d  4/df ) A  „0  has  the  same  sign  as  this  expression  or,  in  the  particular 
case  ti  =  as  the  quantity  2 </2&>2  -f-  1  —  2 JjE. 

Let  us  discuss  in  detail  this  particular  case  n  —  f.  Suppose  first  the 
conditions  are  such  that  the  solutions  (C.01)  are  both  positive.  Then  A 
goes  through  zero  as  an  increasing  function  of  f  for  the  larger  root  o>2 
(corresponding  to  the  smaller  <5,  as  already  noticed),  and  as  a  decreasing 
function  of  f  for  the  smailer  root  (o1  (corresponding  to  the  larger  8).  We 
conclude  that  when  there  are  two  real  roots  co  of  equation  (2.04.09)  A  is 
positive  for  f  lying  between  the  two  critical  values  8  corresponding  to  the 
two  roots  of  to.  Taking  into  account  the  fact  that  8  is  multivalued,  we  find 
that  the  behaviour  of  A  as  a  function  of  f  for  fixed  values  of  n,  P,  E  and  J 
is  schematically  shown  in  Figure  66(a).  The  points  Av  A2.  A3  are  the  values 
of  8  corresponding  to  the  larger  root,  «>2;  they  correspond  to  the  inter¬ 
sections  of  the  vertical  line  through  j)  —  a>2  with  the  proper  branch  of  the 
successive  loops  of  Figure  9.  Similarly  the  points  Bv  B2,  E3  correspond  to 
the  smaller  root  oq.  We  see  that  for  each  value  of  h  there  is  a  well  determined 
range  of  instability.  If  one  takes  into  account  all  the  possible  values  of  h, 
the  combustion  is  stable  when  r  is  below  the  value  corresponding  to  Av 
or  when  it  is  contained  in  the  range  BXA2.  For  the  example  of  Figure  66(a), 
there  is  only  one  such  range  of  stability  ir.  addition  to  OAx.  However,  it  is 
clear  that  for  other  numerical  conditions  there  can  be  more  than  one  such 
range  (however,  always  a  discrete  number):  or  there  can  be  none.  It  is 
interesting  to  stress  the  fact  that  no  matter  what  the  magnitude  of  the 
time  lag  and  the  order  of  the  unstable  range,  the  frequencies  are  within 
the  same  range,  between  c ox  and  <u2.  What  changes  is  only  the  number  of 
periods  of  oscillation  h  contained  in  the  time  lag.  In  Figure  66(a)  we  have 
represented  the  case  n  =  \  with  two  roots  of  ct>.  By  changing  the  operating 
or  the  design  conditions  (for  instance  decreasing  the  pressure  drop  parameter 
P,  which  means  increasing  the  pressure  drop),  one  can  always  reduce  the 
interval  between  col  and  o)2,  until  the  two  roots  come  together  [when  the 
hyperbolae  of  Figures  64  and  65(b)  are  tangential  to  each  other].  The 
corresponding  ranges  of  instability  AtBv  A.B2,  etc.  arc  then  reduced  to 
zero.  If  from  now  on  we  continue  the  change  of  conditions  in  the  same 
direction  we  find  the  case  in  which  equation  (2.04.09)  has  no  real  roots. 
The  cop-espending  distribution  of  A  is  schematically  represented  in 
Figure  66(b).  A  is  now  negative  for  all  values  of  the  time  lag,  and  the 
combustion  is  always  stable.  If  the  change  in  conditions  from  those  cor¬ 
responding  to  Figure  66(a)  to  those  corresponding  to  Figure  66(b)  is  gradual, 
the  decrease  of  the  unstable  ranges  will  correspond  to  an  increase  in  the 
width  and  the  number  of  the  ranges  of  stability  such  as  BXA2;  until  even¬ 
tually  all  the  stability  ranges  together  will  spread  over  all  the  possible  value: 
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of  f ,  and  the  condition  of  Figure  66(h)  will  be  reached.  When  the  values  of 
the  parameters  n,  P,  E  and  J  of  a  given  system  are  such  that  the  situation 
of  Figur.!  66(h)  occurs,  the  system  is  always  stable  for  arbitrary  values  of  r. 
We  denote  such  systems  as  unconditionally  stable.  When  the  values  of 
n,  P,  E  and  J  are  such  that  the  situation  of  Figure  66(a)  occurs,  the  system 
is  stable  only  when  the  value  of  f  is  confined  in  a  certain  discrete  number  of 

Stable 


Figure  66.  Qualitative  diagram  of  the  amplification  coefficient  A  as  a  function  of  the  sensitive 
time  lag  r  of  a  liquid  propellant  rocket  with  constant  vote  fed 

ranges  of  values.  We  designate  such  systems  as  conditionally  stable.  When 
a  system  is  unconditionally  j  table,  the  hyperbolae  of  Figures  64  and  65  do 
not  intersect.  Any  change  in  the  Diameters  of  the  system,  which  brings 
the  two  hyperbolae  together  to  be  i  jential  to  each  other  and  eventually 
to  intersect,  tends  to  decrease  the  ‘unconditional  stability’  and  vice  versa. 

The  preceding  discussion  shows  that  in  the  case  n  =-•  it  is  always  possible 
to  change  the  situation  of  Figure  66(a)  to  the  one  of  Figure  66(b)  by  decre:  ,ing 
the  value  of  P  so  that  the  hyperbola  of  Figure  65(b)  is  shifted  sufficiently  to 
the  left  so  as  not  to  touch  the  hyperbola  of  Figure  64.  It  is  also  clear  that 
without  any  change  in  P,  thus  leaving  the  hyperbola  of  Figure  65(b)  un¬ 
changed,  the  same  results  can  be  achieved  by  changing  the  feeding  system 
parameters  E  and  J  through  the  displacement  of  the  hyperbola  of  Figure  64. 
For  instance,  a  decrease  in  the  value  of  E  displaces  the  point  of  tangency 
of  the  hyperbola  with  the  axis  of  the  abscissa  to  the  right  without  changing 
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the  slope  of  the  asymptote.  Thus,  decreasing  £  has  a  stabilizing  effect.  j 

The  same  is  true  for  decreasing  J.  Therefore,  if  a  system  is  unconditionally  1 

stable,  the  unconditional  stability  is  improved  by  decreasing  E,  J  or  P. 

On  the  contrary,  either  when  P  increases,  or  when  E  or  J  or  both  increase, 
the  system  can  become  marginally  unconditionally  stable  •when  the  two 
hyperbolae  become  tangential  to  each  other.  Any  further  small  change  of 
the  parameters  in  this  direction  will  lead  the  hyperbolae  to  intersect  and 
to  define  a  number  of  discrete  ranges  of  the  values  of  f  corresponding  to 
unstable  operation  of  the  system.  This  system  is  conditionally  stable.  It  j 

will  still  remain  stable  if  its  time  lag  f  is  in  the  stable  range  but  it  will 
become  unstable  if  the  time  lag  f  of  the  system  falls  in  the  unstable  ranges. 

Let  us  consider  the  conditionally  stable  configuration.  If  E  and  J  are 
kept  constant  while  P  increases  further  (pressure  drop  decreases),  the 
discrete  unstable  ranges  of  t  grow  in  size,  and  gradually  overlap  each  other 
till  all  the  discrete  stable  ranges  disappear  except  the  lowest  stable  range 
OAx  as  shown  in  Figure  66(a).  This  lowest  stable  range  OAl  is  kept  decreasing  • 

in  size  while  P  increases  even  when  P(P  1)  becomes  greater  than  1  /£*  ! 

corresponding  to  the  situation  of  Figure  66(c).  On  the  other  hand  decreasing 
P  tends  to  increase  the  stable  ranges  of  t  until  the  situation  corresponding  j 

to  Figure  66(b)  occurs.  Alternatively  if  we  keep  P  constant  and  let  E  or 
J  increase,  each  discrete  unstable  range  of  f  like  ASB.  in  Figure  66(a)  is 
shifted  towards  larger  values  of  f  and  each  discrete  range  like  A2B,  grows 
in  size  with  Bt  shifted  more  than  A2.  As  a  result,  while  the  discrete  stable 
ranges  disappear  in  succession  as  E  or  J  increases,  the  lowest  stable  range 
OAx  increases  in  extent  with  Ax  moving  towards  larger  f  in  contrast  with 
the  situation  of  increasing  P.  Thus,  if  £  or  J  increases  from  the  value 
corresponding  to  a  marginally  unconditionallv  stable  configuration,  discrete 
unstable  ranges  of  f  appear  and  increase  in  extent  with  increasing  E  or  J. 

But  after  a  certain  critical  magnitude  of  £  or  J  is  reached  before  all  the 
discrete  stable  ranges  disappear,  the  total  extent  of  the  unstable  range  of  f 
will  decrease  with  further  increase  of  £  or  J. 

Now  consider  an  unstable  system  with  given  P.  If  there  is  no  discrete 
stable  range  of  •?  except  OAx  for  the  given  value  of  P,  then  conditional 
stability  can  be  obtained  only  by  a  sufficiently  large  increase  of  £  or  J. 

If  there  is  a  discrete  stable  range  like  BXAS  and  if  the  time  lag  f  of  the  system 
lies  in  AXBX  then  conditional  stability  can  be  obtained  either  by  a  sufficiently 
large  increase  of  £  or  J  to  make  f  lie  in  OAx  or  by  a  proper  decrease  of 
£  or  J  to  make  f  lie  in  A1Br.  If  the  decrease  of  £  or  J  is  too  big,  the  system 
may  become  unstable  again.  If  there  are  more  than  one  discrete  stable 
ranges  like  BXA2,  2?jA 9,  etc.,  the  time  lag  of  the  unstable  system  may  lie  in  the 
unstable  range  AjPj.  In  tins  case,  with  a  gradual  increase  of  £  and/or  J, 
the  system  will  become  stable  at  first  and  then  become  unstable  with  further 
increase  of  £  and/or  J  and  ultimately  with  sufficiently  large  increase  of 
£  and/or/ the  system  will  become  stable  again.  From  Figures  9, 64  and  65(b), 
it  can  be  observed  that  with  n  =  \,  the  stable  range  OAx  of  the  values  of  f 
can  be  made  indefinitely  large  by  indefinitely  increasing  £  and  J .  even 
when  the  condition  P(P  -f-  1)  >  1  /£*  is  reached  corresponding  to  the 
situation  of  Figure  66(c).  Therefore,  for  the  cases  with  n  =  |  and  a  given 
value  of  P  (corresponding  to  a  given  pressure  drop  Ap  across  the  feed 
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system)  it  is  always  possible  to  obtain  stability  by  a  sufficiently  large  increase 
of  £  and  J  to  enlarge  the  stable  range  OAx  so  as  to  include  the  time  lag  f 
of  the  system.  But  by  sufficiently  decreasing  E  and  J,. unconditional  stability 
can  also  be  obtained. 

We  have  thus  far  discussed  the  case  n  =  \  when  the  conditions  are  such 
that  there  are  two  real  roots  of  equation  (2.04.09)  or  more.  It  has  been 
remarked  that  as  under  such  circumstances  the  case  n  —  i  has  a  similar  be¬ 
haviour  to  the  case  n  <  £,  one  can  extend  all  the  results  of  the  previous 
discussion  simply  by  continuity  argument  to  the  more  general  case  of 
n  <  4.  It  can  be  observed,  howevtr,  from  Figures  64  and  55(a)  or  from 
equation  (2.04.09)  that  for  n  <  $  there  are  cither  two  solutions  of  a>  or 
none,  no  matter  what  the  value  of  P  is.  Therefore  a  condition  like  P(P  -f- 1) 
<  l /E *  for  the  existence  of  two  real  solutions  of  us  will  not  appear  when 
n  < 

Let  us  now  discuss  the  remaining  possibility  for  n  —  $  quoted  under 
item  a  in  the  discussion  following  equation  (2.04.10);  that  is,  the  case 
where  there  is  only  one  positive  solution  for  a>*  of  equation  (2.04.10)  or 
one  real  root  to  of  equation  (2.04.09).  The  real  root  of  us  clearly  corresponds 
to  the  upper  sign  of  equation  (2.04.10)  in  which  case,  the  expression 
2JW  -f-  1  —  2Ji£  is  positive  and  therefore  (dvl/df)a_o  >  0.  Hence  A 
goes  through  a  single  zero  as  an  increasing  function  of  f  and  the  correspond¬ 
ing  schematic  representation  is  as  shown  in  Figure  55(c).  It  is  dear  that  the 
only  stable  range  cf  f  is  OAx  and  that  out  of  this  range  the  oscillation  is 
always  unstable.  From  Figures  64  and  55(c)  we  find  that  when  n>\ 
this  is  the  only  possible  behaviour  for  any  values  of  P  and  E  while  for  the 
case  this  behaviour  occurs  only  when  P(P  +  1)  >  1/E-.  Thus,  for 

these  cases,  the  only  interesting  critical  value  6  is  the  lowest  one  corre¬ 
sponding  to  h  —  0,  and  the  only  interesting  loop  of  Figure  1 0  for  n  >  i  is 
die  lowest  one.  -Unconditional  stability  is  therefore  no  longer  possible  for 
n  >  §.  We  observe  that  this  behaviour  is  qualitatively  very  similar  to  the 
one  found  for  the  case  of  intrinsic  instability  corresponding  also  to  n  >  f 
This  is  not  surprising  because  the  case  with  constant  injection  rate  where 
the  intrinsic  instability  is  found,  is  induded  as  the  particular  case  E  =  0 
in  the  more  general  case  discussed  in  this  section.  The  corresponding  value 
of  •Pis -go,  which  corresponds  to  the  lower  limit  of  the  inequality  (2.04.08), 
us  —  (2n  —  l)1 ;  that  is,  the  point  of  minimum  co  in  Figure  JO. 

We  shall  thus  concentrate  our  discussion  on  the  lowest  loop  only  in 
Figure  10.  The  upper  branch  ar.d  the  lower  branch  of  this  loop  correspond 
to  different  values  of  the  system  parameters  E  and  J.  For  a  given  value  of 
P  and  J  if  the  clastidty  parameter  E  increases  from  zero,  W  increases 
algebraically  but  remains  negative,  and  the  value  of  d  moves  from  the 
value  [ir  —  tan-1{(2n  —  !)*/(!  —  »)}j/(2n  —  1)*  at  the  minimum  value  of 
( o  —  (2 n  —  1)*  along  the  upper  branch,  as  illustrated  in  Figure  10,  towards 
larger  values  of  us.  Thus  a  small  increase  of  E  from  E  —  0  is  stabilizing. 
But  if  £  is  kept  increasing,  d  decreases  after  passing  the  maximum  and  a 
further  increase  of  £  is  destabilizing  rill  the  value  of  £= J  [P*  4-  2 nP  4*2  n — 1] 
is  reached  where  5P  —  0,  and  us  is  at  its  maximum  value.  If  £  still  increases 
from  this  value,  the  point  6  begins  to  move  along  the  lower  branch  of  the 
loop  toward  smaller  values  of  as.  Thus  5  increases  with  increasing  £;  that 
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is,  the  effect  of  increasing  E  is  again  stabilizing.  This  qualitative  trend 
persists  all  the  way  for  E  approaching  co,  that  is,  when  %  is  infinite  [equation 
(2.02.09)]  or  px  is  constant  [equation  (2.02.02)].  This  is  a  particulai  case 
of  the  more  general  constant  pressure  system  discussed  in  another  section. 
The  value  of  XP  for  E  —  oo  is  given  by  Jto  which  is  always  positive  lying 
on  the  lower  branch  with  its  actual  position  determined  by  the  value 
of  n,  P  and  J  It  is  only  when  J  ->  oo  that  this  end  point  coincides  with  the 
point  of  minimum  co. 

The  effect  of  increasing  J  from  0  to  co  for  given  values  of  P  and  E  is 
similar  except  that  when  J  =  0  the  critical  value  of  f  is  somewhere  on  the 
upper  branch  with  co  >  (2 n  —  1)}  the  value  being  again  determined  by 
the  magnitudes  of  n,  P  and  E. 

For  given  values  of  E  and  J,  the  effect  of  increasing  P  or  decreasing  the 
pressure  drop  across  the  feeding  system  can  be  investigated  in  a  similar 
way  and  is  found  to  be  in  general  destabilizing  except  when  E  is  very  small 
so  that  y  is  large  but  negative. 

It  should  be  observed  that  for  given  values  of  n  >  |  and  a  given  value 
of  P,  there  is  a  maximum  value  of  b,  as  illustrated  in  Figure  10,  corresponding 
to  a  small  value  of  E.  If  the  value  of  f  of  the  system  is  bigger  than  this 
maximum  value  of  b,  the  system  is  deiinitely  unstable.  Stability  cannot  be 
achieved  by  any  variations  of  E,  or  J,  or  both,  but  can  only  be  achieved  by 
increasing  the  parameter  P  through  the  reduction  of  the  actual  pressure 
drop  in  combination  with  proper  changes  in  E  and  J.  Or  a  different  pro¬ 
pellant  with  smaller  values  of  n  and  f  must  be  used  under  such  circum¬ 
stances.  From  another  point  of  view’,  for  a  system  with  given  values  of  P 
and  n  >  J,  the  optimum  combination  of  the  elasticity  and  inertia  of  the 
feeding  system  is  to  have  the  system  operating  at  this  point  of  maximum 
6,  corresponding  to  a  certain  small  value  of  E.  Any  changes  of  £  or  J  from 
this  condition  make  the  system  less  stable. 

Finally  let  us  observe  that  when  n  <  J  it  is  always  possible  to  make  a 
system  unconditionally  stable  with  a  sufficiently  small  value  of  P .  that 
is,  a  sufficiently  large  pressure  drop  A p  across  the  feeding  system.  In  fact 
the  inequality  (2.04.08)  shows  that  if  P  ^  1  —  2»  no  real  value  of  to  can 
exist,  and  therefore  we  are  certainly  in  the  case  of  Figure  66(b).  Hence 
.1/(1  —  2»)  represents  a  sufficient  stability  criterion  when 
n  <  However,  we  see  immediately  that  when  n  approaches  4  it  becomes 
more  and  more  difficult  to  satisfy  this  condition  because  of  the  exceedingly 
large  values  of  Aj5  required.  When  n~>\  no  such  sufficient  stability 
criterion  can  be  found.  In  fact  we  have  seen  that  systems  with  n  >  4 
trill  become  unstable  if  the  time  lag  f  of  the  system  is  above  a  certain 
finite  value  of  b  for  given  pressure  drop  A p  of  the  system  no  matter  how 
large  the  pressure  may  be. 
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The  left  hand  side  of  equation  (2.05.07)  can  be  represented  as  a  hyperbola 
in  the  (#*,  to8)  plane,  as  shown  in  Figure  67  and  the  right  hand  side  by 
rectangular  hyperbolae  schematically  represented  in  Figures  68(a),  (b)  and 
(c)  for  the  three  cases  n  <  4,  n  =  n  >  ^.  From  the  comparison  of 
Figures  67  and  68(a)  we  see  that  when  n  <  £  there  is  always  a  real  root  co 
of  equation  (2.05.07)  in  the  region  where  0  <  0,  and  there  can  be  two 


Figure  67.  Schematic  plot  of  tp*  as  expressed  by  the  left  hand  side 
of  equation  ( 2.05.07 ) 

additional  real  roots  or  none  in  the  region  0  >  0,  the  appearance  of  these 
two  roots  being  favoured  by  a  large  value  of  P  and  by  large  values  of  E 
and  J.  The  same  behaviour  is  found  for  n  =  \  from  the  comparison  of 
Figures  67  and  fffi(b).  Finally  for  n  >  J  comparing  Figures  67  and  68(c) 
we  see  that  here,  toe,  one  can  find  one  or  three  roots  to.  However,  when 
there  is  one,  this  root  is  not  necessarily  on  the  side  0  <  0.  Moreover,  there 
can  be  three  roots  for  only  some  intermediate  values  of  P,  E  and  J.  For 
sufficiently  small  or  large  values  of  the  three  parameters  there  is  only  one 
root.  Following  a  method  similar  to  the  one  used  in  the  Appendix  C  one 
can  show  that  (dAjdf)A„Q  is  positive  for  the  smallest  and  largest  roots, 
and  negative  for  the  middle  root  when  there  are  three  roots,  and  that  it. 
is  always  positive  when  there  is  a  single  root.  This  result,  when  transferred 
to  the  (Ay  f)  plane,  gives  the  behaviour  showr  in  Figures  69(a),  (b)  and  (c) 
where,  however,  the  curves  corresponding  to  h  —  1,  2,  3,  etc.,  have  not 
been  shown  in  order  not  to  complicate  the  figure.  Here  again  the  larger 
root  os  corresponds  to  the  smaller  value  of  5  and  vice  versa.  Curve  69(a) 
shows  the  behaviour  of  /1(f)  when  there  are  three  real  roots  to  equation 
(2.05.07).  This  behaviour  can  be  found  for  all  values  of  n,  but  more 
commonly  for  n  <  §.  There  are  two  ranges  of  stability  0Al  and  Bfix  for 
h  —  0.  From  the  combination  of  these  ranges  with  those  pertaining  to 
the  higher  integral  values  of  ft,  it  is  seen  that  the  stability  range  OAx  is 
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left  unchanged  but  the  other  range  BjCt  may  be  reduced  or  suppressed 
by  the  unstable  ranges  pertaining  to  higher  values  of  h.  When  n  ^  f 
it  is  possible  to  change  from  the  condition  corresponding  to  Figure  69( a) 
to  the  situation  of  Figure  69(b)  by  decreasing  P  (that  is,  increasing  Ap) 
or  F.  or  J.  The  unstable  range  AiBl  between  the  two  larger  roots  to  is 
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Figure  68.  Schematic  plot  of  Q*  as  expressed 
by  ike  right  hand  side  of  equation  (2.05.07) 
(a)  n  <  (b)  n  =  §,  (e)  it  >  $ 


Figure  68(c) 

now  suppressed,  and  there  is  left  only  the  instability  range  to  the  right  of 
Cr  In  this  case,  the  unstable  ranges  corresponding  to  higher  values  of  h 
are  unimportant  When  n  >  |  a  switch  from  the  situation  of  Figure  69(a) 
to  that  of  Figure  59(b)  is  also  possible;  however,  it  requires  generally  a 
smaller  value  of  P,  E  and  J  than  that  required  in  the  previous  case.  On  the 
other  hand  when  P,EandJ  are  increased  above  certain  values,  the  situation 
of  Figure  69(c)  becomes  possible,  with  the  complete  disappearance  of  the 
stability  range  BjCv  all  the  points  to  the  right  of  the  point  being  now 
unstable.  We  see  from  the  preceding  discussion  that  the  distinction  between 
the  case  n  <  $  and  the  case  n  >  |  is  less  clear  than  in  systems  with  a  constant 
rate  of  supply.  However,  a  neat  distinction  can  be  found  when,  for  par¬ 
ticular  values  of  the  parameters,  a  given  physical  configuration  can  be 
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considered  as  belonging  both  to  the  constant  pressure  and  to  the  cons  tar,  t 
rate  system.  For  instance,  when  we  take  J  —  co  in  a  system  with  cons  tarn 
pressure  feed,  the  resulting  formulae  coincide  exactly  with  those  obtained 
for  J  =  0  in  the  constant  rate  case.  The  infinite  length  of  the  feed  lines  is 


Figure  69.  Qualitative  diagram  of  the  amplification  coefficient  A  as  a  function  of  the  sensitise 
time  lag  i  of  a  liquid  propellant  rocket  urith  constant  pressure  feed 

sufficient  to  produce  a  constant  rate  of  supply  tc  the  capacitance  as  in  an 
earlier  section.  With  J  =  oo  the  hyperbola  of  Figure  67  degenerates  into 
two  straight  lines  and  we  see  immediately  that  while  the  smaller  root  co 
for  n  <  $  goes  to  zero  with  the  corresponding  5  approaching  oo,  there 
are  only  two  significant  real  loots  or  none;  and  for  n  >  J  one  and  only  one 
root  is  always  present. 

Similarly  the  case  E  =  0  of  the  constant  pressure  system  is  identical  with 
the  case  E  —  oo  of  the  constant  rate  system,  discussed  at  the  end  of  Appendix 
C,  and  it  is  immediately  checked  that  no  matter  what  the  value  of  n,  there 
is  only  one  real  root  of  to.  It  is  clear  that  the  constant  pressure  case  with 
J  =  oo  is  represented  for  various  E  by  the  upper  parts  of  Figures  11,  12  and 
13,  and  with  £  —  0  for  various  J  by  the  lower  parts  of  these  figures. 

Finally  we  observe  that  the  inequality  (2.04.08)  holds  also  for  the  constant 
pressure  case,  and  again  the  sufficient  criterion  of  unconditional  stability 
A/i//S  =s  | .  1/(1  —  2n)  holds  for  n  <  $.  We  observe  also  that  when  n  >  \ 
we  may  obtain  the  best  conditions  of  stability  by  making  positive  and  cf 
such  magnitude  that  the  representative  point  on  the  loop  P  =  constant 
of  Figure  10  lies  near  the  point  of  maximum  d.  In  this  range  the  effect  of 
increasing  A p  is  reversed,  like  the  constant  rate  system  as  analysed  in 
Appendix  C. 
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